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PREFACE 


| eres work is intended to give in a concise form, not, it is 
hoped, inconsistent with completeness, the theory of the 
Analytical Geometry of the Conic Sections. It has to do with 
Coordinate Geometry as distinguished from Pure Geometry. 
Pure Geometry has of late years become more algebraical than 
was formerly the case, so that we cannot perhaps distinguish 
Analytical from Pure Geometry by saying that the former 
allows algebraical methods while the latter does not. But the 
use of Coordinates is peculiar to Analytical Geometry. 

The present text book is to some extent a companion volume 
to the author's Course of Pure Geometry (Cambridge University 


Press) and it will be found that the two books work together 


and supplement each other. 

The first thirteen chapters of the present work are complete 
in themselves and no reference is made to the Pure Geometry. 
But in the subsequent chapters reference is frequently made 
to the companion volume, for the writer has felt that 1 would 
be useless to repeat here what has already been set forth there. 

The student is recommended after reading the earlier 
chapters of this Analytical Geometry to read those parts of the 
Pure Geometry which deal with Cross Ratios, Harmonic Section, 
Reciprocation and Involution. If he does this he will find that 
the later chapters of the present work are easy to understand, 
and he will have learnt to distinguish the principles from the 
analysis which contributes to the development of the con- 
sequences of those principles. The principle of Reciprocation, 


- 
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for example, can be easily understood and practised without 
any use of Coordinates. It seems best to acquire a first know- 
ledge of this very important branch of Geometry free from 
complications of analysis. When the principle is once under- 
stood, then analysis will take its proper place in the development 
of the subject. 

What has been said in the preceding paragraphs may serve 
to justify the frequent references which are made in the later 
chapters of this work to the Course of Pure Geometry. These 
references might otherwise appear as an attempt on the part of 
the writer to advertise his own wares. 

Some apology may seem to be needed for issuing a new 
text book on Analytical Conic Sections. The apology must be 
the book itself which is the result of many years’ teaching of 
the subject. It will be seen that it is not a mere reproduction 
of other text books but that it has a character of its own. In 
particular the treatment of Homogeneous Coordinates is more 
_ thorough here than in other text books; and Areal Coordinates 
here take their place as the simplest system of homogeneous 
coordinates, while so-called ‘Trilinear’ coordinates are relegated 
to a subordinate position. 

It has been thought better to treat of areal coordinates 
in a separate chapter before considering the general theory of 
homogeneous coordinates. Experience serves to shew that it is 
easier for a student to grasp the particular before the general ; 
and as areal coordinates are the most used of all the homogeneous 
systems, excluding Cartesians, it is an advantage to have a 
thorough knowledge of them. 

It goes without saying that the writer is indebted on almost 
every page of his book to the great work of Salmon on 
Analytical Conic Sections. It would have been well nigh im- 
possible to record in detail his obligations to this inspiring 
writer. Though the present work has been put together with- 
out much reference to Salmon, yet it will be apparent to 
anyone acquainted with that writer that the author has been 
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everywhere influenced by his study of Salmon’s work in the 
past. 

With much gratitude the writer would record his indebted- 
ness to Mr G. H. Hardy, Fellow and Lecturer of Trinity College, 
for his kindness in reading the proofs of Chapters XIV—XIX, 
and in making many valuable suggestions, and to Miss E. 
Glauert, a former Girton pupil of the writer, who has assiduously 
read through the proofs of the whole book and saved it from: 
many a misprint. 

The examples which are given at the end of the various 
chapters are mostly taken from the papers set in the Mathe- 
matical Tripos and in the various College examinations. Hints 
are in many cases given for their solution, and it is hoped that 
these hints will be sufficient to enable a mathematical student 
to tackle not only the questions to which they are attached but 
other problems also of a like nature. 

The Author will be glad to receive corrections whether of 
misprints or of actual errors, and to consider any suggestions 
for the improvement of the work. 


Trinity CoLLEGE, CAMBRIDGE. 
June, 1908. 
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CORRIGENDA. 


Ex. 7 read ‘the equation of the lines bisecting the angles between 
them.’ 

Line 16 for sin 0, read sin 6. 

§ 90 line 2 read ‘not’ for ‘now.’ 

Ex. 29 read a (a— 6) «+ 2ahy =2bhk. 

Fourth line from aes read y’= —xsin @+y cos 6. 

Ex. 3 read (kU — k’l) sin w=sin w’. 

Ex. 6 read a sina for ¢ sin a. 

Fig. read (h, k) for (k, k). 

Last line read = for -, 

Ex. 2 read 8 for 7 


aN ee DN aril eine Yon ae 
Hix. 4 read (5 + 5-1) (3 +t) + op matty =0. 


Sixth line from bottom read ‘where’ for ‘ when.’ 
Ex. 25 read ‘angle qCq’’ and add ‘where q and q’ are the points on the 
pmaliery. circle Sorerbonding to Q and Q’.’ 
Ex. 39 read “¥ _ for —— 
ai 
Last line Ne one read 


pate nd pe eee 
y=(—7-e)eandy=—(7-e)@. 


Fourth line read ‘diameters’ for ‘hyperbolas.’ 
Ex. 1 read {h (c—h)+y (y — k)}?. 

Line 1 omit ‘respectively.’ 

Line 14 read (1) and (2) for (6) and (7). 

Line 12 for w read 0, 

Line 6 from bottom read h? for h’. 

Ex. 2 read (0, 4, 4) for the first bracket. 


§ 265 read —em~ for +em=. 
a a 


Line 1 read ‘of? for ‘to.’ 
Line 2 insert + C after 2F'Y. 
ix. 2 read X for P. 

Add =0 after last determinant. 
Line 1 add =0. 

Line 7 read ‘polar’ for ‘pole.’ 
§ 297 line 7 omit =0. 

§ 298 read b? for b°. 

Ex. 7 read Cz, for Cz. 

Ex. 37 read A= de’ —- D’e. 

§ 307 read 23, 3 for 2, 29. 
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337. 


338. 
339. 


349. 
368. 
370. 
371, 
374. 
380. 
383. 
385. 
387. 
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389. 


390. 
391, 


402. 
412. 
413. 
417. 


426. 
436. 
437. 
438, 
443, 


Line 4 read a’X’+p'Y’+7/Z’=1. 
‘ oo ce 
Ex. 1 read +-— for —-—. 
ia a 
Ex. 4 omit ‘and the lengths of the sides of the triangle.’ 
Ex. 9 read la+my+nz=0 and in last line =0 for =1. 
Ex. 10 read +yy’ for —yy’. 
§ 334 line 8 read QS for QR. 
Ex. 18 read c? for e?. 
Middle of page, in two places read g for h. Read also L;=al,+hl,+gls. 
In first determinant read h’ for h. 
Seventh line from bottom read — bg’? for + bg’. 
Line 11 read 2F'GH for FGH. 
Last line read Y? for 72, 
Line 10 read ‘product of the differences of the roots.’ 
Third line from bottom insert S after first determinant. 
First line insert S after first determinant. 
Line 19 read ‘C the pole of AB.’ 
Line 24 read A for C. 
Ex. 1 read ‘inscribed in 8’ touch S.’ 


Ex. 7 invert Z and 2 ? 
a b 


§ 378 first line read ‘tangents’ for ‘tangent.’ | 
In third determinant, in last line read G, 0, C. 
Line 11 read — for the second =. 

Line 9 read a? — b? for ,/a? — b?. 

Line 15 read ,/fx for ,/fy. 

Line 12 read F for F. 

§ 401 line 8 add z after last bracket. 

§ 403 line 5 read —1 for 1. 

§ 404 omit the second paragraph. 

Line 5 read h’ for k’. 
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CHAPTER I. 
CARTESIAN AND POLAR COORDINATES. 


1. Cartesian Coordinates. Let XOX’, YOY’ be two 
given intersecting lines, P any point in their plane. Let the 
parallelogram PLOM be completed having its adjacent sides 
OL, OM along the given lines XOX’, YOY’ respectively. The 
position in the plane of the point P relatively to the given 
lines is known when the magnitudes and directions of OL and 
OM are known. 


y’ 


It is necessary in order that the point P may be definitely 
determined that the directions as well as the magnitudes of 
OL and OM should be known. For if only the magnitudes 
were given we should not know whether OL was to be 


A. 1 


gf 


2 CARTESIAN AND POLAR COORDINATES 


measured in the direction OX or in the direction OX’, nor 
again whether OM was to be measured in the direction OY or 
in the direction OY’. 

Accordingly we make use of that convention of signs with 
which the reader is already acquainted in Trigonometry, and 
consider OL to be a positive magnitude if it is in the direction 
OX, and negative if it is in the opposite direction OX’. 
OM too is to be considered positive if in the direction OY, 
and negative in the direction OY". 

OL and OM, regard being had to their sign as well as to 
their magnitude, are called the Cartesian coordinates of the 
point P with respect to the aves OX, OY. They are so called 
after the celebrated French mathematician, des Cartes, who 
first introduced this method of determining the position of a 
point in a plane. 

By calling the axes of coordinates OX, OY we imply that 
OX, OY are the directions in which OZ, OM, as explained 
above, are to be accounted positive. 

We distinguish the two axes of coordinates by calling OX 
the x-axis, and OY the y-axis. 0 is called the origin. 

OL may be called the x-coordinate of P, OM the y-coordi- 
nate. OL is frequently denoted by 2, and OM by ¥. The 
point P is then briefly represented as (a, y). 

When we wish to represent several points we can do so by 
means of suffixes. Thus (#p, yp) can represent P, and (Q, Ya) 
can represent a different point Q. Different points are some- 
times represented by means of numerical suffixes ag (a1, 4); 
(2, Ya), (@s, Ys), &c., or again by dashes, as (2’, 7’), (x, y”) 
( a, y”), &e. 2 


2. It will be convenient to speak of that part of the plane 
which falls within the angle XOY (OX, OY being unlimited) 
as the first quadrant, the part within the angle YOX’ as he 
second quadrant, the part within X’OY’ as the third quadrant 
and the part within Y’OX as the fourth quadrant. . 
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If then a point lie in the first quadrant both its # and y 
coordinates are positive; if in the second quadrant its #-co- 
ordinate is negative and its y-coordinate positive; if in the 
_ third quadrant both coordinates are negative; if in the fourth 


quadrant the «-coordinate is positive and the y-coordinate 
negative. 


To represent the point (3, — 4) in the figure, OL would have 
to be measured along OX of 3 units of length, and OM along 
OY’ of 4 units of length; the parallelogram OLPM would then 
have to be completed. The vertex P is the point (8, —4). 


The student may as an exercise mark on properly ruled 
graph paper the following points, (2, 1), (8, — 3), (— 4, 5), (5, — 1). 
These points, if correctly marked, will be found to lie in one 
straight line. 


3. The relativity of coordinates. The student cannot 
too early familiarise himself with the fact that the coordinates 
of a point are purely relative. That is, they depend for their 
sign and magnitude on the axes of coordinates. For different 
axes the same point will have different coordinates. 

The following is of great importance : 

If (a, y:) (#2, Y2) be the coordinates of two points P, and P, 
relative to axes OX and OY, then the coordinates of P, relative 
to axes through P, parallel to OX, OY will be (a,— 2a, Y2— 4). 
For if we complete the parallelograms OL,P,M,, OL,P,M,, we 
see that the coordinates of P, relative to the new axes through 
P, are equal to L,L, and M,M,. 

But LL, = OL, — OL, = %,— %, 

MM, = OM, — OM, = y2— H- 

This is true in whatever quadrant the points P, and P, may 
happen to fall, whether the same or different ones. 

The student may mark the points P, and P, whose co- 
ordinates are (— 3,5), (1,—7) and satisfy himself that the 
coordinates of P, relative to axes through P,, parallel to the 

1—2 
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original axes, are 4{ = 1—(-—8)}, and —12 {=— 7—5}, and that 
the coordinates of P, relative to axes through P, parallel to the 
original axes are (— 4, 12). 


4. Rectangular and oblique axes. When the axes 
of coordinates are at right angles they are said to be rect- 
angular, otherwise they are called oblique. As the student 
will see, rectangular axes are used more commonly than are 
oblique. There are cases, however, where oblique axes are 
useful. The student will find it necessary as he goes along 
to discriminate formulae which are applicable only when the 
axes are rectangular and formulae which hold for oblique axes 
as well. 


5. Polar coordinates. In this system of coordinates 
the position of a point is determined by its distance from a 
fixed point O, usually cailed the pole (though it might equally 
well be called the origin), and the angle which the line joining 
the pole to the point makes with a fixed line through the pole, 
called the initial line. Thus if OA be the initial line, the 
polar coordinates of a point P are OP which is known as the 
radius vector, and the angle AOP which is called the vectorial 
angle. The vectorial angle is measured from the initial line as 
in Trigonometry ; it is usually considered positive if measured 
round from OA in the opposite direction to that of the rotation 
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of the hands of a watch, and negative in the other direction. 
But it may on occasion be more convenient to take the rotation 
positive in the same direction as that of the hands of a watch. 
~ To mark a point whose polar coordinates (r, @) are given, we 
first measure the vectorial angle 6 and then cut off the radius 
vector (=r). The extremity P of this is the point (r, @). 


P 


Oo A 


6. On the sign of the radius vector. In polar co- 
ordinates we admit negative as well as positive radii vectores, 
a negative radius vector being measured in the opposite 
direction to that of the boundary line of the vectorial angle. 

It will be seen that the point whose polar coordinates are 
(—c,«) is the same as the points (¢, a+a). It may seem 
then to be unnecessary to admit negative radii vectores at all, 
since every point with a negative radius vector could be 
equally well represented by means of a positive one by a 
change in the vectorial angle. 

We cannot, however, afford to exclude the negative radius 
vector; for while points in isolation can be as well expressed 
by means of a positive radius vector as by a negative one, this 
is not the case when we have to do with an assemblage of 
points forming a curve or locus, as it is called. 

We can illustrate this point by a simple example. There 
is a certain assemblage of points forming a curve whose polar 
coordinates satisfy the equation 


ea nos 6. 
r 


2 : 3 te 
Now it can be seen that for r=— 2, 0= = this equation is 


satisfied, and so we say that the curve represented by this 
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2a 
3 


ordinates of this point when it is expressed by means of a 


equation passes through the point (- 2, ). But the co- 


T 
3 
We should then have to exclude this point in the plane as 
not part of the locus if we admitted only positive radii vectores, 
whereas by admitting the negative radius vector the point 
belongs to the locus, as it will be required to do. Why it 
will be so required it is premature to attempt to explain to 
the reader. He will be in a position to understand this for 
himself when he has mastered the polar equation of conics. 


positive radius vector as (2, - ) do not satisfy the equation. 


7. Formulae connecting the polar and Cartesian 
coordinates of a point. 

It is to be understood in what follows that the pole and 
the initial line in the polar system are respectively the origin 
and the axis of « in the Cartesian system, and the positive 
direction of measurement of the vectorial angle is towards the 
axis of y. 


Let (x, y) be the Cartesian coordinates of a point P, (r, @) 
its polar coordinates, 


First, let the Cartesian axes be rectangular. 


We have at once from the figure 
2=reos0, y=rsind, 


and these formulae hold in whichever quadrant P may be. 
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From the above we have 
Pao + y, 


tang=2, 
x 


Secondly, let the Cartesian axes be oblique. 


Drawing PL parallel to the axis of y to meet the a-axis in 
LI, and PM perpendicular to the x-axis, we have, if w be the 
angle between the axes, 

reco 0=OM=O0L+ IM=2£+y cosa, 
rsin@=MP=ysino. 
Adding squares we have 
r=(e+ycoso)+ y'*sin? 
= 2+ 2xy cos @ + yy’. 

This is an important formula giving as it does the distance 
of the point (a, y) from the origin. 

8. Distance between two points whose Cartesian 
coordinates are given. 

Let (a, Y:), (#2, Y2) be the coordinates of the points P, and 
P, respectively. The coordinates of P, relatively to axes 
through P, parallel to the original axes are #,—%, Y2—Y- 

Therefore by the last article 

P,P2 = (ay — %)? + (Ya — Yr)? + 2 (%2 — 21) (Yo — Yr) COS ©, 
or, what is the same thing, 
(a, — 2)? + (Yr — Yo)? + 2 (i — 2) (Yr — Yo) COS w. 
In the case where the axes are rectangular 
P,P; = (& — 2)? + (Ya — Yo) 
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9, Coordinates of the point dividing in a given 
ratio the line joining two given points. 

Let (a,, 41) (@2, Y2) be the coordinates of the given points P, 
and P,. 

Let Q be a point in P,P, such that P,Q: QP.= k: l. 

Let (a, y) be the coordinates of Q. 


Draw QR and P,S parallel to the y-axis to meet the line 
through P, parallel to the x-axis in R and S. 
Then k:l=P,Q:QP,=P.R: RS 
=L— 2: X,— 4H, 
“. k(a@,—2)=1(#—--2,), 
_ kit, + la, 
k+l 


aan ky, + ly 
larl =e 
Similarly aaa Pare 
Cor. If Q be the middle point of P,P, its coordinates are 
4 (1 +), F (Yr + %)- 
It should be noted that if Q does not lie between P, and Fe 
then the ratio k:1 is a negative quantity, that is to say one of 


the two, k or J, is negative. It does not make any difference to 
which of the two the negative sign be given. 
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Area of a triangle. 


10. To find the area of the triangle formed by joining the 
origin to two points P,, P, whose coordinates are (a, Ys), (&a, Yo)- 


Let (7, 01), (72, 62) be the polar coordinates of P, and P,,. 
Let 6,>0,. 
The area of the triangle OP,P,=4 OP,.OP,sin P,OP, 
=47r,r,sin (6, — 4,), 
or 37172 Sin {2a — (0, — 0,)}, 
according as the origin is to the left or right hand as we 
pass from P, to P,. 


Y 


Thus the area of the triangle OP,P, 
=+47,r, (sin @, cos 0, — cos 0, sin 4) 
=+4 {(a+ 4,008 ) y, Sin @ — (#2, + Yo COS w) y, Sin w} by § 7 
=+4(a,y.—%y;) Sin 
If we consider the triangle OP,P, to have a positive area 


when, as we proceed round the triangle from O to P, and then 
to P,, the triangle is on our left hand, and to have a negative 


area in the opposite case, then 


A OP,P,=—A OP Fi; 
and we have A OP, P2= 4 (@:Y2—@Y;) SIN @, 
which when the axes are rectangular = $ (a Y2 — %41). 


+ 
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11. To find the area of the triangle whose vertices are 
(a, A); (£5; Yo), (xs; Ys)s 


Denoting these points by P,, P,, P; respectively, we see 
that the coordinates of P, relatively to P, are (&@,— 4%, Y2— Y:) 
and of P; relatively to P, (#3 — 4, Ys— Y:). 


Therefore by the last article, with the same convention as 
to sign, 
A P, PP, = 4 sin  {(#— 2) (Ys— Yn) — (#2 — 1) (Ya — r)} 
a $ {@, (Yo a Ys) + Xp (Ys = Y) + #3 (\ os Ys) sin w. 


Oo 4 


This is a formula easily remembered. It can be written as 
a determinant thus: 


SHO |B, 7, 1 or ¢8iN@ | &,, 2, 
Lo, Ya, 1 re Ya, Ys 
3, Ys, 1 1 1 1 


12. The result of the previous article could also be obtained 
by Joming the vertices P,, P,, P; to the origin 0. Then regard 
being had to the signs of the areas 


A P,P.P;=A OP,;P, + A OP,P,; + A OP;P, 
a $ sin w {(arY. = Lo Yr) + (a2Ys FF Le Yo) Ts (3% — 2X Ys)}. 


And in this way we can obtain the area of 1 
lebaal pene Line or a polygon 
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For the polygon 
= A OP,P,+ A OP,P;+ A OP,P,+A OP,Ps+... 
+A OP, Pit A OP,»P, 
= $SIN © {(%,Ya— LY) + (L2Ys—~ LsYq) + (LsYs— Las) +. 
+ (&n-1Yn — LnYn—-a) + (LnY1 — 1Yn)}- 
13. Condition of collinearity of three points. The 
points (2, Y:), (@2, Yo), (%s, Ys) will clearly lie on one straight 


line if the area of the triangle formed by joining the points 
is zero, The condition for this is 


2 (Ye ar Ys) +X, (Ys = 1) + &3 (4 = Yo) =0, 


or HH, Yi, 1 |=0. 
Ho, Ye, 1 
“3, Ys, 1 


This condition for collinearity of three points holds whether 
the axes be rectangular or oblique. 


EXAMPLES. 


_ 1. Prove that the distance between two points whose polar 
a coordinates are (7,, 9), (72, 95) is 


1? + To? — Wry 72 Cos (9; — 92). 


2. Write down the coordinates of the middle points of the 


ay A of the triangle whose vertices are (2, Y1), (%2) Y2)s (3) Ys), and 
shew that the area of the triangle formed by joining these is 
one-quarter of that of the original triangle. 


3. Find the distance between the points (2, —3), (—5, —7), 
7 the axes being inclined at 60°. 


4. Shew that the points (a, a), (-a, -a), (—a,/3, a,/3) are 
Ta the vertices of an equilateral triangle, the axes being rectangular. 


5. Shew that the points (1, —3), (—3, —%), (- 4, —#) are 
— the vertices of a right-angled triangle, the axes being rectangular. 
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, 6. Shew that the points (2, 3), (6, 9) are in a straight line 
/ with the origin. 
Shew that (a, 5), (ka, &b) are in a straight line with the origin. 


7. Prove that the three points (1, 4), (2, $), (5, — 3) are 


ee collinear. 


8. If (x, y) be any point in the straight line which passes 
Ta through (2, 4) and (5, 9), prove that 
: Be —3y+2=0. 
[Express the fact that the area of the triangle with the three 
points as vertices is zero. ] 


9. Prove that the points (a, y,), (%, Ys), (= + lor, Hh) 


k+l? k+l 
are collinear by § 13. 


Ba 10. If the point (x, y) be equidistant from the points (2, — 3) 


— and (—5, —7) then 14%+8y+61=0, and conversely, the axes of 
coordinates being rectangular. 


a 11. Shew that the middle point of the line joining (5, 1) and 
(3, 7) is also the middle point of the line joining (20, 9) and 
(—12, —1). What geometrical conclusion can be drawn from 
this fact? 


a 12. Find the area of the quadrilateral whose vertices are 
(4, 5), (6, —2), (8, 8), (5, 1), the axes being inclined at 30°. 
[Care must be taken that the points are taken in the proper 
order so as to get a closed figure. | 


aa 


CHAPTER IL. 
LOCI AND THEIR EQUATIONS. 


14. In the preceding chapter we have explained the 
method of representation of isolated points in a plane by 
means of Cartesian and Polar coordinates. We pass now to 
consider the representation of an assemblage of points. We 
cannot represent analytically an assemblage of points taken 
at random, but when the points are situated according to some 
law it may be possible to give a collective representation of 
them. Thus all points which lie on the same straight line can 
be represented by means of an equation. 

For example, if (x, y) be the coordinates of any point on the 
line passing through the points (2, 4) and (3, 5) then the area 
of the triangle formed by these points is zero. We thus have 


wy Ly=O, 
Dota aah 
Seekie) ok 


from which we get «—y+2=0. 

Now this equation is satisfied by the # and y coordinates of 
every point on the line. It may therefore be said to represent 
the line, and it is called the equation of the line. 


15. Again, we might find an equation satisfied by the 
coordinates of all points which are at a certain given distance 
from a point whose coordinates are given. Thus if (#,y) be 
the coordinates of any point whose distance from the point 
(2, 3) is 5 we have, if the axes be rectangular, 


(w— 2) + (y— 38) = 58, 
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for the left-hand side of this equation is (§ 8) the square of the 
distance between the points (, y) and (2,3). This equation 
reduces to 
e+ y?— 4a — 6y = 12. 
This equation then represents a circle whose centre is at 
(2, 3) and whose radius is 5. And we speak of the equation as 
the equation of this circle. 


16. A number of points obeying some law are said to form 
a, locus, and if it be possible to find an equation satisfied by all 
points which obey that law, but satisfied by no other points, 
that equation is called the equation of that locus. Thus the 
circumference of a circle having its centre at the point (h, /) 
and having its radius equal to a is the locus of points whose 
distance from (h, k) is a. Its equation is then 


(@—hP+(y— kf =a, 


for this equation is plainly satisfied by all points whose distance 
from (h, &) is a, and by no other points. 


17. Points which form a locus for which an equation exists 
lie along a line straight or curved. But a locus is not necessarily 
a straight or curved line. For example, all points lying within 
the circumference of some particular circle form a locus, and as 
we shall see in a later chapter, they can be represented col- 
lectively, though not by an equation. Every locus, however, 
which can be represented by an equation may be called a 
curve, by which is meant the line on which all the points 
which obey the law of the locus lie, and on which lie no points 
which do not belong to the locus. 


18. The relativity of the equations of curves or loci. 
It is clear that the equation of a curve or locus is relative to 
the axes of coordinates, and it will change when the axes of 
coordinates are changed. Thus the equation of a circle whose 
centre is at (h, &) and whose radius is a is, as we have seen, 


(@—hP + (y—KP =a? ........cc0cc000ee (1); 
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But if the axes of coordinates pass through the centre of the 
circle the equation of this same circle becomes 


Det aaa (he Rees owoeaie acc os boca ulin see (2). 


The # and y of equation (2) are of course not the same as 
the w and y of equation (1). In (2) they are the coordinates 
of a point P on the circle with reference to the axes through 
its centre, but in (1) they are the coordinates of the same point 
P, but with reference to different axes. 

Thus in the accompanying figure which, it is hoped, is self- 
explanatory, the # and y of equation (1) are OM and MP 
respectively; but the # and y of equation (2) are CN and 
NP respectively, Both the equations alike represent the 
geometrical fact that 


CN? + NP? = CP? =a’. 


Oo M x 


19. If we wish to discover by analytical methods the 
geometrical properties of a curve or locus whose equation can 
be found, we choose our axes of coordinates so as to make 
the equation of the curve as simple as possible. Not that 
the same properties could not be proved otherwise, but the 
working out of the proof would be more complicated. The 
student will learn by experience which axes it will be best 
to take in particular cases. 
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EXAMPLES. 
[The axes of coordinates are to be taken rectangular. | 


_ 1, Find the equation of the locus of points which are equi- 
“ distant from the points (2, 3) and (5, 7). 
_ 2. Find the equation of the locus of points whose distance from 
oe ~ the point (2, — 3) is double their distance from (1, 2). 
[Here 
Je = 20+ (y + 8) = 2 Ve 1+ (y— 2) 
Square and simplify. ] 
_-~ 3. Find the equation of the locus of a point whose distance 
from the origin is twice its distance from the axis of a. 
4, Find the equation of the locus of a point whose distance 
_~from (a, 0) is equal to its distance from the axis of y. 
_— 5. Find the equation of the locus of a point whose distance 
~ from (a, 0) is m times its distance from (0, a). 
6. Find the equation of the locus of points the sum of the 
—— squares of whose distances from the points (2, 5), (8, —1) is equal 
to 40. 


bees F A point moves in its plane so that the sum of its distances 
~ from the points (c, 0), (—c, 0) is 2a. Show that the equation of its 
2 2 
locus is SS +21 where b?=a?- ¢2. 
ip le 
8. Express analytically the locus of points whose distances from 
/ two given points are in a given ratio k. 

{Here the axes of coordinates are at our choice. Let A and B 
be the fixed points. Let AB=2a, Take O the middle point of AB 
for origin, OA and a line perpendicular to it for axes of coordinates. 
The equation of the locus will be found to be 


(1-2?) (2? + y*) — 2ae (1 +#) +a2(1-#)=0.] 


9. Express analytically the locus of a point the sum of the 
squares of whose distances from two given points is constant. 


: ee 10. The equation of a certain curve is 
ao +y—4e+ by =14. 
What will this become when the origin is transferred to (2, —3) 


without changing the directions of the axes? 


CHAPTER III. 
THE STRAIGHT LINE. 


20. Equation of a line through two given points. 


To find the equation of the line passing through the points 
A and B whose coordinates are (a,, Y:), (a Yo) respectively. 


Let («, y) be the coordinates of any point P on the line. 


The coordinates of P relative to axes through A and parallel 
to the given axes are (*— a, y— ¥,); and the coordinates of B 
relative to the same axes are (#,— 4, Y2— Y;). 


Thus the area of the triangle PAB is 
sin @ [(%— 4) (Y2— 91) — (2-1) Y-H)}, \ 
where w is the angle between the axes. 
But this area is zero since P, A and B are collinear. 
SEED LO oy A ee 88s A). 
| Therefore Smee: (A) 
This then is the equation of the line passing through the two 
given points. 


By changing the signs of both denominators we can write 
this also 
WE fogs eae ET RT ea (A). 


“— 2, Y—Yo 


And it can easily be seen that the equation is equivalent to 


rae art oa fee Fey. OM (A) 
&— 2, Yi Yr ‘ 
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as of course the line through (#,, y:) and (#2, Ye) is also the line 
through (@, yz) and (a, 41). In other words the equation must 
be unaltered when we interchange a, and a, y, and Y, 
simultaneously. 


21. Line through the origin. In the special case where 
the point («, y2) is the origin we have #,=0, y,=0 and thus 
the equation of the line through the origin and (%, y:) 1s 


Ue 

Hy Yi ¢ 
which may be written ZA 

L Ly 


In other words the ratio of the w and y coordinates of any 
point on the line is constant, as is obvious also from geometrical 
considerations. 


22. Equation of line whose intercepts on the axes 
are given. 

Let ABP be the line cutting the axes in A and B. Let 
OA =a, OB=b where a and b may be one or other or both 
negative. 


Let (#, y) be the coordinates of any point on the line. 
Then the area of the triangle whose vertices are (#, y), (a, 0) 
(0, b) is zero, 
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Therefore #(0—6)+a(b—y)+0(y—0)=0; 

*. be+ay=ab; 

Smeets Aas 

<e Pa WS reece otk ae (B). 


This is an important form and one easily remembered. 


The equation (B) could of course be derived from (A) by 
writing 2, =a, 7=0; =0, y=); 


e@=-a- y—O0 
“a-0 0-0’ 

net mt 

ny 1 


It should be noticed that both equations (A) and (B) are 
applicable whether the axes be rectangular or oblique. 
23. General linear equation. 
To prove that the equation Ax+ By +C=0 where A, B, C 
are constants represents a straight line. 
Let (%, 7), (%, Yo), (3, Ys) be three points on the locus 
represented by the given equation, thus 
Aa, + By, + C=0, 
Ax, + By, + C= 0, 
Ax;+ By;+C=0. 
Multiply the first equation by (y2— ys), the second by (y; — y,), 
and the third by (y, — y2), then by addition 
A [a (Ys— Ys) + 2 (Ys — Yr) + Hs (Yr — Yo) = 0 
for the terms in B and C vanish identically. 
Therefore if A be not zero 
1 (Y2— Ys) + €2 (Ys — 1) + 3 (41 — Ya) =9, 
that is, the area of the triangle formed by joining the three 
points is zero; therefore the three points lie on one straight line. 


This being true of any three points on the locus, the locus 
itself is a straight line. 


2—2 


Ww 
oO 
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If A be zero, the equation reduces to By + C= 0, that is 


C 
U eeps 
Thus the y coordinate of every point on the locus is the 


same. The locus is then a straight line parallel to the axis 
of &. 


24. Lines parallel to the axes. It is easily seen from 
what has been said at the conclusion of the last article, that 
the equation of a line parallel to the x-axis is of the form y=6, 
and of a line parallel to the y-axis «=a. 


MY 


These are special cases of the form (B) when one or other 
of the intercepts on the axes becomes infinite. 


Examples. 1. Use (A) to obtain the equation of the line through 
the points (6, 7), (3, 1) in the form 2v—y=5. 


2. Find the equation of the line through (2, 4), (—3, 6). 
3. Write down the equation of the line through (1, 3), (—2, —6) and 
shew that it passes through the origin. eee ke 


4, Shew that the equation of the line through (- sg )) (0, ¢) is 
Y=me+e. fy 


; 5. Shew that the equation of the line through (p seca, 0), (0, p cosec a) 
is ecosa+ysina=p. 
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6. Find the intercepts on the axes made by the line 24+ 5y=7. 
[Write the equation ree ila 
2 6 


Compare with (B) and the intercepts are seen to be %, £. 
Or in the equation 27+5y=7, put y=0, 
. 297, «. =F, 
this then is the intercept on the z-axis. 
Again, put «=0 and we get y={ which is the intercept on the y-axis.] 


7. Find the intercepts on the axes made by the line 5a—4y=20 and 
so draw the line, 


Forms for the equation of a straight line when the 
axes are rectangular. 


25. Thus far we have made no restriction as to the axes of 
coordinates. The formulae (A) and (B) are good for oblique 
axes as for rectangular axes. So also it is true that 


Aaw+ By+C=0 


represents a straight line when the axes are oblique as well as 
when they are rectangular. But we are now going to obtain 
special forms of the equation of a straight line when the axes are 
rectangular. These will be of constant use hereafter. 


26. To obtain the equation of a straight line in terms of the 
perpendicular from the origin upon it, and the angle which this 
perpendicular makes with the aais of «, the axes being supposed 
rectangular. 


Let OL the perpendicular from the origin be p and the 
angle XOL be «. 


Then if 0A, OB be the intercepts on the axes 
OA =p seca, 
OB = p cosec a. 
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Therefore the equation of the line 1s 


te) Pineaiyer 


pseca pcoseca 


> 


that is, COS @ tty RING =. Ye eae castes csewe geet (C). 


This is a very important form for the equation of a line, and 
it holds good however the line falls, provided that a is measured 
only from 0 to @ in the positive direction, and provided that 
the perpendicular from the origin be accounted positive in the 
first two quadrants and negative in the third and fourth. 


The student should carefully verify for himself that in each 
of the cases represented in the accompanying figures the 
intercepts on the axes are pseca and pcoseca respectively. 
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The point is that by making our convention in regard to the 
measurement of a and the sign of p, we ensure that the 
intercepts have their right signs. 


27. The student may satisfy himself that the form 


“COsSatysina=p 


holds in all cases equally well if « be measured from 0 to Qa 
and p be always accounted positive. 


28. To find the equation of a straight line whose inclination 
B to the x-axis is known, as also its intercept b on the y-aars. 


It will be seen from the figures that in each case the inter- 
cepts on the axes are —bcot 8 and 6 respectively. 


be 
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Therefore the equation of the line is 


x ge 
2b cote bee 
or y=axtan B+. 


It is usual to write m for tan8. That is m stands for the 
tangent of the inclination of the line to the axis of a We 
then have the standard form for the equation of a line 


Y= 1D ... cctenscomeleueimeeneen (D). 


It will be observed that b has the same meaning as in (B). 
Some writers use c for b in (D). It really does not matter 
what letter is used. The advantage of using the same letter in 
(B) and (D) is that attention is drawn to the fact that the 
same thing is represented each time. 


29. It should be noticed at this point that the equation of 
a line can still be written in the form y=ma+6 when the 
axes are oblique, b being the intercept on the y-axis. But m is 
not now the tangent of the angle which the line makes with the 
axis of x, but if 8 be the angle the line makes with the axis 
of x, and the angle between the axes, then 

sin 8 
m= sin (@ — B)’ 
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This follows at once from the fact that the intercept on the 
in (B—w) 
sin 8 


sin (w — 8) 
p sng ~ 


eo 8 : 
@-aX1s 1s b or, what is the same, — 


Y 


30. On the constants in the equation of aline. It 
will be observed that when the equation of a line is written in 
the form y= mx +b, of the two constants m and 6 which occur, 
m depends on the direction of the line, and 6 on its position. 

The two lines then whose equations are 

y=ma + b, 

Y=MEZ + C, 
are obviously parallel. They have the same direction, but a 
different position. 

31. To find the equation of a line passing through A (a, 41) 
and making an angle B with the x-aas, the axes of coordinates 
being rectangular. 

Let (a, y) be the coordinates of any point P on the line. 
Let r be the algebraical distance of the point from (a, 4). 
Let r be considered positive if AP is in the first or second 
quadrants formed by axes through A parallel to the original 
axes, otherwise let 7 be negative. 

With this convention as to sign it will be seen that 

&—2,=7 cos £, 


y—% =r sin B. 


26 THE STRAIGHT LINE 


So that we may express the line by the equations 


pad el BO LIEN adil es ne Yd E), 
ah ane oo (E) 


in which 8 is measured from 0 to 7. 


Y 


P(z,y) 


(21%) 


This is a very useful form and we shall have occasion to 
use it frequently in later chapters. It will be seen that by 
equations (E) the coordinates of any point on the line are at 
once expressed when we know its algebraical distance from the 
given point (%, y,) for we have 

2=a,+reoos8, y=y%+rsin~P. 


32. It may be observed that if the axes of coordinates be 


oblique a straight line through (a, y,) can still be expressed in 
the form 
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where / and m, though not now the cosine and sine of the 
angle which the line makes with the «-axis, are constants 
depending only on the direction of the line. 


For let B be a point on the line and let its coordinates be 
(£2, Y2) and let the algebraical ratio of AP: PB be p:q,P being 
any point on the line. 


Then (a, y) being the coordinates of P,-we have (§ 9) 


__ P%2 + JX _ PY2+ 9% « 

=i —_s ae 
p+q prgd 

Pp (#2— %) P(Y—), 

Sy ? pa reed cae os) 
bee Edie ciW wie ricky 


Lk Y-Y p AP 


2 Ly— By, Yo— Yr  P+qg AB’ 
This we may write 
@—-% _Y-h_, 
U m 


? 


where jn eee 


? ? 


Ti2 Tie 


T, being the algebraical distance of B from A, as 7 is of 
P from A. 


It is clear then that J and m depend only on the direction 
of the line and that we have 


P+ m?+ 2lm cos w 


ia (a2 — a)? + (Yo — Yr)? + 2 (#2 — BH) (Yo — Yr) COS @ mary 
Tyo" 


Use of the form x cosa+ysin a =p. 


33. To find the length of the perpendicular from the origin 
on the line 
Axv+ By+C=0. 
We may without loss of generality take B to be positive in 
this equation, for if it were not positive we should have only to 
change the signs all through. 
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Our equation may be written 
kA .2+kB.y+kC=0, 
where & is any constant other than zero. 


Choose & so that (KAY + (kKBY = 1. 


This is satisfied by k= and we will take the 


i 
VA? + B’ 
positive sign with the radical. 


Our equation is now 


A B C 
(ECR * Vere VPeB 
in which the coefficient of y is still positive. 
Hence our equation is of the form 
x£cosa+ysina—p=0, 
where cos a= nee ae sin a= aoe 
VA? + B?’ VA? + B’ 
¥ C 
ee Sag 


Since sin a is positive, a may represent an angle between 
0 and 7. 


Thus we have reduced our equation to the form (C) and our 
convention of § 26 is applicable. 

C 
VA? + Be 

If p is positive (that is C negative) the perpendicular 
between the origin and the line falls in one of the first two 
quadrants. 


Thus perpendicular p=— 


If p is negative (that is C positive) the perpendicular 
between the origin and the line falls in the third or the fourth 
quadrant. 
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Examples. 1. Write the equation 37+4y-28=0 in the form 
#COSa+yYSiINna=p 
and find the perpendicular from the origin upon the line. 
2. Express 47—3y=18 in the form wcosa+ysina—p=0 (a between 
0 and 7) and find the perpendicular from the origin upon it. 


Verify that the sign of your perpendicular is correct by drawing the 
straight line in a figure. 


3. Find the perpendicular from the origin on the lines 
(1) 5”+6y=7, 
(2) 62—Ty—8=0, 
and state in which quadrant each falls. 


34. To find the length of the perpendicular from the point 

(L,, yi) on the line 
Aaz+ By+C=0. 

The method we shall adopt is as follows. We shall transfer 
the origin to the point (a, y,) and obtain the new equation of 
the line. We then use the method of § 33 to find the length 
of the perpendicular from the new origin. We shall as before 
take B to be positive. 

Let (2, y) be the coordinates of any point P on the line 
referred to the original axes, let (X, Y) be the coordinates of 


the same point P referred to axes through (a,, y) parallel to 


the original axes 
: Rp Ele ong =X Rye 


30 THE STRAIGHT LINE 


But Aa+By+C=0, 
v A(X4+a,)+B(V+m)+C=09, 
v. AX+BY+(Aa,+ By, + C)=0, 
naa ee 2 8 Pe 
VA? + B VA?+ B V A?+ B 


this is the new equation of the line in the form 


X cosa+ Ysina—p=0. 
_ Aa, + By, + C 

VA?+ Be 

This then is the perpendicular from the point (a, y) on 
the line 


Hence p= 


Agv+By+C=0. 


fet Mee is positive, that is if Aa +By+C 


is negative, the perpendicular on the line falls in one of the 
first two quadrants formed by the new axes through (%, ¥;). 
i _ Am + By + C 
VA? + B 
positive, the perpendicular on the line falls in the third or 
fourth quadrant formed by the new axes through (a, ). 


We thus get the following result : 


35. If- 


is negative, that is if Aw, + By,+C is 


If (2, y:) be the coordinates of any point in the plane, and 
Ax+By+C=0 be the equation of a line (B positive) then 
Aw,+ By,+C is positive if the point (2, y,) be above the line 
(that is if the perpendicular from (a, y,) on the line falls in the 
third or fourth quadrant formed by the axes through («, y) 
parallel to the original axes), negative if (a, y,) be below the 
line and zero if (a, y,) be on the line. 


Thus we see that any straight line Aw + By +0 =0 divides 
the plane into two parts, such that the coordinates of all points 
-on one side of the line substituted for and y in Aw + By + C 
make this expression positive, the coordinates of all points on 
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the other side of the line make the expression negative. 
Points on the line itself make the expression zero. 
The relation Az+By+C>0 
would be satisfied by all points above the line Av+ By + C=0, 
always supposing B is positive. We might then speak of this 
side of the line as the positive side of the line. The other side 
we can call the negative side of the line. Points on the 
negative side make Av + By+C negative, that is satisfy 
Ag+ By+C<0. 
We see then that we can express analytically all points on 
one side of the line da + By +C=0 by the inequality 
Ag+By+C>0 
and all points on the other side of the line by the inequality 
Aav+ By+C<0. 
We have only shewn that those inequalities hold when the 
axes are rectangular but it will be seen later that they are 
applicable for oblique axes also. 


Examples. 1. Shew that the perpendicular from (2, 3) on the line 
4x7 +7y—-18=0 is of length a and that the point is above the line. 
~ 

2. Find the perpendicular from (1, —3) on the same line and shew 
that the point is below the line. 

3. Find the perpendiculars from (4, 3) and (—2, —1) on the line 
52+3y+8=0. Determine on which side of the line each point lies, 
and verify by means of a figure. 

4, Shew that the point (5,6) is above the line 2v—4y+7=0 and 
determine its perpendicular distance from the line. 

5. Shew that the points (2, 3) and (1, 2) are on opposite sides of the 
line 54+7y—20=0. 


Use of the form y=mzx + b. 
36. It has now been seen how the form 
xzcosa+ysina—p=0 
for the equation of a line enables us to obtain the perpendicular 
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distance of any point (a, 7) from any line Aw + By+ C=0, and 
to determine on which side of the line the point lies. We go 
on now to shew the use of the form y= mea + b. 


The condition that the lines y=ma+b, y=m'ax+b' should 
be parallel is m= m’, whether the axes be rectangular or oblique. 


For if 8 be the inclination of the lines to the axis of « 
m= tan B =m’ if the axes be rectangular (§ 28); and 


sin 8 A 


m= ate een m 
if the axes be inclined: at angle  (§ 29). 
It is clear then that the condition that the lines 
Az+By+C=0, 
A’x + By +C’=0, 


: A A’ 
should be parallel is ep sae 
Tess A C : : 
for the first line is ya and its ‘m’ is =e and the 
Wage As / : : d 
second line is y = — Rit p and its ‘m’ is ao 


Thus if the two lines are parallel 
A ae B: 
Sai k (say). 
*. A’=kA, B=kB. 


Thus the line A’« + B’y + C’ =0, parallel to Aw + By + C=0, 
can have its equation written 


k(Av+ By) + C’=0, 


or dividing out by & 
Az+By+ D=0. 


This then is the general form of lines parallel to 


Au+By+0=0. 
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Examples. [The axes are not necessarily rectangular here.] 


1. Find the equation of the line through (2, 3) and parallel to the 
line 54+ 8y=9. 


[The equation of the line required is of the form 
5v+8y=h, 
in which & must be so determined that the line passes through (2, 3). 
The condition for this is 
10+24=k, 
Oe Ppasal 
Therefore the line required is 57+48y =34.] 
2. Find the equation of the line through (1, 3) parallel to 3v—4y=8. 


3. Find the equation of a line parallel to 2v0+14y=7 and making an 
intercept of 3 on the axis of y. 


4. Find the equation of a line parallel to 3% -8y=21 and making an 
intercept of —7 on the «z-axis. 


37. The condition that the lines y = ma + b, y= m'e+V' should 
be perpendicular 1s mnv' +1 = 0, the axes being rectangular. 


For if 8, ®’ be the inclinations of the lines to the axis of « 


Y eau 
B st borer}: 
has we tho nite 
B =B+ 9? or B B ao. 
In either case tan 8 =—cot §’, 
tan B tan #’=—1, 
mm =—1. 


This is a very important result. 
It follows that the condition that the lines 
\ Az+By+C=0, 
A’a+By+C’=0 
should be perpendicular is 


CA)4)-— 


AA’+ BB’ = 
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38. It follows from the last article that the general form 
for the equation of lines perpendicular to Aw + By + C=0 is 
(when the axes are rectangular) either 


Ba— Ay=k, 
Gey 
or qt Be d. 


The k or J must be determined by some other datum re- 
specting the line, as, for example, that it is to go through a 
given point. 

Examples. 1. Shew that the lines 54+6y=18, 18%—15y=31 are 
perpendicular. 


2. Find the equation of the line through (2, 5) perpendicular to the 
line 24+ 5y+31=0. 


[The equation of a perpendicular line is 

5x —2y=k. 
Choose & so that (2, 5) lies on this line, 

-, 10—10=4, 

95 Gs 
Thus the equation required is 54—-2y=0.] 
3. Find the equation of the line through (4, 5) perpendicular to the 
line #—15y = 20. 


39. General equation of lines through a given point. 


The equation of all lines through the point (a, y,) are 
included in 
Ax+ By= Ax, + By. 
For the general equation of a line is 


Ae+ By=C. 
If this passes through (a, 4) 
Ax, + By, =C. 


This gives C in terms of A and Band the coordinates of the 
given point. 
Hence the general equation of all lines through (a, y,) is 
Av+ By=Aa,+ By, 
or A (# —a,)+ Biy—y,) =0. 
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40. From the preceding article we see that the equation 
of the line through (a, y,) parallel to Aw + By +C=0 is 
Agz+ By=Axa,+ By, 
and the equation of the line through (a, y,) perpendicular to 
the above is 
Ba — Ay=Bx,- Ay, 
Bie Uns CRI Y; 
eB Ae B. 
It is thus easy to write down quickly the equation of a line 
through a given point parallel to or perpendicular to a given 
line. For the terms in # and y are easily expressed in each 
case; these form the left side of the equation and the right- 
hand side is obtained by substituting the special coordinates 
(#,, y,) for the general ones on the left. 


or 


Thus the equation of a line through (3, 7) parallel to 


2a + 5y =9 is 
2¢+ 5y=2x3+5x 7, 


that is 2u + 5y = 41. 
And the equation of the line through (3,7) perpendicular to 
2a +5y =9 is 
5a —2y=5x3-2x7, 
that is 5a —2y=1. 
Examples. 1. Write down the equation of the lines through (2, —3) 
respectively parallel and perpendicular to 4a--7y=1. 
2. Write down the equation of a line through (4, —1) perpendicular 
to 2y —3x2=7. 
41. Intersection of two lines. If we wish to find the 
point of intersection of two lines whose equations are 
Az+By+C=0, 
A’a+ By + C’ =0, 
we have only to solve these equations as simultaneous. For the 
point where they intersect must be such that its coordinates 
satisfy both equations, and the coordinates of no other point will 


satisfy them both simultaneously. 
3—2 
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42. Lines through the point of intersection of given 
lines. 
If At + By + C= Oi tec escent Denceceanene (1), 


and Aas By FO nie ie Santee deca (2), 


be the equations of two lines, then, whatever constant k be, the 
equation 

Ag+ By+C+k(A’a+ By+ C0’) =0 0.0... (3), 
will represent a straight line, and for different values of k we 
shall get different straight lines. 


Further the straight lines included in (3) all pass through the 
point of intersection of (1) and (2) for the values of # and y 
which satisfy (1) and (2) simultaneously satisfy (8) also. 


Hence the equations of lines through the point of intersec- 
tion of (1) and (2) can be got from the form (8). 


Examples. 1. Find the point of intersection of the lines 2v+7y=25 
and 7a —- 2y=8. 

2. Find the equation of the line through the point (3, 4) and the 
point of intersection of the lines 5%—-y=9, ++6y=8. 


[Furst method. 
Find the point of intersection of 


52 —y=9, 
«“+6y=8 
We find a=? y=1, 
The equation of the line joining this point (2, 1) to (8, 4) is 
en8_ynl 
2-3 1-4’ 
that is 3a—y=5. 


Second method. 


The general equation of lines through the point of intersection of the 
given lines is 
5a—y—-9+k(x+6y—8)=0. 
Choose & so that this passes through (3, 4), 
. 15-4-9+4(34+24-8)=0, 


ye 
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The equation of the required line is therefore 
ba —y-9— 5 (w+ 6y - 8) =0, 

which reduces to 934 —31y=155, 
that is 382—y=5.] 

3. Find the equation of the straight line through the origin and 
the intersection of the lines 52+ 6y=23, 3a —4y+9=0. 

4. Find the equation of the line through (2, 5) and the point of inter- 
section of the lines 54+ 6y=20, 4a+9=17y. 

43. Condition for concurrence of three lines. The 
condition that the three lines 


AOA YAU ge Oso na sane ben tote (1), 
GMP tft nee) ay ginare ccoact gue skcy (2), 
Ale taete 15 Yi tg oe Oh a otk adlae.c¥ om oh (3), 


should be concurrent or meet ina point is that the values of 
a and y which satisfy (1) and (2) simultaneously should satisfy 
also (3). The condition that the three equations should all be 
satisfied by the same values of w and y can be expressed at once 
in the form of a determinant : 
| A,, B,, C, aay 0, 
| 42, Be, Cy 
eae cs 
which is the same as 
A, (B,C, — B,C.) + A, (B,C, — B,C,) + A; (B.C, — B,C,) = 0. 
44. Test for concurrence in special cases. If three 
straight lines have their equations as in § 43, and if three con- 
stants k, 1, m can be found so that 
k (Aya + Bry +1) +1 (Ae + Bry + C;) 
+m(A,v+ By +C;)=0 ...... (4), 
identically for all values of # and y, then the three lines are 
concurrent. 
For let (a, y,) be the point of intersection of (1) and (2), 
. Aye + Buy + C, = 0, 
Aya, + Boy, + C,= 0. 
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Hence as (4) holds for all values of w and y it holds for 
L=M%, Y= Nn, 


*, Aja, + Byy,+C; =0. 
Thus («,, 74) lies also on (3). 


Examples. 1. Find for what value of a the three lines 
3a-+y+2=0, 
24 —-y+3=9, 


a+ay—3=0, 
will meet in a point. 


2. Prove that the lines 44+7y—9=0, 5a—8y+15=0, 9-y+6=0 
are concurrent. 


[Use § 44.] 


3. The condition that the lines av+by+1=0, a.v+b,y+1=0, 
a3@-+b3y+1=0 should be concurrent is that the points (@,, 6,) (de, bg) 
(a3, 63) should be collinear. 


45. Polar equation ofa straightline. From the equation 


xcosa+ ysina=p 


Pp 


Oo 


we can, by writing «= 7 cos 0, y =rsin 6, where r and 6 are the 
polar coordinates of any point on the line, obtain 


1 COS (Oa) p: ,. was eee (F), 


which is the standard form of the polar equation of a line. 


The same equation can be obtained from the accompanying 
figure in which OL being the perpendicnlar on the line and P 
any point on the line 


OL = OP cos LOP. 


THE STRAIGHT LINE 39 


46. The general equation of a straight line is 
Ag+ By+C=0. 


Taking the axes as rectangular and writing «=rcos6, 
y =r sin 6 we obtain the general polar equation of a line in the 
form 


A cos 0+ Bsin @=—. 
If then C be not zero, that is if the line does not pass through 


the origin, we may multiply by na and get the equation in 


C 
the form 
k kA kB. 
aT Gy 008 8 — sin 8 


= A’ cos 64+ B' sin 0. 


Thus the general polar equation of a line is of the form 
A cos 0+ Bsin == Spe a he ealBe (G), 


where & is any constant we are pleased to take, except in the 
case where the line goes through the origin. The equation of 
a line through the origin is 

@ = constant. 


47. Parallel lines. It is clear that the lines 
p=r cos (8—a), 


p =r cos (6 — a) 
are parallel. 


As also are 2 =Acos0+ Bsin 8, 


= Acos 6+ Bain 6. 


That is to say the general equation of lines parallel to 


H = A cos 6+ Bein 8, 


is obtained by changing the constant 4. 
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48. Perpendicular lines. The lines 
p=rcos(@—a), 
p =r cos(@— a’) 


will be perpendicular if eo ~a= 5 : 
Further the lines 


i 


Sia 


=Acosé+Bsin 8, 


a 


: =Bcos9—A sin 6 


5 
are perpendicular (§ 38). 


Thus the general equation of lines perpendicular to 


a 


¥ = A cos 0+ Bsin 6 


can be obtained by writing a 6 for 6 and changing the con- 
stant k. 


Therefore of course the general equation of lines perpen- 
dicular to 


p=rcos(@—a) 
can be obtained by writing 045 for @ and changing the 
constant p. 


49. Area of triangle formed by three given lines. 


To find the area of the triangle, the equations of whose 
sides are 


Grae + by y+ Cy OR eas. Je yca pees (Ly 
Oa@ + bay + Gy Ococneases ee one ene (2), 
eD AnD He Gn Do Ee adenne ne eee (3). 


We might find the area required by obtaining the co- 
ordinates of the three vertices, which we should get by solving 
these equations in pairs. The following method is however 
better, as by it we obtain an easily remembered formula. Let 
(2, 41) (42; Yo) (@3, ys) be the coordinates of the vertices, (a, 4) 
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being the intersection of (2) and (3), (a», Y2) of (3) and (1), and 
(x3, ys) of (1) and (2). 
Then the area of the triangle is 


4sin@ | 2, > 


X, Ya, 
%3, Ys, 
and this 
=}sin@ Hy, Yy SiON eC} 
XH, Ya, 2 Ug, iy RGD 
Dio Use tel aeRO tance 
am, ob, G 


dis, bg,’ Cg 


3 $ sin @ Q@, + bi +O, M_% + boy + Cy, 


Ay q+ bi Yo +O, Apg®% + bo Ys + C2, 
Ay 3 + bi Ys +01, Ap%3+ boys + Co, 


A 
where A stands for the determinant 


3 + bs + Cs 
sXe + bsYo + Cs 
As%3 + bs Ys + Cs 


CeclO ats 
Gee Ust wets 
ds, ds, Cy 
Thus, as all the constituents of the determinant in the 


numerator are zero except the three diagonal ones read down- 
wards from left to right, we see that the area is 


£ sin w (a,x, + drys + C1) (Go%s + doYo + Co) (Aga + Dsys + Cs) 
* é 


Now let 
We thus have 


Oy &, + OY +61 = Ay. 
2, + by, +0 —k, = 0, 
U2, + boy, + Co = 0, 
AsX, + by, + Cs = 0. 
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Hence a, 0, G—-m |=9. 
(iaeOantCs 
dg," (Ups anes 
That is a, Ob Gilt — = 0, 
Gees, Ca Gee Mies 0 
Gas Ds, aes dz, bs, 0 
A—k, | a, 6b |\=90 
dz, bs | 
; A 
That is = G? 


where (©, is the minor of ¢, in A. 


In the same way if we write 


Ap _ + bo Yo + ¢, =k, 


and gH + bsy3 + Cs =k, 

we shall get k= c : 

and Koga a 

where C, and C, are the actual minors of c, and c, in A. 
Thus the area is - Tae 


If Cy’, Cy’, C,’ be the prepared minors of ¢, C2, c3, that is the 
actual minors taken with their proper signs, then 


CY —s CG; G= = C;, Cs ae C;. 


4 sin w A? 


Therefore the area is aA 
C1'C,'C; 
Examples. 1. Find the area of the triangle formed by the lines 
27-+-4—3=0, 
3x + 2y—1=0, 


20+3y+4=0, 
the axes being rectangular. 
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[The numerical value of the area is 


ae ee Be 

oa, “1 

a es 
cee nist nial 
REE oy pee Rees 


_3(16-2-274+1246-12) 4x49 49 ] 
5x4x1 20 40° 
2. Find the area of the triangle the equations of whose sides are 
a+y+2=0, 
22 —-y—3=0, 
32+2y—5=0. 


EXAMPLES. 
1. The condition that the lines y=mx+b, y=m'x+b' should 
Ace at right angles, when the axes are inclined at an angle w is 
mm! +(m +m‘) cosw + 1=0. 
[Let 8, 8’ be the inclinations of the lines to the axis of a, 


Oh ag ee 
Ae: B'~B=35, 
.. tan B tan B’+1=0. 
_. sing yo Renee ] 
But LE er) and Perey 


2. The condition that the lines 
Ax+ By+C=0, A’x+ B'y+C’=0 
should be at right angles is 
AA’ + BB'—(AB' + A'B) cos w=0. 
3. Shew that the line joining the points (a, y,) and (a, yo) is 
oy. eut by the line Ax + By + C =0 in the ratio 
_ Aa, + By, + C 
Aa, + By, + C0" 
4. Obtain the polar equation of the line passing through the 
points whose polar coordinates are (7;, 4), (72, 92) in the form 
sin (0,— 4) _sin(@—@,) _ sin (0 —6;) 


Tr Ty Po 
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5. The diagonals of the parallelogram formed by the lines 
ax+by+e=0, avxu+bdy+c =0, 
ax+by+c=0, vutby+e'=0, 
will be at right angles if a? + ?=a?+ 6”, the axes being rectangular. 


6. The Cartesian equations of the sides BC, CA, AB of a 
triangle are 
Uy = O,0+0,Y+6,=0, Uy Saqu+boyt+O=0, Us = asx + bey + €,=0, 
and a line is drawn through A parallel to BC, prove that its 
equation is 
a ae tell es 
3b, — a,b; a,b, — ab, 
Shew also that the equation of the line through A bisecting 
the side BC is 
Us Us 


3b, —G,b3 Ay by — And, pee 


7. Find the coordinates of the centre of the circle inscribed in 
the triangle the equations of whose sides referred to rectangular 
axes are 

e-y+1l=0, w+y-T=0, w-3y+5=0. 


Find also the three ecentres and discriminate between them. 


8. Given that the origin lies at the escribed centre opposite 
a,¢+b,y+¢,=0 of the triangle formed by this line and the lines 
aet+by+e,=0, ax+b,y+c,=0, shew that the centres of the 
circles touching the sides of the triangle are given by 

ae+byt+ec Mn + bey + Cy _ , Mga + bay + Cs 
— ? 


iat 
Cy Cy C3 


and distinguish the cases. 
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50. Angle between two lines. 
To find the angle between the lines 
y=ma +b 
y=m'a+ 
the axes being rectangular. 


The angle between these lines is the same as the angle 
between the lines 


these being through the origin parallel to the above. 


Y 
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Let @ and #’ be the angles which the lines make with the 
x axis so that 
tanB=m, tan B’ =m’. 
Let 8> 8’, and ¢ the angle between the lines as shewn in 
the figure ; 
“. 6=B-B, 
f _ tanB—tan@’ — m—m’ 
a (al ? — Tap came toi 1+ mm’’ 


, 


‘ ae mm 
. d=tan to won7 


This is the angle between the lines measured positively from 
y =m'x to y= ma. 


Therefore tan™ roa is the angle between them measured 


from y= mz to y= me, 


Thus in the figure 
ie snares _ mam 
2 BOA or BOA’ (= @) is given by tang= Linn 


4 AOB' or A’OB (= ¢’) is given by tan ¢’= = Aan : 


Cor. If the lines be parallel m’=m for ¢ = 0. 


If the lines be perpendicular mm’+1=0 for d= oe 
*, tan@d=o. 
These results we have already obtained independently in 
the previous chapter. 
51. The angle between the lines 
Av+ By +C=0, 
A’ + By + C' =0, 


is at once obtained by writing jie m! = — 4 in the 
formula of the last article which the student will find easy to 
remember. 
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Equation of a pair of lines. 
52. The equation 
(Ac+ By+C)(4’a+ By +C')=0 ......... (a); 

can only be satisfied by points whose coordinates satisfy 
either Ax+ By+C=0, 
or A’a+ By+C'=0. 

Thus all points which satisfy (1) lie on one or other of two 
fixed lines. The equation (1) therefore represents a pair of 
straight lines. 


If we were to multiply the two factors together we should 
get an equation of the form 


aa? + 2hay + by? + 2ga + Wy +o=0.....c eee (2) 
in which 
a=AA 2f= BO’ + BC 
b= BB 99=CA'+O'A 
c= 0G, 2h = AB’ + A’B. 


An equation of the form (2) then will always represent two 
straight lines ifit be the product of two ‘linear’ factors of the form 


Av+By+C, A’e+ By+ Ge 
There must be a relation between the coefficients a, b, c, f, 
g, h if this is to be the case. Without such relation the 
equation (2) will not represent a pair of lines. 
We may here remark that equation (2) is known as the 
general equation of the second degree. It contains all possible 
terms of the second, first, and no degree in # and y. 


53. We can sometimes tell at sight when an equation of 
the second degree represents a pair of lines. For example 
consider the equation 
ay — 8a — 4y + 12=0. 


This is obviously 
(a— 4) (y— 3)=9. 
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Thus the equation represents the two lines 
v2=A, 
y= 8, 
which are parallel to the # and y axes respectively. 


54. Equation of pair of lines through the origin. 
We are going on in the next article to obtain the condition 
that the general equation of the second degree should represent 
two straight lines. But let it be noticed first that an equation 
of the form 

ax? + 2hey + by? =0 


always represents a pair of straight lines both passing through 
the origin. 
For au + 2hay + by? = a (@— ay) (x— By), 
where a and 8 are the roots of the equation 
az + 2hz + b=0 in z. 
Hence the equation 
ax? + 2hay + by? =0 
represents the lines vay 
. priak 
which pass through the origin. 
55. Condition that the general equation of the 
second degree should represent two straight lines. 
Suppose that 
aa? + Zhay + by? + 2gx + 2fy+c¢=0 
represents two straight lines. 
Let (#,, y,) be the point of intersection of the lines. 


Transfer the origin to (a, y,) keeping the direction of the 
axes unchanged, 
Let (X, Y) be the coordinates of any point on the locus (1) 


referred to the new axes, (#, y) of the same point referred to 
the original axes, 


. @=X+n,, y= Vy. 
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But 2, y satisfy (1), 
“. A(X +a, + 2h(X +a) (V+y,)+b(V +H) 
+29 (X + a.) + 2f(Y + y:) + c=0. 
But both of the lines now pass through the origin; there- 


fore the terms of first order in _X, Y and the constant term must 
disappear and leave only 


aX? +2hXY+bY?=0. 
That is, we have 


MEY ates) es ariarc ous ccier oeaevncnsh tebe Pe eeeee (2), 
PPR OY Meee] at) Bahn Sanco d nat onaks sb cee een eseeiie (3), 
an? + Zhay, + by, + 2ga, + fy, +0=0......00 (4). 


These are equivalent to (2) and (3) and another equation 
formed from 


(4) —(2) x a, —(3) x m, 
that is GUS YEO OM eee Re sccas (5). 
Eliminate x, and y, from (2), (3) and (5) and thus get 
abe + 2fgh — af? — bg? — ch? = 0, 
or, in determinant form, 


a, h, g |=0. 
h, b, ff 
9 Sf ¢ 


Cor. We see from the above that if the general equation 
of the second degree represents two straight lines, the point 


-where they intersect is given by 


ax, +hy,+g= | 


ha, + by, + f=90 
: hf—b h-a 
1.€. a= a nae nh 


From which we see that if the general equation of the second 
degree represents a pair of lines, the lines will be parallel if 


Cote 
for then their point of intersection is at infinity. 
4 
A. 
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56. We see that the necessary condition that the general 
equation of the second degree should represent two lines is 


a, h, g |=9. 
hPO PR 
G Sime 


We can see further that this condition is sufficient. For if 
it hold, it will be possible to find 2, and y, to satisfy 


Oy Fly 9 =O). ie cnc sec secon sane (1), 
Peay Wap fe Occ oc gas cen ere (2), 
Gy LY AG = 0 ics. sie aeinceas nee (3), 


since the values of a, y, given by the first two equations 
satisfy the third. 

(1) x a +(2) x %+(3) 
gives an? + 2hay, + by? + 2ga, + 2fy,+c=0. 


Now transfer the origin to (a, y,) as given by (1) and (2) 
and the equation is seen to reduce to 


aX?+2hXY+bY?= 
which is a pair of lines. 
57. The condition that 
ax + Zhaey + by? + 2gx+ 2fy+c=0 ......... Gy 
should be a pair of lines can also be obtained as follows. 
Treat the equation as a quadratic in # and we have 
aa? + 2a (hy + g) + (by? + 2fy +c) =0, 
oa TOY + EN (hy + 9 4 (by? + 2fy + 0) 
i ‘ 


Hence the left-hand side of (1) cannot be the product of 
two linear factors unless 
(hy + 9) — a (by? + 2fy +c) 
be a perfect square. 
But this  =(h?—ab) y+ 2y(gh—af) +9? —ac. 
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If this be a perfect square, 
(gh — af)'= (i? — ab) (g? — a0), 
“. Gf + gh? —2afgh = gh? — abg? — ach? + arbe, 
“. abe + 2fgh — af? — bg? — ch? =0. 
Examples. 1. Shew that the following equations represent each a 
pair of straight lines and draw the lines in a figure : 
(Oy 70 (ili) ay—5x2+6y—30=0, 
(ii) 2®—4y?=0, (iv) #+2xy—2-4y—2=0. 
/ 2. Find for what value of c the equation 
2a" + Cay +y? + 4x + 2y +c=0, 
represents two straight lines. 
Wee For what value of a will the equation 
ae an* — 3xy + 2Qy? — 4a +-y—4=0, 


Mie represent two straight lines ? 


58. If the general equation 


: ax* + 2hay + by? + 2gx + 2fy+o=0.......0008. (1), 
g represents a par of straight lines, then the equation 
at? + Dhary + by? =O siveevaes saree vesses (2), 


represents a pair of straight lines parallel to them through the 
origin. 
For if (1) be 
(Av+ By + C)(A’x+ By +’) =0, 


(2) must be (Av+ By) (A’a + B’y) =0. 


4 . And the lines 

: Aaw+ By=0, A’e + B’y=0, 

are lines through the origin respectively parallel to 
Agvx+By+C=0 and A’w+ B’y+C'=0. 

Lo find the condi- 


Te Oye 


: 59. Perpendicularity of two lines. 


: tion that the lines 
aa + 2hey + by? =0, 


should be perpendicular, the axes being rectangular. 


| Let aa® + 2hay + by? = (Aw+ By) (Aa + By). 
4—2 
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The pair of lines will be perpendicular if 


AA’+ BB’ =0. 
But a=AA’ and b=BB’, 
‘. the condition for perpendicularity is 
a+b=0. 


This condition is easily seen to be sufficient as well as 
necessary. 
It follows that if the general equation of the second degree 
represents two straight lines, these will be at right angles if 
a+b=0. 
The student will observe that this is only true if the axes be 


at right angles. The condition when the axes are oblique is 
deferred for the present. 


Bisectors of the angles between two lines. 


60. To find the equation of the bisectors of the angles between 

the lines 
Avz+ By+C=0, A’x+ B’y+C’=0, 

the axes being rectangular. 

The bisectors are the locus of points such that the magnitude 
of the perpendiculars from them on the two lines are equal. 

Hence if (2, y) be any point on one of the bisectors 

Ag+ By+ C_ ,Aw+ Byt C’ 
VA? + B ~ NVA? + B”? 

The two bisectors can then be expressed in one equation 
thus: 
ees A al poet A’x+ Bly + =| 

V A?+ B VA’? + B2 V A24+ B? VA’? + B’ 

a=i(), 


that is 
(Ag+ By+ Cy (A’a+B’y+C'p 
Aly IW ge pee 
The student will see that these bisectors are at right angles 
by applying the test of § 59. 
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61. To obtain the equation of the straight lines bisecting the 
angles between the lines 


ax? + 2hay + by? = 
the axes being rectangular. 
Let = aa* + 2hay + by? =a (w— ay) (# — By), 


a+ p=—— and a8 =~. 


The equation of the bisectors is, as in : 60, 


(w@—ayP _(w@— By) _ 
1+a? 1+? 


That is 
(1 + 8?) (@ — 2axy + ay*) — (1 + a) (a? — 2Bay + By?) = 0, 
that is 
x (8? — a?) + 2ay (8B — a) (1 —aB) — (B?— a’) y?=0, 


: l= 
that is a+ 2 8 oy —y'=0, 
= 
that is a+ 2 y= yt = 0, 
a 
al i ls 
that is — oe 


62. To find the angle between the pair of lines 
ax? + 2haey + by? = 0, 
the axes being rectangular. 
Let an + 2hay + by? = b(y — ma) (y—m 2), 
mol ee 
m+m prerpis Mr) mm = 5: 
Let ¢ be the angle between the lines, 


(§ 50) 


tan? ¢ = 
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4h? 4a 
Bb 4(h?—ab) 
PERT SU UCT 10.00 
(1 +5) 
2Vh? — ab 
tan 0) = CGA ? 
the + or — sign being taken according as ¢ is the acute or 


obtuse angle between the lines. 


Implied in the formula for tan ¢ is the condition for perpen- 
dicularity, viz. 
a+b=0, 


63. We will conclude this chapter with an important pro- 
position which will be useful in subsequent chapters. 


We have already said that the general equation of the 
second degree 


aa? + 2hey + by? + 2ga + 2fy +c=0............ (1), 
only represents a pair of straight lines in special cases. 


Generally it represents a curve, viz. a circle or other conic 
section as we shall prove later on. 


Now suppose we have the equation of a line 


Form an equation by making (1) homogeneous of the 
second order in # and y by means of (2): viz. the equation 


aa + Dhay + by? + 2 (ga + fy) (le + my) +c (la + my) =0.. (3). 


This we know represents a pair of straight lines through 


the origin. Moreover (3) is satisfied by points which satisfy 
(1) and (2) simultaneously. 


Hence (8) represents a pair of straight lines through the 


origin and the points of intersection of the line (2) with the 
curve (1). 
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If the line were given as 
la + my =n, 
instead of in the form (2), the equation of the pair of lines 
would be 
(aa? + 2hay + by*) n? + 2 (gu + fy) (la + my)n + ¢ (la + my) = 0. 


EXAMPLES. 
(The axes of coordinates are to be taken rectangular unless otherwise stated.) 


1. Prove that the angle between the lines 
y=me“e+b, y=mn+d' 
when the axes are inclined at an angle w is 
(m — m’) sin w 
1+ (m+m’) cos o + mm" 


tan 2 


[If 8 be the angle which the first line makes with the « axis 


= ees whence tan 8 = ee eae 
sin (w—) 1+mcos w 


Use method of § 50.] 
2. Shew that the angle between the lines 
ax? + 2haxy + by? =0 
_, 2Nh®— ab sin w 
is tan AOP AT. OSE 
where w is the angle between the axes. 


[Use the method of § 62. ] 
3. The equation of the line through the origin making an 
angle @ with the line y=ma +6 is 
__m+tand 7 
Y~Tomtang ” 
4, Prove that the product of the perpendiculars from (a,, y,) on 


the lines given by 
ax + 2hay + by’ = 0 


. ax, + 2heyy, + bys” 
3 J(a— by + 4h? 
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5. The equation of the pair of lines through the origin perpen- 
dicular to the pair whose equation is 
ax* + Qhay + by? = 0, 
is ba? — 2hay + ay* = 0. 


6. The condition that the pair of lines 
ax’ + 2hay + by?=0 and a'a* + 2h'ay + b'y? =0 
should have one line in common is 
4 (ah' — ath) (hb’ — h’b) = (ab' — a’b)?. 
Werle ax? + 2hay + by? + Qu + Ay+c=0 


represent a pair of lines intersecting in (2,, y,) then the equation 
of the lines bisecting them will be 


(x —- a)? — (y-%)? va (%— %) (y-%) 
a—b h : 
om if ax? + Lhay + by? + 29a + 2fy+e =0 
represent a pair of lines, the area of the triangle formed by their 
bisectors and the axis of a is 
J(a—b) + 4h? ca -g 
2h “ab —h?* 


9. Shew that the line dx +By+C=0, and the two lines 
represented by 
(Az+ By)— 3 (Ay — Bx)? =0 


form the sides of an equilateral triangle. 
10. Shew that all the pairs of lines 
ax? + Zhay + by? = dr (a? + y?) 


for different values of X have the same bisectors. 


11. Shew that the four lines given by the equations 
(y — me)? = c (1 + m?) 


(y — nx)? = 0? (1 +n? 
form a rhombus, ( ) 
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12. The vertices of a triangle lie on the lines 
y=axtan6,, y=xtan6,, y=ax tan 6,, 


the circumcentre being at the origin ; prove that the locus of the 
orthocentre is the line 


a (sin 6, + sin 6, + sin 6) — y (cos 6, + cos 6, + cos 63) = 0. 


13. The distance from the origin to the orthocentre of the 


triangle formed by the lines oe B= 1 
a 
and ax? + Zhey + by? = 0 


(a +) a8 (a? + B)® 


is Los 
ao? — 2haB+ bf? 


14. Prove that the equation 
(a+ 2h +b) a? +2 (a—b) ay +(a—2h+b)y?=0 


denotes a pair of straight lines each inclined at an angle of 45° to 
one or other of the lines given by 


ax + 2hay + by? = 0. 


15. Shew that the centroids of the triangles of which the three 
perpendiculars lie along the lines 


y—mc=0, y—me=0, y—mx=0 

lieon y (3+ mgm, + mgm, + MyM) = (My + My + Mz + 3m MyMs). 

16. The base of a triangle passes through a fixed point (/, g) 
and its sides are respectively bisected at right angles by the lines 

ax? + hay + by? = 0. 
Prove that the locus of its vertex is 
(a +b) (x? +y?) + 2h (fy + gx) + (a —b) (fa— gy) = 0. 
17. Two equilateral triangles ABC, PQF have the same centre, 


the order of the letters for each triangle corresponding to circuits 
in the same sense. Prove that AP, BQ, CR are concurrent. 
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18. Shew that the equation 
aa? + hay + by? ={(a+b) sin’ 6 + (? — ab)? sin 26} (a? + y’) 
represents two straight lines having the same bisectors as 
ax? + 2hay + by? =0, 


and making equal angles 6 with them respectively. 


19. Shew that the equation 
(ab — h®) (ax + hay + by? + 2gx + Wfy) + af? + bg? — 2fgh = 0 
represents a pair of straight lines; and that these straight lines 
form a rhombus with the lines 


ax + 2haey + by?=0 
(a—b) fg+h(f?—g’)=0. 


20. On the sides of a triangle as diagonals, parallelograms are 
described having their sides parallel to two given straight lines ; 
prove that the other diagonals of these parallelograms are con- 
current. 


provided that 


ooh i we 


Thee cian ite ec! 


CHAPTER V. 
THE CIRCLE. 


64, Equation of a circle. The equation of ‘a circle 
whose centre is at (h, &) and whose radius is a is clearly 


(G=—hP + (YH RP HO ir ceissconclecvies (1) 
if the axes are rectangular; and 
(a—h?P+(y—k?P+2(a—h)(y—k)cosw=a? ...(2) 
if the axes are inclined at an angle o. 

This is so because by these equations is expressed the fact 
that the square of the distance of the point (a, y) from (h, k) 
is a’, 

65. The equation 
a+ y+ 2gv+ 2fy+c=0 
will represent a circle if the axes are rectangular. 
For this is equivalent to 
CN AC Lah D ya aaa ileal 
which expresses the fact that the square of the distance of the 
point (#, y) from (—g, —f) is constant and equal to 9° +/?—c. 

The above then is a circle having its centre at (— g, —f) 
and its radius equal to Vg?+ /?—c. 

We see then that the conditions that the general equation 
of the second degree, viz. 

aa? + 2haey + by? + 2gu + 2fy +c=0 
should represent a circle when the awes are rectangular are: 
a=b, 
h=0. 
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These however are not the conditions that the general 
equation should represent a circle when the axes are oblique. 
For the general equation of a circle when the axes are inclined 
at any angle w is, as we see from (2) of § 64, of the form 

a? + 2Qay cos@t y?+ 29x + 2fy +c=0. 

The conditions then for a circle would be 

a=b 
and h=a cos. 

It is but rarely that we use oblique axes when we have to 
do with circles that we shall not trouble the student more with 
them in this chapter and shall confine ourselves throughout 
the chapter to the case of rectangular axes. 


66. To find the equation of the circle described on the line 
joining two given points A (a, x) and B (a2, ye) as diameter. 

The circle required is the locus of points P such that APB 
is a right angle. 

Let (a, y) be the coordinates of a point P on the locus. 

The ‘m’ of the line AP is 2—%, 


—2, 
The ‘m’ of the line BP is Yo oa 
L— Ly 
‘*, as AP and BP are at right angles 
Ya yediiws ie 
Pen mers is eit 
That is 
Ce 2) (@ — 2%) +(y — 41) (y — Y2) = 0. 
This then is the required equation. 


Examples. 1. Find the centre and radius of each of the circles 
(i) #+9?—4e-6y+3=0, 
(ii) a?+7?+30+5y+1=0, 
(ili) 2(#?+y")+6x%-—Ty=0. 
es 2. Find the equation of the circle passing through the origin P and 
cutting the axes of « and y at distances a and b from the origin. 
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~ 3, Shew that the locus of a point such that the sum of the squares of 
_~ its distances from two fixed points is constant is a circle. 


- 4, Shew that the locus of a point such that the ratio of its distances 
from two given points is constant is a circle. 


67. On the constants in the equation of a circle. 
We have seen that — g, and —f are the wx and y coordinates of 
the centre of the circle whose equation is 

e+ y? + 29x + 2fy+c=0. 

We enquire naturally what is the geometrical meaning of 
the remaining constant c. An answer to this enquiry will be 
supplied when we have proved the proposition which is given 
in the next article. 


68. Prop. If from any point P (a, y;) in the plane of the 
circle 
e+ y+2ge + 2fy+c=0 
a line PQR be drawn to cut the circle in Q and R the product 
of the algebraical distances PQ and PR is independent of the 
direction of the line and equal to 
aye + yy + 2ga, + 2fy, + ©. 
For let the line make an angle @ with the z-axis, then the 
line can be analytically expressed (§ 31) by the equations 
Ot AY yy 
cos@ sind 
where r is the algebraical distance of the point (z, y) on the 
line from (a, ¥;). 
We want now to find the distances from P of the points 
Q and R where the line cuts the circle. 


> 


So then write c=a2,+7r cos 0, 
y=yt7r sin 8, 
and substitute into the equation of the circle. 
We have 


(a, +r cos 0) + (y+ 7 sin 0) + 2g (@, +7 cos 8) 
+ 2f(y% +rsin @)+c=0. 
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This is a quadratic equation in r, the roots of which are the 
algebraical values of PQ and PR. 

This equation when simplified becomes 

7 (cos* @ + sin? 0) + 2r {(a, + g) cos 0+ (y, +f) sin 9} 
+2 + y2+ 29x, + 2fy, +c=0. 
Thus as cos? @ + sin? = 1, the product of the roots is 
ae + yy? + 2a, + 2fy, +c. 
Hence we see that the product of the algebraical distances 


PQ and PR is independent of the direction of the line PQR. 


69. We have thus proved analytically what the student 
will have recognised to be the well-known geometrical property 
of the circle, that the rectangle of the segments of all chords 
drawn through a definite point are equal. 


Now in the particular case where P is at the origin #,=0, 
¥y, = 0 and the expression 


LP + yy + 29a, + 2fy, +¢ 


reduces toc. Thus c is the constant rectangle of the segments 
of chords through the origin. 


70. We see that if the point P be outside the circle vm) 
and PR will have the same sign, that is 


LP + ye + 29a, + fy, +¢ 
will be positive; whereas if P be inside the circle PQ and 
PR will have opposite signs, and so 

a + Yr" + ga, + fy, +¢ 
will be negative. 

Thus the circumference of the circle divides the plane into 

two regions. The coordinates of points outside the circle make 
a+ y+ 29x + 2fy +c positive, the coordinates of points inside 


the circle make this expression negative, while those of points 
on the circumference make the expression zero. 


a 
a 
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Thus e+? + 290+ 2fy+c=0 
represents the circumference of the circle, 
“+ y+ 2gr+2fy+co>0 
is the analytical representation of all points outside the circle, 
and e+ y? + 29x + 2fy+c<0 
is the representation of all points inside the circle. 


The constant ¢ will be positive if the origin be outside the 
circle, negative if it be inside the circle, zero if it be on the 
circumference. 


71. We see from § 68 that every line through (a, y,) will 
meet the circle in two points, since whatever be the value of 0 
we have a quadratic equation in r to determine the points 
common to the line and the circle. 

The roots of this equation will not always be real, and 
in this case we say that the line meets the circle in two 
imaginary points. 

If the roots of the quadratic in r be equal to one another we 
say that the line meets the circle in two coincident points and 
we call the line a tangent to the circle. 


By a tangent to the circle then we shall understand a line in 


ats plane which meets it in two coincident points. 


On imaginary points. 

72. The existence of imaginary points in Analytical 
Geometry is a matter of not a little importance. In elemen- 
tary Pure Geometry we are accustomed to say that a line in 
the plane of a circle either meets the circle or it does not. 
In Analytical Geometry our principles compel us to say that 
every line in the plane of a circle meets the circle. There 
is no real contradiction between the two. For in Analytical 
Geometry we have the possibility of imaginary points, that 
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is to say, points whose coordinates are of the form (a+ @¥V —1, 
y.t 6V —1), where a, 8, y, 6 are real. These points have alge- 
braical significance, but we cannot strictly represent them in 
a figure, and so they are non-existent in Pure Geometry until 
this takes up the ideas of Analytical Geometry, which indeed it 
has done to its great advantage. 


73. In elementary Pure Geometry we say that two tan- 
gents can be drawn to a circle from a point outside it, one 
from a point on its circumference, and none from a point 
inside it. But in Analytical Geometry we must not make any 
such statement. We must, in accordance with our principles, 
say that from any point in the plane of a circle two tangents 
can be drawn to it; these tangents will be real if the point be 
outside the circle, they will be coincident if the point be on the 
circle, and they will be imaginary if the point be within the 
circle. Let us examine more closely why our principles require 
this of us. 


We have seen in § 68 that the points in which a line 


through a given point (a, y,) meets the circle are determined 
by the solution of a quadratic equation in 1, viz.: 


r+ 2r (a, +g) cos 0+ (y, +f) sin 6} 
+ OP + YP + 29H, + Bfy, +6=0.........06. (1). 


Now if the line we have drawn be a tangent to the circle 
this equation must have equal roots, for a tangent meets the 
circle in two coincident points, that is, we must have 


[(@, +9) cos 0+ (y +f) sin OP = 2? 4+ y,? + 2ga,+ 2fyi + ¢, 
from which we get 
(4, +9) cos O+(y, +f) sin 0 = + Va2+4 42+ 29%, + 2fy,+¢...(2). 
By means of this and 
cos’ 6 + sin? @=1 


cos @ and sin 6 can be found. 


ee ee lS PT Fk 
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Now if we take the positive sign with the radical, clearly 
we shall get two solutions, say 


cos 0= A, cos 6 =C, 

sin 0 = B, sin =D, 

and if we take the negative sign we shall have 
cos9=— A, cos 0= — C, 
sin @=— B, sin 6 =—D. 


We get then two lines through (#,, y;) which are tangents, 
v1z. 
BI _Yr%% 
A Be 


L—-2, YY 
and oak enya 

These lines are obviously imaginary if (#,, y,) be within the 
circle, for then the expression under the radical in equation (2) 
is negative. The lines are coincident if (a, y,) be on the 
circumference of the circle, for then the expression under the 
radical vanishes, so that C=— A and D=—B. 


If then we define a tangent to a circle as a line meeting the 
circle in two coincident points and allow the algebra free play, 
we must admit that there are two tangents from every point in 
the plane of the circle which become coincident when the point 


lies on the circumference of the circle. 


Further, it is clear that the lengths of the two tangents 
from any point are equal. For the lengths of the tangent from 
(a, y,) are the values of r furnished by (1) when ct has equal 
roots. 


As the product of the roots is 
a? + y,? + 29a, + 2fy + ¢, 
we see that if ¢ be the length of the tangent from (a, 4) 
2 w+ yet 2gm+ Wyte. 


a 
4 
7 
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Thus the square of the tangent from a point (a, Y1) to the 
circle is 
ae + y+ 29a, + 2fyr +c, 
whether (a, y,) be without or within the circle. 


We have made a somewhat long digression on imaginary 
points and lines because we think it important for the student 
to have clear ideas about them at this stage of the subject. 
Imaginary points and lines ditfer from real points and lines in 
that they have only algebraical significance, whereas real points 
and lines have geometrical significance too. Imaginary points 
and lines cannot be located in a figure as real ones can. 


Examples, 1. The locus of points the tangents from which to two 
given circles bear to one another a constant ratio is a circle. 


a Find the length of the tangent from (2, 3) to the circle 


Qu? + Wy? — 3a + 4y=0. 
[The equation must first be divided by 2 to make the coefticients of 
2x and y* unity. | 
74. Equation of the tangent at a point. 
To find the equation of the tangent to the circle 
e+ y?+ 2qx + 2fy+c=0 
at the point (a, y,) on tts circumference. 


The equations of a line through (a, %) making an. angle 0 
with the x-axis are 
ZL YY _ 
wos) a Oe (1). 
So that a point situated on the line and distant r from 
(#, Y:) 18 given by 


L=X,+7 cos 6, 
y=ytrsin 8d. 
If this point be on the circle we must have 
(a, +7 cos 6 +(y +7 sin OP + 2g (a + 7 cos 4) 
+ 2f(y,+7r sin 0)+c=0 


~ 


\ te 
ak 
c 


arene 
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which is a quadratic in 7, viz.: 
m + 2r (a +g) cos 6 + (y, +f) sin 6} 
+ 0? + y+ 2ga, + 2fy, +c=0. 
Now if the line (1) be a tangent, both the values of r 


furnished by this equation must be zero, for the line is to meet 
the circle at two coincident points, viz. (#,, y;) itself. 


We must therefore have 
LP + yy? + 29x, + 2fy,+¢=0 
which is satisfied, since (2,, y,) is by hypothesis on the cireum- 
ference of the circle, and also 
(a, + 9) cos 0+ (y%,+/f)sin 0=0. 
This gives us the direction of the line that it may be a tangent. 


To get the actual equation of the tangent we must eliminate 
@ between this relation and equation (1). 


The ane of the tangent is then 
tans 


‘sin 0 


Ci 


= x(yit+f)sin@ 


that is (@—-am) (m+ g+Y¥-n) (tf) =. 

By making use of the fact that (a, y;) is on the circle we 
can reduce this down to a form which it is not difficult to 
remember. 


* x (#, + g) cos 0= 


The equation is 
wit, + Yyr + 9@ + fy = Ho + Ye + ge + IY: 
== 9% —JYys 03 
we typtg(@ta)tf(y+y)t+e=0. 
This is the standard form of the equation of the tangent. 


Circle referred to its centre. 
75. In the special case where the origin is at the centre of 
the circle the equation of the circle assumes the simple form 
w+ y = a, 
where a is the radius of the circle. If we wish to obtain the 
5—2 
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geometrical properties of the circle by analytical methods we 
naturally take the equation of the circle in this simplest form. 
But we have sometimes to find properties of a circle in 
combination with other figures and then we may find it 
necessary to take the origin elsewhere than at the centre of the 
circle. The student then should accustom himself to the 
general form of the equation of the circle as we have up to this 
point been presenting it. 


If facility can be obtained in the analytical methods as 
applied.to the cirele, it will be found that all the latter part of 
our subject becomes easy. The student is recommended then 
to dwell on this part of the subject and to master it thoroughly 
before passing on to the more general conic sections. 


76. The equation of the tangent to the circle a+ y= a 
at the point (a, 71) can be found by exactly the same method 
as that which we have employed in § 74 and the student is 
advised to go through the work step by step for himself and to 
obtain the equation of the tangent at (a, y,) in the standard 
form 

LE, + YY, = OW. 

This could of course be got from the more general form we 

had before by writing g = 0, f= 0 and c=—a’. 


77. Condition for tangency. 


To find the condition that the ine y=ma-+c should be a 
tangent to the circle a? +7?= a’. 


We treat the two equations as simultaneous so as to find 
the points common to the line and the circle. On eliminating y 
we get 

a+ (me +c? =a’, 
that is x? (1+ m?)+2mcen+ 2 — a? = 0. 


Now if the line be a tangent to the circle, the two values 
of x furnished by this equation must be equal, otherwise the 
line would meet the circle in two points not coincident. 
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The condition then for tangency is 
mc? = (c? — a”) (1 + m?) 
which reduces to =a? (1+m?). 
Thus we see that the two lines 
y=mn+anvl1 + m 


are both tangents to the circle. 


78. It follows from the preceding article that the lines 
y—k=m(e@—-h) taVv14+m 
are both of them tangents to the circle whose equation is 
(a —h)?+(y —kP =a? 
For if we eliminate y — k between the equations 
y—k=m(e@—h) FaV1t Mu... cece (1) 
and (2 RPA (Yoh Ha Yin viince ose (2) 


so as to find where the line meets the circle we shall obtain 
exactly the same quadratic equation in «—h as we should 
have had in 2 if we had eliminated y between 


y=me+av1+m 
and e+y=a, 
but this resulting quadratic equation in « we know to have 
equal roots by the last article. 
Therefore the quadratic equation in «—h got by eliminating 
y —k between (1) and (2) has equal roots. That is we get only 
one value of «—h and therefore one value of #, and then y 


is determined uniquely from (1). Thus the line (1) meets the 
circle (2) in two coincident points. That is to say it is a 
tangent. Similarly also 

y—k=m(a—h)-aV1 +m 


is a tangent. 
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“ Examples. 1. Prove analytically that the tangent to a circle at any 
point of it is perpendicular to the radius to that point. 


2. Find the equations of the two tangents to the circle z?+y?=a? 
which make an angle of 60° with the z-axis. 


. 38. Shew that the tangent to the circle 7?+y?+2ga+ 2fy=0 at the 
origin is gx+fy=0. 


4, Shew that the line x+y=2 touches the circles v?+y?=2 and 
v+y?+3x+3y—8=0 at the same point. 


5. IfAv+By+C=0 be a tangent to the circle 2?+4?+2guv+2fy+c=0, 
it will also be a tangent to the circle 


a+ y+ 2ga+2fyto+r(Av+By+C)=0. 


79. Chord of contact. 

To find the equation of the chord of contact of tangents from 
(a, y:) to the circle a? + y? =a’. 

When we speak of the ‘chord of contact’ of tangents from 
(a, 3%) we mean the line through the points of contact of the 
tangents from (#,, y,) to the circle. 


Let (a2, Yo), (#3, Ys) be the points of contact of the tangents 
from (#,, y:) to the circle. 


Now the equation of the tangent at (22, y.) is as we have seen 
Ll, + YY2 =a’, 

Therefore, as this passes through (a, y,) we have 
Hy Hy + Yi Yo = wv. 

Similarly Ly Xg + YyYs= a. 
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Therefore (a, y2) and (a3, ys) both satisfy the equation 
LH+YY = 0, 
which represents a line. 
Therefore this is the equation of the chord of contact. 


Cor. We see from the equation that the chord of contact 
is perpendicular to the line joining the centre to the point 
(a,, y:) for the equation of this joining line is 


Sa a. 
Hy WN 

80. Pole and Polar. 

Der. The polar of a point with respect to a circle (or conic) 
is the locus of the points of intersection of tangents drawn at the 
extremities of chords through that point. 

To find the equation of the polar of the point (a, y:) with 
respect to the circle P+ =a. 

Let any chord be drawn through (%, y,) and let the tan- 
gents at its extremities meet in (#2, Yo). 


The equation of the chord of contact of tangents from 4 


(£2, Yo) is by § 79 
Lily + YY2 =v. 


But this goes through (a, 9), 


. UX2 + YWrY2 == cr, 
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Therefore the locus of (a, Y) 18 
LL+YY =A. 

We thus see that the polar of (#,, y,) as defined above is a 
line, and it is perpendicular to the line joining the centre to 
the point (a, y). 

The point (a, 4%) is called the pole with respect to the 
line va,+ yy, =a. 

The terms ‘pole’ and ‘polar’ are thus correlative. 


The term ‘pole’ as used in this connection has nothing to 
do with the same term as used in polar coordinates. 


81. If we wish to find the pole of a line whose equation is 
Av+ By+C=0, 
we suppose (2, %) to be the pole. 
Therefore the given line is identical with 
GL, + YY =O ; 


eo cnee veeenios 
if AG Beas 


Thus 2, and y, are found. 


82. On the definition of Polars. We see from §§ 79, 80 
that the polar of a point P with respect to a circle coincides 
with the chord of contact of tangents from that point, if P be 
outside the circle. The same is of course true if the point P 
be inside the circle. For we have then two imaginary tangents 
from P which will have imaginary points of contact with the 
circle. These imaginary points of contact lie on the real line 
va, + YY, =a", as is obvious from the fact that the algebra of 
§ 79 takes no account of whether the points of contact (a, Yo) 
(#3, ys) of the tangents are real or imaginary. 


We see then that the chord of contact of tangents from a 
point and the polar of a point are the same line. 


Some writers indeed define the polar of a point as the 
chord of contact of tangents real or imaginary from that 
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point. This is perfectly legitimate. But we prefer the 
definition we have given in § 80, as then the polar is defined 
by means of a geometrical property without any reference 
to imaginary points. 

Suppose the polar of a point is defined as the chord of 
contact, then it is still necessary to shew that as a result of 
this definition the polar of the point is the locus of the points 
of intersection of tangents drawn at the extremities of chords 
through the point. 


Examples. 1. Shew exactly as in § 79 that the chord of contact of 
tangents from (x, ¥,) to the circle 


w+ y+ 29" +2fy+c=0 
is wayyy +9 (Ut+x,)+fly+yi)+e=0. 
2. Shew that the polar (as defined in § 80) of the point (x,, y) with 


respect to the circle 
a +4?+29ge + 2fy+c=0 


is LEAYY +g (@+%)+ fly +p)+e=0. 
3. Prove that the points of contact of the tangents from (1, 7) to the 
circle v?+y7?=a? are 
(ez +ay,Vaz+y2—-@ ay —axaP+y?— ) 


aety? i ap +y? 
fa (= —ayNaz+ye—a ay taa/a2+y2— a) : 
aPty? y a tyy? 


Write down the equation of the line through these points and shew 
that it reduces to 7a, +yy,=a?. 


» 4, Prove the following geometrical construction for the polar of a 

_ point P with respect to a circle whose centre is C: Join CP and take Q 
on CP such that CQ.CP=square of radius, then the line through Q 
perpendicular to CP is the polar. 


83. The student will have noticed that the form of the 
equation of the tangent to a circle at (a, 4%), when (%, %) 
is on the circle, is exactly the same as that of the chord of 
contact of tangents from (a, y,) and of the polar of (a, %) 
when the point is not on the circumference of the circle. This 
makes these equations easy to remember, for we have only one 
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form to remember for all three. As will be seen later exactly 
the same property holds for the conic sections in general. 


84. Conjugate points. 
Prop. If the polar of a point A goes through B, then the 
polar of B goes through A. 


Take the origin at the centre of the circle so that the 
equation is 
ge+y= a’. 
Let (a, y,) be the coordinates of A, and (a, y2) of B. The 
polar of A is then 
Ly + YYW= lv. 
If this passes through (2, Yo) we have 
LoX, + Yor =v 
which is the condition also that («,, y,:) should he on the line 
LM, + YYo= a. 
But this is the polar of (a, Yy). 
Thus the proposition is proved. 


Two points such that each les on the polar of the other are 
called conjugate points. 


Thus the condition that (a, y:) and’ (a, y2) should be 
conjugate points for the circle a+y=a? 18 Ma, + pjra=e. 
It is quite easy to prove that the condition that (a, y:) and 
(a, y) should be conjugate points for the circle 


a+ y? + 2gu+ 2fy+c=0 
is yy + YriYot g (a1 + 2) +f (y+ Yo) +¢=0. 


Conjugate lines. To find the condition that the pole of 
the line 


Lat + my FW Oe veces sseessnnsasnnuenn (1) 
with respect to the circle 2*+ y? = a? should lie on the line 


Vatemly tn 20 vide scipeh eetaees (2). 


. 
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Let (@,, %) be the pole of (1), 


Bes PH Le ". il) + YY =O? 
is identical with (1); 
hh _~@ 
Loom ioe 


If then (a,, y,) lies on (2) 
Wee _mnta’ 
n n 


+n'=0, 
aS WW + mm’ — = 0. 


It follows from the symmetrical nature of this relation 
which is unaltered by the interchange of J, m,n with I’, m’, n’ 
respectively that if the pole of (1) lies on (2) then the pole 
of (2) will lie on (1). 

Two lines such that each contains the pole of the other are 
called conjugate lines. 

The student need not trouble to remember this condition 
for conjugate lines as it is much easier to commit to memory 


the formula in the general case which will be considered in a 
subsequent chapter. 


Equation of chord in terms of its middle point. 
85. If (a, y:) be the middle point of a chord of the circle 
x+y? = a?, the equation of that chord is 
LO, + YY, = LP + YY. 
Let the equation of the chord be 
@—H@ _Y-_ 
cos@ sin @ 
6 being its inclination to the axis and r the algebraical distance 
of (a, y) from (a, 4). 


Substitute ; 
c=a,+rcos0, y=y+rsind 


’, 


into the equation of the circle. 
(a+r cos OY + (+7 sin 0) = a’, 
*, 72+ 2r (a, cos 0 +4; sin 0) + a2 +4, —a@=0. 


76 THE CIRCLE 


Now since (a, 1) is the middle point of the chord the 
values of r furnished by this equation must be equal in 
magnitude and opposite in sign. 

. a, cos 0+ y, sin 8 =0, 
or x, cos @=— y, sin 8. 
Therefore the equation of the chord is 


a = (x, cos 0) = 9 (—y, sin 8), 


that is LH, + YY, = C2 + Yr 


86. To find the middle point of the chord of the circle #*+y2=a* the 
equation of the line of the chord being «cosat+y sina—p=0. 
Let (2,, y;) be the middle point of the chord, 
.. the equation of the line of the chord is 

LM FYY,=LP+Y’. 
This then must be identical with 

xcosat+y sina=Pp, 

v yn _eetyt 
: in Ena a =) alee 


.. @=cosa, Y¥=Asina, 
2 (cos? a+sin? a) 
+, ___—‘=), 
P 
Thus the middle point of the chord is (p cosa, p sin a). 
Similarly the middle point of the chord lying along the line 
Ax+By=C is given by 


. A=p. 


x Ur+ 2 
ae nO =i (say) 


eA =A, y=rAB 
0? (A2-+B) _ 


a Nin ake 


and peer 
A2+ B’ 

: : n ; AC BC 
.*. the middle point of the chord is (Gam PaB): 

87. Geometrical properties. 

(i) The line joining the middle point of a chord of a circle to the centre 
of the circle is perpendicular to the chord. 

For if (,, 91) be the middle point of a chord of the circle a°+y?=a* 
the equation of the chord is 


2 HY =U +y1. 
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But this line is clearly at right angles to 


which is the line through the origin, that is the centre of the circle, and 
- the middle point of the chord. 


(ii) The locus of the middle points of a series of parallel chords is a 
line through the centre of the circle. 


For if (x,, y;) be the middle point of one of two series of chords, the 
equation of that particular chord is 


Lay + YY = hy +. 
But the chords being all parallel, have the same ‘ m,’ 


x 
+, —-l=a constant. 
nn 


y 


That is the locus of (#,, y;) is aa constant, which is a line through 


the centre. 


88. The student should for practice prove by the method 

of § 85 that the equation of the chord of the circle 
e+y?+2qa+2fy+c=0 

1s iy + YY + ge + fy = ab + ye + get Sp, 
if (a, y,) be the middle point of the chord. 

It should be observed that if 7’=0 be the equation of the 
tangent at (a, y,) where 

T=aat+yptg(e#t+u)t+flyt yn) +e, 

then 7 =T, is the form of the equation of the chord whose 
middle point is (#,, y:), T; being what 7’ becomes when a, % 
are written for « and y. It will be found later that this is a 
property applicable to conic sections in general. 


89. Trigonometrical notation. If @ be the angle 
which the radius to a point P on a circle (radius a) makes with 
the axis of w, the centre being the origin, the coordinates of P 
are given by 

x =acos 8, y=asind 


in whatever quadrant P lies. 
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It is sometimes convenient to represent points on the circle 
x+y? = a? in this way instead of by (%, y;) ete. 
The equation of the chord joining the two points 
(acos 0, asin 8), (a cos , asin d) 


“2—acos@ y—asiné 


i a (cos @ — cos d) ~ a(sin @—sin p)’ 


that is (e— a 008 6) 2 sin 9 SF og 2+ # 


: ._ O—@ . 
=—(y —asin 8)2sin 7 Sins 


that is, on dividing by sin os 2 ; 


+o rat a) 
5) +ysin 5) = COS ee 
The equation of the tangent at (acos 0, asin @) is got at 
once by making the point (#) move up to and coincide with (@). 
We thus get as equation of tangent at (@) 
xcos@+ y sin @=a. 


This could of course be got immediately from the tangent 
at (a, y:), Viz. 


Z COS 


LL, + YY, = 0? 
by writing a%=acos6, y,=—asin 0, 


90. We could by analysis prove all the geometrical properties of a 
circle. It must now, however, be supposed that these properties are in all 
cases more easily proved by analysis than by pure geometry. Sometimes 
the methods of analysis are short and simple ; but there are cases where 
they are complicated and inferior to the methods of pure geometry. 

Suppose we were required to prove by analysis that angles in the same 
segment of a circle are equal. We could proceed as follows. 

Let AB be a chord of the circle radius a. 


Take the origin O at the centre of the circle, and the line perpendicular 
to AB as the axis of wz. 


Let P be a point on the are of the larger segment cut off by AB, Qa 
point on the are of the smaller segment. 
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Let the points P and Q be expressed (a cos 6, a sin 6), (acos¢, asin d) 
respectively. 


Let the point A be (a cosa, a sin a) so that B is {acos(—a), asin (—a)}. 
Therefore the equation of AP joining (@) and (a) is 


O6+a . O+a d6-a 
% COS —> +y sin —>—=4 cos ——. 
And the equation of BP joining (6) and (—a) is 
Pa en si Ce eae: 
> i doe a a gee 
The ‘m’ of the line AP is therefore — cot oe 
and the ‘m’ of the line BP is eon 
sb ant Mei Dek sin (“2 - 3) : 
: Berea pees a PE AD ew Bib Bes ek ae 
an ray , ore 47-2 e O+a O-a cosa z 
+co gy Cb —z- = 08 | 9 3 


» 2BPA=4 LBOA. 


Similarly the ‘m’ of QA is —cot oe 


and the ‘m’ of QB is Hoot 2" 

Dg ante A ae : 

2 2 — sina 
are tan US aE Eee = Pend Ge => — tan a. 
1+cot © cot = 
2 2 
We have thus proved that the angle BPA=44 BOA wherever P is on 

the arc of the larger segment, and the angles AQB, BPA are supplementary 
independently of the position of Q on the arc of the smaller segment. 


All that we have proved could have been proved more easily or quite as 
easily by pure geometry. 
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91. Polar equation of circle. It is easily seen that 
the polar equation of a circle whose radius is a and the polar 
coordinates of whose centre are (c, «) has for its equation 

r? —2rccos (@—-a)+ C= a? a 
for the left-hand side is the square of the distance of the point 
(r, 0) from the point (c, a). 
When the pole is on the circumference of the circle c=a@ 
and the polar equation becomes 
r = 2a cos (0 — a) 
which when the initial line is a diameter assumes the simpler 
form 
r = 2a cos 0. 


() A 


These last equations can be got quite easily from figures for 
if OA be the diameter through the pole O, and P any point on 
the circle 

OP = OA cos AOP. 


Systems OF CIRCLES. 
92. Orthogonal circles. 


The necessary and sufficient condition that the curcles 
a+ y+ 2gau + 2fy+c=0, 
e+y+2q'a+2fyt+e =0, 
should cut orthogonally is 
299 + 2ff’ =c+e'. 
[Der. Two circles are said to cut orthogonally when the 
tangents at their points of intersection are at right angles. | 
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Let A and B be the centres of the two circles, P a point of 
intersection. 
Then if the tangents at P to the two circles are at right 


angles, these tangents being at right angles to the radii, APB 
must be a right angle, 


AB*=AP*BP* 
Now the coordinates of A are (— g, —/) and AP?=g?+ f?—c. 
And the coordinates of B are (—g’, —f’) and BP?*=9?+ f?—c. 


SPB si AG Srl 9 lente am! eno at be ta 
. 299 + 2ff=ctc’. 
This condition then is necessary, and it can be seen to be 
sufficient by working the algebra backwards. 


93. Radical axis. 

The locus of points from which tangents to two given circles 
are equal is a straight line perpendicular to the line joining their 
centres and passing through the points of intersection of the 
circles. 

Let the two circles have for their equations 

D+ y? + We + WY ACHO ..eccercrcceees (1); 
+ yt get Wy tc =O wrccecrccrecees (2). 

Let P (a, y) be a point from which the tangents to (1) and 
(2) are equal. 

Now square of tangent from P to (1) is +9? + 29a + 2fy+ c. 
And square of tangent from P to (2) is @ +9 + 29a + 2f'y+c. 
* + y+Qget+AytoHety + 2/at wyte, 

. 29-97) e+2(f—fP)y+te—c=0......00 (8). 

Therefore the locus of (a, y) is a straight line; and points 
which satisfy (1) and (2) simultaneously also satisfy (8); 
therefore (3) goes through the points of intersection of (1) 
and (2). 

Moreover the coordinates of the centres of (1) and (2) are 
(-—g, —f), (-9, —/) respectively. 

6 

A. 
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f Sa 


Therefore the ‘m’ of the line joining the centres is pe 


, 


But the ‘m’ of (8) is — a and the product of these is — 1. 

Therefore (3) is perpendicular to the line joining the centres 
the circles. 

The line (3) is called the radical aavs of the two circles (1) 
and (2). 

Cor. 1. The three radical aaes of three circles taken wm 
pairs meet in a point (called the radical centre of the three 
circles). 


For if + y+ 2a + BWfyt+ CHO wereeceereeeees (1), 
ety? + 29+ Bf yt C=O on. eeeeeeeees (2), 
et y? +. 29"'x + 2f"y +0 0s Sent: (3), 


be the equations of the circles. 
The radical axis of (2) and (8) is 


2(g —g et 2(f —f yt —c" =... (4). 
The radical axis of (8) and (1) is 
2(g’—g)a+2(f"-f)yte’—c=0......... (5), 
and of (1) and (2) is 
2(9 —7 )at+2(f—f) yte—¢=0......... (6). 


Now (4) + (5) + (6) is an identity. 
Therefore the three equations (4), (5) and (6) hold simul- 
taneously, that is, the radical axes meet in a point. 


Cor. 2. If two circles touch one another their radical axis 
as their common tangent at the point of contact. 


94. Equation of two circles. 


By choosing as the axis of x the line joining the centres of 
two circles, and as the axis of y their radical axis, the equations 
of the circles are of the simple form 

e+y+2qr+c=0, 
e+ yt 2g'e+o=0. 
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For since the y coordinate of each centre is zero the circles 
have their equations of the form 


e+ y+ 2g9e+c=0, 
a+ y+ 29+! =0. 
The radical axis of these is 
2(9-g9)ex«+c—c=0. 
But the radical axisis «=0. 
tS Gee, 
Thus the proposition is proved. 


95. Prop. The difference of the square of the tangents to 
two circles from any point in their plane varies as the distance 
of the point from their radical amis. 

(Let ,, y,) be any point in the plane of the two circles 

e+ y+ 2ga+c=0, 
e+ y+ 29'a+c=0, 

The difference of the squares of the tangents to these from 
(@, Y:) 18 

(a2 + yr + 2ga, +c) — (a2 + y:? + 29a + c) 
= 2a, (9 —-9'), 
which varies as 2,, which is the distance of the point from the 
axis of y, that is the radical axis. 


96. Coaxial circles. A system of circles such that the 
radical axis for any pair of them is the same is called a coaaal 
system. 

Clearly such circles will all have their centres along the 
same line. Taking this line of centres as the axis of # and the 
common radical axis for the axis of y the equations of the 
circles will be of the form 

e+ y+ 2qr+c=0, 

e+y+27/a+c=0, 

e+ y+ 2q"e@+c=0. 
etc. ete. 
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Belonging to this system will be the two circles 


a? + a? + Woe +6 =0...ccceeceeeneee seen (1) 
and a? +? —IN CHA CHO cecreceresrrereees (2), 
that is (2+VcP+y=0 
and (a—VcP+y=0, 


that is two circles of zero radius with their centres at 
(— Ve, 0) (+ Ve, 0). 
The centres of these two circles of zero radius, point circles 


as they are sometimes called, are known as the lumating points 
of the system of coaxial circles. 


The limiting points, lying on the line of centres, are real if 
c be positive, otherwise they are imaginary. 


97. Limiting points. 


Prop. If L and L’ be the limiting points of a system of 
coaxial circles the polar of ether of these points with respect to 
any circle of the system passes through the other. 

For taking the line of centres as axis of x, and the radical 
axis as that of y, the equation of any circle of the system is of 
the form 

e+y?+24r+c=0. 


The coordinates of L are (Vc, 0) and of L’ (— Vc, 0). (§ 96) 
The polar of L (Vc, 0) with respect to the circle is 
aNco+y(0)+g(a+Vve)+c=0, 


that is (Ve+9)(a+%vc)=0. 
But g+—Ne, 
* a+NVe=0, 


which is a line through L’ parallel to the radical axis. 


98. Prop. All the circles of a coaaial system are cut 
orthogonally by every circle passing through the limiting points. 
Take the axes as before. 
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The equation of a circle of the system is of the form 
Ge 4 290+ 6m 0 waidncscavecs canes (1) 
and the equation of a circle passing through (vc, 0), (— Vc, 0) 


is of the form 
tp 1D fap — ise Oisccan Sirtceeoen nn tb (2) 


since the x coordinate of its centre is zero and when 
y=0, w=+Ve. 
The condition that (1) and (2) should cut orthogonally is 


29 (0)+2(0)f=c—e (§ 92) 
which is satisfied. 


99. The general equation of circles coaxial with two given 
circles 
S= x+y? + 2gx + 2fy+c=0, 
S sa + y+ 29’a4+ 2f'y+e' =0 
is S+kS’=0, where k is any constant. 

For clearly S +S’ = 0 for any constant value of & is a circle, 
since the coefficient of x? = coefficient of y?, and the coefficient 
of wy is zero. 

Moreover the locus S+kS’ =0 passes through the points 
common to the two given circles. 

Thus for different values of k it represents circles coaxial 
with the given circles. 


100. If Sa a+ y+ Iga +2fy +6 =0.....ccceceees (1) 
be a circle and Le Ag+ By+C =O) coi ceenseneree (2) 


a line, the equation 


S-kL=0 
for any constant value of k will be a circle cutting the given 
circle in the points where it is cut by the line. 
For it is clear that 
S—kL =a? +y?+2gu+ 2fy+e—k(Az+By+C)=0 
represents a circle and it is satisfied by points which satisfy 
(1) and (2) simultaneously. 
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Cor. If Saat y+2gut 2fytco=O0 
be some circle, then the equation of any other circle can be 
expressed in the form 
S+ (la +my +n) =0. 


EXAMPLES. 
1p thi Sz a+ y?+2gu + 2fy+e=0 
S saty?+2g'xt Uf'yr+e=0 
be the equations of two circles, interpret the inequality 
S> 8’. 


, 2 The locus of points, the tangents from which to two given 
a ‘circles are in a given ratio is a circle coaxial with the given oinetal 


[Use § 94.] 


_- 3. The locus of points such that the difference of the squares of 
= “he tangents from them to two given circles is constant is a line 
parallel to their radical axis. 
ae 4, The equation of the circle orthogonal to the three circles 
— e+ y+ 2d,a+ 2ey+fh= 
a2 + y? + 2dax + 2e.y¥+fo= 
+ y? + 2d,x + 2esy +f,= 9 
is ei aeg ya UY; Th) cere 
—f, 1) d,, ay 1 
—Sos ds, Cas 1 
—Ss ds, és, —1 
5. The equation of the circle circumscribing the triangle formed 
by the lines 
Au+By+C=0, A'x+ By+0'=0, AXat+ Bly +C"=0 
A?+ B 


" Mak Bynt eee 
A” +B? ee 
Fat By? A 
A’? 4 Bl” % q 
ParBy+o “2% 
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[Clearly 
\(A’a+ B’y+ 0") (A" a+ B’yt+ 0") 4 (A"e+ By + CO") (Aa+ By+C) 
+v (Av + By +C) (A'x+ By + C’)=0, 
will pass through the vertices of the triangle formed by the given 


lines, for this equation is satisfied by any two of the given equations 
taken simultaneously. Choose A, pu, v so that this is a circle. ] 


6. The condition that the circle circumscribing the triangle 
formed by the three lines 


aye + by +¢,=0 
at + bey + ¢,=0 
ase + bsy + ¢3 = 0 
should have its centre on the w-axis is 
Ggltz —Dybg, ig, — D3b,, yy — 6,5, |= 0. 
G02 + And3, Ayb,+30,, Gab, + a,b, 
b3Ca+ OaCg, 04g + B91, © DaCy + O15 


7. The straight line xcosa+ysina=p being denoted by (ap), 
find the equation of the circle circumscribing the triangle formed by 
the lines (ap), (8g), (yr) and shew that if it passes through the origin 
then 


gr sin (8 —y) + rp sin (y — a) + pg sin(a—f)=0. 
8. Shew that the circle on the chord z cosa+ y sina —p=0 of 
the circle «+ y¥? — a?=0 as diameter is 
x+y? — a? — 2p (w@cosa + y Sina — p)=0. 
[Use § 100.] 


9. I£ two circles cut a third circle orthogonally, the radical axis 
of the two circles passes through the centre of the third circle. 


10. Shew that if S,=0, S,=0, S,=0 be the equations of three 
circles of which each two cut orthogonally, the equation 
1,8; + 1.Se oR bsg 0 


represents a real circle except in certain cases where it represents a 
straight line. 
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11. Shew that the condition that the two circles 
a (x+y?) +gx+fy+c=0 
and - a (@+y)tguat+fy+e =0 
may touch each other is 
(af! — a'f) (of ef) + (ag! —a'9) (og! — e'g) + (ae’ —a'e)'=3 (fy —F'9) 
-12. Shew that if two points are conjugate with respect to a 


circle the square of the distance between them is equal to the sum 
of the squares of the tangents from them to the circle. 


13. If two points Pand Qare conjugate with respect to a circle 


S the circle on PQ as diameter cuts S at right angles. 


14. Shew that the general equation of all circles cutting at 
right angles the circles represented by 


+ y?—2a,e—2hyt+o¢=0, w+ y?— 2a.e— 2hyy +c=90 


is ety ov, y | +k | a ga I = (0) 
4, m, b a; O75, 4h 
C25 yy dy Gy, 6, 1 


15. Find the equation of the circle whose diameter is the 
common chord of the circles 


e+yt+2e+3y+1=0 and a+y*?+4e+3y+2=0. 
16. Find the coordinates of the limiting points of the circles 
e+y+2e+4y+T=0, w+ y?+4e4+ 2y¥+5=0. 
17. Find the equation of the circle to which the triangle whose 
vertices are (a, ¥1), (X2) Yo); (3, Ys) is self-conjugate. 


[A triangle is self-conjugate for a circle when each pair of its 
vertices are conjugate points. | 


18. Prove that the circumcircle of the triangle formed by the 
lines 
xcosa+ysina=aseca+ bsina, 
xcosB+ysin B=asec B +bsin B, 
x cos y+ysin y=asec y+bsin y, 
passes through the points (0, 6). 


19. The polars of a point P with respect to two given circles 
meet in Q ; shew that the radical axis of the circles bisects PQ. 


[Use § 94.] 
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20. Circles are drawn through the point (c, 0) touching the 
circle 2° +y?=a?, Shew that the locus of the pole of the axis of 
with respect to these circles is the curve 


4a? (x —¢)* = (a? — c?) {a? — (c? — Qa)" 4. 
21. The straight line dx + my — 1 =0 meets the lines 
ax? + 2hay + by? = 0 


in the points P and @; shew that the equation of the circle described 
on PQ as diameter is 


(a? + y?) (am? — 2him + b/?) — 2a (bl — hm) — 2y (am — hl) +a+b=0. 
22. Prove that if S,=0, S,=0, S,;=0, S,=0 be four circles of 
“which each pair is orthogonal, their equations being in the form 


in which S denotes the square of the tangent from any point, then the 
condition that 


AS, + wS, + vS3+ pS,=0 and X'S, + p'S,+ v'S; + p'S,=0 
should be orthogonal is 


ANT? + pp Te? + v's? + pp'r? =0 
where 7,, 72, 73, 7, are the radii of the circles. 


23. The length of the common chord of the two circles 
e+y?+ 2x +c=0, 
e+y?+ 2uy—c=0 
is 2n/(2 —c) (yw? + ¢)/(? + p?). 
24. If the origin be at one of the limiting points of a system of 
coaxial circles of which 
e+ y+ 2gu+ 2y+e=0 
is a member, the equation of the system of circles cutting them all 
orthogonally is 


(a + 9°) (9 + uf) +¢ (w+ py) = 0. 

25. Two circles of radii &,, R, with their centres at a distance 
d>(R,+R,) may, by properly choosing the axes of coordinates in 
one of two different ways, be represented by the equations 

a+ y?—2ax+c?=0, e+ y?— by +c =0, 
where @=1(R?2-R2Z+d*), B=4(k- RK? +d?) 
and =41(d?—R?- £,). 
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26. From a fixed point (é, 7) perpendiculars are drawn to the 
straight lines 
ax? + Lhaey + by? + 2gu + 2fy+e=0. 
Shew that the equation of the circle circumscribing the quadri- 
lateral so formed is 


(ab —h?) {a (w—£) + y (y —1)} — (hf — bg) (w— €) — (gh — af) (y—1) =9- 


27. Circles are drawn with their centres on the axis of « and 
touching the straight line y=atana. Shew that the points of 
contact of tangents from a fixed point (A, &) will lie on the curve 
given by 
(x — h)® (y? — a? sin? a) — Qay (a —h) (y — k) sin? a + y* cos? a (y— hk)? =0. 


28. If four points P, Q, R, S be taken, and the square of the 
tangent from P to the circle on QR as diameter be denoted by 
(P, Qk), then 

(P, RS) —(P, QS) —(Q, RS) + (Q, PR)=0. 


29. Shew that with respect to the triangle formed by the lines 
aa? + 2hay +by?=0, y=k, the equation of the pedal line of the 
point (other than the origin) where the circumcircle cuts the axis 
of x is 


a(a—b) a+ 2ahy — 2bhk. ° 


30. The centres C,, C,, C3, C, of four circles form a parallelo- 
gram, C, and C, being opposite vertices. Prove that the locus of a 
point such that the lengths #,, t,., ¢;, ¢, of the tangents drawn from 
it to these four circles obey the relation ¢,4; = ff, 1s a curve of the 
second degree. 


31. Shew that the general equation of a circle which touches 
the two circles 
e+y+e+ 2ax=0, v+y?+c?+ 2bx = 0, 
may be written in the form 
{(c2-+ 2) (c2+ab)}? (a2-+42+ 02+ 2a) +0(ab—d2)2 (a? + y?—c? + Buy) =0, 


where » has any value, and X is either root of the quadratic 
equation 
(a + b) (c? +d?) = 2d (c? + ad). - 


CHAPTER VI. . 
CHANGE OF AXES. 


101. Before we pass on to the analytical investigation of 
the conic sections we shall obtain, for future use, the formulae 
necessary to express the coordinates of a point in a plane 
referred to two axes in terms of the coordinates of the same 
point referred to two other axes. 


We have already made use of the fact that if (w, y) be the 
coordinates of a point P referred to two axes, (%, y,) the 
coordinates of a point A referred to the same axes, then the 
coordinates of P referred to axes through A parallel to the 
original axes are (e—2,,y—%). Denoting these by (X, Y) 
we have 

c= X+m, y=Vu.. 

We see then how to obtain the equation of a curve referred 
to two new axes when its equation is already known referred to 
two axes to which they are respectively parallel. We have 
only to write X+a,, Y+% for « and y in the given equation, 
and the new equation in X, Y will be obtained. 


This is changing the origin without changing the directions 
of the axes. 

We now pass to the consideration of the problem of a 
change in the directions of the axes without a change of 
the origin. 
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102. Transition from one set of rectangular axes 
to another with the same origin. 
Let (a, y) be the coordinates of a point P referred to rect- 


angular axes OX, OY. Let (a’, y’) be the coordinates of the 
same point P referred to rectangular axes OX’, OY’ with 


the same origin. 


Let z XOX’ measured in the usual positive direction = 0. 


Draw PL, PL’ perpendicular to OX and OX’ respectively. 
Draw L’K perpendicular to OX and L’N perpendicular to PL. 


Then x=O0OL=OK-NL’ 
=2' cos O—y' sin O oo... eee (1), 

y=LP=KI'+NP 
=a’ sin 0+! 0080 oc... (2). 


From these, or independently, we get 
x =x c08 0 + ysin 8, 
y =—«'sin 6+ y/’ cos 0. 


These latter are not wanted so frequently as the former. 
They can be always obtained from (1) and (2) by interchanging 
wand «’, y and y’ and writing — @ for @. 
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103. Transition from oblique axes to rectangular 
axes with the same axis of x. 

Let (a, y) be the coordinates of P referred to oblique axes 
OX, oY containing an angle w; («#’, y’) the coordinates of the 
same point referred to rectangular axes OX, OY’. 


y’ 


oO L EI Xx 


Draw PL, PL’ parallel to OY, OY’ to meet the a-axis in 
Land L’, 
Then e=OL=O0L'-LL’=2'—-y cota 
y=LP=y' cosec w ' 
and “=O =O0OL+ LL =2£+y cos 
y =L'P=ysinw I. 


104. Transition from one set of oblique axes to 
another with the same origin. 

Let (~, y) be the coordinates of a point P referred to axes 
OX, OY containing an angle ; (a’, y’) the coordinates of the 
same point referred to axes OX’, OY’ containing an angle o’. 
Let a and 8 be the angles which OX’ and OY’ respectively 
make with OX. 

Draw PL parallel to OY to meet OX in JL, so that 
OL=2, LP=y. 

Draw PL’ parallel to OY’ to meet OX’ in L’, so that 
OL’=2', L’'P=y'. 
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Now draw PN perpendicular to OX; L’R and LK per- 
pendicular to OX and PN respectively. 


YG 


Then ysino=NP=RL'+KP=a'sina+y sinB. 


Similarly, since OX’ and OY’ make angles o—a and #—8 
with OY, 
£sin w = a sin(@—a)+y' sin (@ — £). 


Thus en sin(w—a) , ,sin(w— /) 
sin @ snow °” 
sina sin 
i] = a tH 4 sin 8 5 
sin w sin @ 


where B—a=o’. 


105. The formulae obtained in the last article are not 
easily remembered, nor will there be much need to remember 
them. But it is important to observe that 


v=ke' + ly, 

y=ka' +y, 
where fk, 1, k’, l’ are constants depending on the angles o, o’ 
and a. 
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The actual formulae of §§ 102, 108 will be wanted from time 
to time. But they are very easily obtained at any time directly 
from a figure, so that they need be no burden on the memory. 


106. Invariants. 

Prop. If (a, y) be the coordinates of a point referred to axes 
OX, OY containing an angle w, and (a’, y') be the coordinates of 
the same point referred to axes OX’, OY’ containing an angle o’, 
and if ax+2hay+ by? in which a, b, h are independent of 
a and y become a’x”+ 2h'a'y’ + b'y”, then 


a +b'—2h'coso’ _a+b—2heosw 


sin? w sin? @ 
ab —h? ab—h? 
and ee ; 
sin? w sin? w@ 


We have ax? + Qhay + by? =a'a? + Qh’a'y’ + by” 
and 2? + 2ey cosw + y? =x"? + 22'y' cosa’ + y”, 
since each of these is the square of the distance of the same 
point from the origin. 
Therefore 
ax? + 2hay + by? +r (a? + 2ay cos w + y) 
=a? + Qh'a'y' +b'y? +r (a? + 2a’y' cos w' + y”)...(1), 
for all values of X. 


_ Now if X be so chosen that the left-hand side is a perfect 
square in w and y, viz. (px + qy)’, then since 


a= ke’ + ly’, 
y=Ka' + Uy (§ 105), 
2 (pat qy) = {p (ha! + ly’) +9 (Ka' + Vy)? 
=(p'x'+qy'), (say). 
Thus whatever value of X makes the left-hand side of (1) a 


perfect square in # and y makes the right-hand side a perfect 
Square in a’ and y’. 
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The left-hand side will be a perfect square if 


(a+r) (b+ 2X) =(h+2 08 o), 
that is if 


sin? w + A (a+b— 2h cos w) + ab—h? = 0. 
Similarly the right-hand side will be a perfect square if 
2 sin? w +2 (a’ +b’ — 2h’ cos w') + a/b’ —h? = 0. 
These two quadratic equations in ) must have exactly the 


same roots, 
_ a@+b—-2heos@_ a+b’ — 2h’ cosa’ 


sin? @ sin? w’ 
ab—h? a/b’ —h? 
and === ae 
sin? o sin? w 
: a+b —2hcos@ ab — h? 
On account of this property ————.——— and — 
sin? @ sin? w 


are called invariants. 


In the special case where we transform from one set of 
rectangular axes to another, 


a+b=a'+0, 
ab —h? =a'b' —h”®. 

These invariants are of importance in the development of 
the theory of the general equation of the second degree and the 
student is recommended to master the proof given of them. It 
would be well for him to work out the special case of rect- 


angular axes by the same method we have employed in the 
general case when the axes may be oblique. 


107. Removal of the xy term. 


Prop. Jf (a, y) be the coordinates of a point referred to 
rectangular axes, vt 1s always possible to transform to rectangular 
axes with the same origin so that aa®+2hay+hy? becomes 
aa + b'y? in which the term in a'y' is wanting, (a, y’) being the 
same point referred to the new axes. 
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For if the axes be turned through an angle 6 we have 
by § 102 
x= x cos@—y’' sin 6, 
y=x sinOd+y’' cos6, 
*. aa? + 2hay + by? = a(x' cos 0 —y’sin 0)? 
+ 2h (a cos 6 —y'sin 0) (# sin 6+ y' cos 0) +b (a sin 6 + y' cos 6)? 
= (a cos? 6 + 2h sin 6 cos 6 + b sin? 0) x? 
— 2 {((a— 6) sin @ cos 0 — h (cos? 0 — sin? 6)} ay’ 
+ (asin? 0 — 2h sin 0 cos 6 + b cos? 8) y. 
The term in z’y’ will disappear if 
4(a— b)sin 20 — hcos 26=0, 
2h 
a—b’ 


and this equation can always be satisfied by a real value of 0. 


that is if tan 20 = 


We have 20 = n7 + tan i ; 
@= tant Re A Pre ee (1), 
or 0=F+4 ee a athe: (2), 
or @=7+4tan™ = Me venaas conde Seek (3), 
or d= a +4tan? oh Moen tte eee (4) 


These all really give the same new axes of coordinates, what 
is the positive direction of the #-axis in one case being the 
positive or negative direction of the «- or y-axis in another. 


Special case where ab—/}?=0. In the special case 
where ab —h?=0 the removal of the xy term in 
ax + 2hay + by? ; 
: 2. 
by turning the axes through an angle 6 given by tan 0= ea 


will make either a’ = 0 or b’ = 0. 
7 
A. 
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For aa? + 2hay + by? becomes ax + d’y”. 
Now ab =/h? is the condition that the pair of lines through 


the origin 
aa? + Qhay + by? =0 
should be coincident. 


Therefore a2? +b'y?=0 
represents a pair of coincident straight lines, which is impossible 
unless a’ =0 or b’=0. 
The same can also be seen by means of the invariants. For 
a’b’ =ab—h?=0, 
16 = 0 or Dos), 


Oblique axes. 


108. To find the condition that the two lines whose equations 
are 


Azvz+By+C=0 
and A’a+Byt+C'=0 
should be at right angles, the axes being inclined at an angle o. 


Transform to rectangular axes keeping the origin and the 
axis of « unchanged. 


As in § 103, we have 
g=a—y cote, y=y! cosec a. 
Thus the equations of the two lines referred to the new 
rectangular axes are 


A (a —y cot w) + By’ cosec a+ C=0 
and A’ (a —y' cot w) + B’y' cosec w + C’ = 0, 
thatis Asinw.a’+(B—Acoso)y+C'sno=0 
and A’ sing. a +(B’— A’ cos @) y’ + C’ sin w = 0. 
The condition that these should be perpendicular is 
AA’ sin? w + (B—A cos ) (B’ — A' cos w) = 0 
that is AA’ + BB’ —(AB’ + A’B) cosw=0. 
This condition the student has probably already obtained 
for himself in another way. (See Ex. 2 of Chapter IIT, p. 43.) 
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109. To find the length of the perpendicular from the 
point P(%, 4) on the line whose equation is 
Az+By+C=0 
when the awes are inclined at an angle w. 


Transform to rectangular axes with the same origin and 
the same axis of # as before. 


Use dashed letters for the new coordinates so that 
c=a2 —y' cot Dy 22, — yy cot “| 
y=y' cosec w Yi = Yr cosec w 
The equation of the line thus becomes 
A (x' — y' cot w) + By’ cosec aw + C=0. 
The perpendicular from (2,, y,) on this is (§ 34) 
A (a — y/ cot w) + By’ cosec @ + C F 
V A? + (B cosec w — A cot w) 
_ (Aa, + By, + C) sin @ 
V A? sin? o +(B— A cos w)? 
_ (Aa, + By, +C)sin 
~ VA?—2AB cos w+ B? 


and this 


110. To find the angle between the pair of lines 
ax? + 2hey + by? =0, 

the axes being inclined at an angle w. 

We will here make use of invariants. 

Transform to new and rectangular axes with the same 
origin and let the equation of the lines become 

| aw a? + Qh’a'y’ + by? = 0. 

Now if ¢ be the angle between the lines we know from § 62 


that 
ah? — ab’ : 


ee a+ b 
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But by § 106 
ene =h?—-ad’, 
sin’ @ Ste 
2 
a’ +b’ — 2h’ cos = 
ie a+b—2h cose _ easy i 
sin? @ oF 
sin 9° 
: Tue 
k Mg ee ab 


a+b—2h cos wo 
And the lines will be at right angles if 
a+b—2hcosw=0. 


EXAMPLES. 


1. If (w, y) and («’, y’) be the coordinates of the same point 
referred to two sets of rectangular axes with the same origin and if 
we + vy where wand v are independent of x and y becomes wx’ + v'y’, 
then 

w+ ors w+ v7, 


2. If (a, y) and (a’, y’) be the coordinates of the same point 
referred to two sets of axes with the same origin and wa + vy be 
transformed to wa’ +v'y’, then 


w—Quvcosw+ev? w—2Qu'v' cos w +0? 


sin? w sin? w’ 


where w and w’ are the angles between the axes in the two axes. 


3. If (#, y) and (a, y’) have the same meaning as in Ex. 2 
and if 


x = kee! + ly’, 
y = kia! 4 if i 
then (Al’ —K'l) sin? w = sin’ o’. 


4, Shew that the equation «cosa +ysina=p, when the axes 
are turned through an angle a, becomes =p. Interpret this fact. 
\ 
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5. The equation of the bisectors of the angles between the lines 
ax? + 2hay + by? = 0 
is ax + hy, hae + by =(); 
LZ+rycoso, Y+txXCOS w 
the axes being inclined at an angle wo. 


6. OAB is a fixed triangle having AOB a right angle, OA, OB 
along the axes of coordinates, AB=4c and OAB=a. A circle is 
drawn circumscribing the triangle, and from any point on this circle 
perpendiculars are drawn on the sides; shew that the feet of these 
perpendiculars lie on the line 


x cos p+ ysin d= 4c sin ¢ cos ¢ sin (a + @). 
Transfer the origin of coordinates to the point a@ cosa, c sina; 


turn the axes of coordinates through an angle c -3 and shew that 


the equation of the line is now 
xcosy+ysiny=c sin dy. 


7. Prove that the transformation of rectangular axes which 
2 2 A? 2 


converts ae + ne into aa? + 2hay + by” will convert ee into 
P q Po q-r 


aa + Qhay + by? — A (ab — h?) (x? + y’) 
1—(a+b)A+ (ab—h’) : 


CHAPTER VII. 


THE CONIC SECTIONS—GENERAL AND STANDARD 
EQUATIONS. 


111. If AOB and COD be two intersecting lines unlimited 
in length, and if the line COD be rotated in space about the 
line AOB, it will trace out a double right circular cone, of 
which O is the vertex and AOB the axis. 


Fyperbola 


D 


Now the section of this cone by a plane through the vertex 
and cutting the cone is clearly two straight lines, while the 


section by any plane not through the vertex and perpendicular 
to the axis is a circle. 


Thus a pair of straight lines and a circle are in the strict 
sense of the word conic sections, these having been originally 


so called because they are the curves of plane section of a 
right circular cone. 
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If the cone be cut by a plane not through the vertex and 
not perpendicular to the axis the curve of section is, as is 
proved in books on Geometrical Conic Sections, an ellipse, 
a parabola, or a hyperbola according to the position of the 
cutting plane. All these curves alike share what we may 
conveniently call ‘the focus and directrix property. That is, 
each of these plane curves is the locus of points such that their 
distance from a fixed point (the focus) in the plane is e times 
their distance from a fixed straight line called the directria, e 
being a constant known as the eccentricity. For a parabola 
e=1, for an ellipse e<1, and for a hyperbola e>1. 


112. Proposition. very plane section of a right circular 
cone when referred to Cartesian axes of coordinates in the plane 
is represented by an equation of the second degree. 

We have already seen that this is so if the section be two 
straight lines or a circle, for both these are represented by an 
equation of the form 

ax? + 2hay + by? + 2gu + 2fy+c=0. 

If now the section be an ellipse, or parabola, or hyperbola, 
let e be the eccentricity, (a, 4) the coordinates of the focus 
referred to some rectangular axes in the plane, and 

Az+By+C=0 
the equation of the directrix referred to these same axes. 


Then if (#, y) be any point on the particular curve under 

consideration we have ie 
(oo +y-ypne 

for the left-hand side of this equation is the square of the 
distance of (a, y) from the focus («, %:), and the right-hand 
side is e? times the square of the distance from the directrix. 

It is clear that the above equation is of the second degree, 
being of the form 

aa? + 2hay + by? + 2ga+ 2fy +c=0. 
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The form would be exactly the same if the Cartesian axes 
were inclined at an angle w other than a right angle, for then 
we should have (§ 109) 

: (Av+ By+C/? sin? » 
(a@—%,)+(y—m1)+2 (@—a) (Y—y;) COS = E? (A2+B?—2A Boos@) 


113. We now see that every conic section is represented 
by an equation of the second degree. We shall presently go on 
to prove that an equation of the second degree always represents 
a conic section, that is to say it will represent two straight lines 
or a circle, or, failing one of these, an ellipse or a parabola or a 
hyperbola. Before proving this we shall obtain the equations 
of the parabola, ellipse and hyperbola in their simplest standard 
forms. 


114. Tangent to a conic. Since a conic section, or 
‘conic’ as we shall call it, is a curve of the second degree, 
every straight line in its plane will meet it in two points, 
real or imaginary (compare §71). In special cases the two 
points in which a line meets a conic will be coincident, and 
then we call the line a tangent to the conic. 


A tangent to a conic then is a line which meets it in two 
coincident points. 

115. Standard form of the equation of the parabola. 
Let S be the focus, DX the directrix. 


Draw SX perpendicular to the directrix and take first of 
all XS and XD for axes of coordinates. Let XS=c, so that 
the coordinates of S are (c, 0). 


Let P be any point on the parabola, (a, y) its coordinates, 
Draw PM perpendicular to the directrix. 
Then SP = PM, 
“St = PMs 
oe (e—cP +4? = 2, 
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for the left side is the square of the distance of («, y) from (c, 0), 
Yr =2cx—C 


=20 (2-5). 


Put y=0 in this to find the point A where the curve cuts 
the x-axis. We have 


If we now transfer the origin to 4 & 0) leaving the axes 


unchanged in direction, our equation becomes 
y? = 2cu. 
It is usual to write a for XA or AS, so that c=2a. The 


equation is then 
y? = 4ax. 


This is the standard equation of the parabola. 


116. Some properties of the curve. The point A is 
called the vertex. The line AS produced indefinitely is called 


the azis. 
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We see that the parabola is symmetrical with regard to its 
axis. For to every point (a, y) on the curve there corresponds 
a point (x, —y). 


If PN be drawn perpendicular to the axis and produced 
to meet the curve in P’, PN is often called the ordinate of 
the point P, and PNP’ the double ordinate of P, while AN 
is called the abscissa of P, it being the portion of the axis 
cut off, as it were, by the ordinate. 


The double ordinate LSL’ which passes through the focus is 
called the latus rectum of the parabola. 
Let SL =1. 
Therefore the coordinates of L are (a, 0). 
But LZ is on the curve 7’ = 4a, 
. P= 4a, 


Thus we see that SZ = 2a, that is the latus rectum is of 
length 4a. 


We now observe that the axis of y is a tangent to the 
parabola ¥? = 4az. 
For putting «=0 in this equation we get y’?=0, that is 
| y=0 bes. 
Thus the line e=0 meets the curve in the two points 


(0,0), (0,0), that is to say, in two coincident points. 
Therefore it is a tangent to the parabola, 


We see that negative values of « would give imaginary 
values of y, thus the curve lies wholly in the positive direction 
of the x-axis. Moreover as « can have any positive value, 
however great, we see that the curve extends to infinity. 


117. We can now see that a curve whose equation referred 
to two rectangular axes is 
y? = 4ax 
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is a parabola, for on working the algebra of § 115 backwards we 

ean prove that this curve is the locus of points whose distance 

from (a, 0) is equal to their distance from the line #=—a. 
Also we can see that the curve whose equation is 


y? = — 4ax 
is a parabola, for, if we write «’ = — x, the equation becomes 
y? = 4ax’. 
y 
S 
a zw 
That is to say, y?=— 4aa is a parabola whose axis runs in the 


negative direction of the w-axis as in the figure. 

Thus a curve which is the locus of points the square of 
whose distance from one line (J) varies as their distance from 
another line (J’) perpendicular to the first is a parabola, having 
1 for its axis and J’ for the tangent at the vertex. And the 
constant of variation is the length of the latus rectum of the 
parabola. 

Thus the equation 

(Av + By + Cy =k (Ba — Ay + C’) 
represents a parabola, whose axis has for equation 
Az+ By+C=0, 
and the tangent at the vertex is the perpendicular line 
Ba—-—Ay+C'=0. 
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The above equation can be written 
ea} = k Ba—Ay+C 
VA? + B VA?+B? VA?4+ B 
so that the length of the latus rectum is the numerical value of 


: k 
VA? + B?- 


Examples, 1. Find the focus and directrix of the parabola 
(a@—h)?+4a (y—k)=0. 
[If we transfer the origin to (A, k) the equation becomes 
A2Z=—4aF, 


which is a parabola of latus rectum 4a with its vertex at the new origin 
and with its axis running in the negative direction of the Y-axis. 


y y’ 


x! 


ie) 


Hence the vertex of the parabola referred to the original axes is (A, 4). 
The «-coordinate of the focus is h. 

The y-coordinate of the focus is /—a. 

The directrix is y=k+a.] 


2. Find the vertex, focus and directrix of the parabola 
op +4a+2y—8=0 
and represent the same in a figure. 
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[We write this equation 
(y2+2y+1)+4a2—-9=0, 
that is (y+1)?= —4 («- 4). 
The vertex is (?,—1), the focus (3, —1), and the directrix has for its 
equation 47—13=0.] 
_ 3. Find the equation of the parabola whose focus is the point (?, —1) 
and whose directrix is the line 4%—13=0. 
4, Find the length of the latus rectum and the position of the vertex, 
focus, and directrix of the following parabolas: 
(i) (y—3)?+2 (a@—2)=0. 
(ii) (v-—2)=5 (y+1). 
(iii) y?+2x-4y+3=0. 
(iv) 2?+4a—-—3y=0. 
(v) y?+2gu+2fy+e=0. 
5. Find the equations of the two parabolas whose latus rectum is 6 
and the axis and tangent at the vertex are the lines whose equations are 
3a+4y+1=0; 4%—3y=0. 


118. Standard form of the equation of the ellipse. 
Let S be the focus, DX the directrix, e the eccentricity, which 
is necessarily less than unity. 

Draw SX perpendicular to the directrix and as before take 
first XS and XD for axes of coordinates. Let XS=c. 
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Let P be any point on the ellipse, (a, y) its coordinates. 
Draw PM perpendicular to the directrix. 
*, SP Seat mM; 
ne cL = Cork he, 
. (@- CPt yi =e x, 
“. @(1-—e&)—2ce+ y+ e?=0, 
2c y? C 


‘oH ngs ag age le Tastes 


‘ CG y 4 yf Pat Cc eC me e°c” 
ere l-e (l-é& l-e& (l-ée)’ 


Now transfer the origin to the point C whose coordinates 


are (= 0) and write —~— =a. 
1-@é 


1-¢é 
The equation becomes 
2 
“a+ y -= @?, 
1—é 
x y 
that is mate = dy 


where 6?= a? (1 —e?), a quantity necessarily positive since e< 1. 
This is the equation of the ellipse in its standard form. 


119. Some properties of the curve. The curve is 
symmetrical with regard to both the x-axis and the y-axis. 
For if (a, y) be a point on the curve, so also are (— a, y), (vw, — y) 
and (— #,—y). Every line through C will thus meet the curve 
in two points equidistant from C. That is, every chord passing 
through C is bisected at C. The point C is therefore called the 
centre. 


Putting y=0 in the equation of the curve we find «= + a. 
Thus the two points A and A’ in which the curve cuts the 
@-axis are distant a from the centre. 


Putting «=0 we get y=+b. Thus the points B and B’ in 
which the curve cuts the y-axis are distant b from the centre. 
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If # >a, y is imaginary, and if y> b, # is imaginary. Thus 
the curve is limited and closed. 


The two lines AA’ and BB’ with respect to which the 
curve is, as we have said, symmetrical are called the awes of 
the ellipse. As AA’> BB’ (for b?=a? (1 —€e) so that b<a) 
AA’ is called the major ams, and BB’ the minor ams. 


We shall now prove that CS =e.CA and CA =e.CX. 
Since A and A’ are points on the curve, 

AS=e.XA, 

SA’=e. XA’. 
Adding, we have 

AA’ =e(XA4+XA')=2e. XC, 

*, CA =e.CX. 

Subtracting, we get 
SA'—-AS=e. AA’, 
wv. SC+CA’—(AC-SO) =e. AA’, 
*, CS=e.CA. 


The symmetry of the curve exhibited by its equation shews 
that there must be a second focus 8’ situated on the major axis 
at the same distance from C as S, and a second directrix 
corresponding with S’ and parallel to the original directrix and 
cutting the major axis produced in X’ where CX"= XC. 


If from a point P on the curve PN be drawn perpendicular 
to the major axis, and produced to meet the curve again in P’, 
PN is called the ordinate and PNP’ the double ordinate of the 
point P. A double ordinate through a focus is called a latus 
rectum. 


The length of either latus rectum is = 
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For let RS’R’ be the latus rectum through S’ and let 
S’R=l; then the coordinates of R are (ae,l). But R is on the 
curve, 


ve 
ns ne og 
P b? 
oe je ae a 

4 

iene 

a 


.. the length of the semi-latus rectum is =: 


120. Geometrical property expressed by the standard © 
equation of the ellipse. 


If PN be the ordinate of the pomt P, then from the 
equation of the ellipse we have 


CN? PN’ _, 

a? oie. 
_PN*_, GN? _C4?-CN?_AN.NA' 
: 7 oo oe | a? cod a? ? 


- te BNR an ic EBS 
“* AN NA’ oP AC? 
This is a geometrical property of the ellipse probably already 
familiar to the student. 


In the same way, if PK be drawn perpendicular to the 
minor axis, 

Pat) a0 
BK KB’ BC? 
BPE? of C104 


a b? 


for we have 


i 


121. The circle as a limiting case of the ellipse. 
We see that if e becomes smaller while a remains constant 
ae becomes smaller and the foci approach the centre; also 6? 
which = a? (1 —e*) approximates to a’, Thus as the foci approach 
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the centre, the ellipse tends to become more circular in ap- 
pearance, and when e becomes very small and nearly equal to 
zero the ellipse becomes almost a circle; so we say that a circle 
_ of radius a is the limiting case of an ellipse whose major axis is 
2a and whose eccentricity tends to zero. 


122. The parabola as a limiting case of the ellipse. 
If we take the equation of ee ellipse 
y 
ze ies is 
and transfer the origin to ae vertex A whose coordinates are 
(— a, 0) the equation becomes 


(e—ay  y¥ 
Taam eyeipenY 
: oe 2M 34)? 
that is oe a 
hat i a8 
that is Ate haa ae 2) =,(). 
Now AS =a(1 —e); denote this by d 
coe d 
l—e 
Thus the equation is 
a (1—e) eed 
qe ene rae ey 


Now let us suppose that d remains finite while 1 —e becomes 
very small, then a becomes very large and the equation of the 
curve approximates to y?=4d«, which is a parabola. Thus a 
parabola may be regarded as the limiting case of an ellipse 
when the centre moves off to a great distance, the vertex A and 
the focus S remaining unchanged. 


123. We see from the equation of the ellipse that if we 
have two intersecting perpendicular lines / and /’ and a point P 
‘moves in their plane so that 


ji 
Br FE = awh 
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where p, and py are the lengths of the perpendiculars 
from P on I and I’ respectively and a and b are real quantities, 
so that a? and b? are positive, then the point P will describe an 
ellipse having its centre at the intersection of the two lines, 
and, if a be > b, having its major axis, of length 2a, lying along 
the line I’ and its minor axis, of length 2b, lying along the 
line J. 


Examples. 1. . Find the lengths of the axes and of the latera recta 
of the ellipse 4x? + 3y?=24. 
BC 


; ; Dee aM 
[We write this ats an 


Thus in this case the axis of x lies along the minor axis and that of y along 
the major axis. We have a?=8, b?=6, therefore the lengths of the axes 
are 2/8 (=4,/2) and 2,/6 and the latera recta are of length 


2. Find the centre and eccentricity of the ellipse 
Qn? + 3y*— 42 +5y+4=0. 
[We write this equation 
2 (a? 20 +1) +3 (y+ hy +38) = 2+ -4= a, 


(7-1? | y+)? 
that is op Ww =, 
v2 3s | 
a : NE NE 
If we transfer the origin to (1, —%) the equation becomes Bee =! 


24,3 
Thus the equation represents an ellipse whose centre is at (1, — §), and if 
a and b be the semi-major and minor axes a? = 4, =z. 
se=dy (1—*), 
1-ée= 5 Gem ai 
= 8, e 3 
3. Find the coordinates of the foci of the ellipse of Ex. 2. 
4, Find the equation of an ellipse whose major and minor axes are 
of lengths 6 and 8 and their equations 3e—4y+1=0, 4%74+3y—-2=0 
respectively. 


124. Standard form of the equation of the hyperbola. 
The work for obtaining the equation of the hyperbola in its 
standard form is very similar to that already done for the 
ellipse. There are some important points of difference however. 
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Let S be the focus, DX the directrix, and e the eccentricity, 
which is > 1. 


Draw SX perpendicular to the directrix and first take XS 
and X D for axes of coordinates. Let XS=c. 


Let («, y) be the coordinates of any point P on the curve. 
Draw PM perpendicular to the directrix, 


#. SBA aietP Ms 
*, (c—cft+y? = ex’, 
*, @(8—1)+2cr—yY =’, 


; 2c Re ce 
oat ite el: ofa 1° 


Cc y-5 iat (e oa ce? 
(ers Bad het —1) | @elc, eal pe 


Now transfer the origin to the point C whose coordinates 


c ; ce 
are ( pent 0) and write em ae 
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The equation 1s now 


Gr as 
: re Oe 
that is eee 


where b? = a? (e?— 1), a quantity necessarily positive since ¢ > I. 


This is the standard form of the equation of the hyperbola. 


125. Some properties of the curve. If («, y) be any 
point on the curve, then (—2, y), (@ —Y), (-#, —y) also lie on 
the curve, which is therefore symmetrical about both axes. 
Lines through C will meet the curve in two points equidistant 
from CO. That is chords of the curve which pass through C 
will be bisected at C. This point then is called the centre. 


Putting y =0 in the equation of the curve we find #= + a. 
Thus the two points A and A’ in which the curve cuts the 
g-axis are distant a from the centre. 


Putting «=0 we get y?=—b*; thus the curve does not meet 
the y-axis in any real point, but in two imaginary points 
distant bV—1 from C. 


Any value of « lying between —a and +a would make 
y? negative so that no part of the curve lies between A and A’. 
x can however have any positive or negative value numerically 
greater than a. The curve then extends to infinity in both 
directions, and consists of two branches. 


The line AA’ is called the transverse amis. If on the y-axis 
we take two points B and B’ each distant 6 from C, then BB’ 
is called the conjugate axis. But it must be carefully observed 
that B and B’ are not points on the curve. 


It is easy to prove that CS=e.CA and CA =e.CX as 
in § 119. , 
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For AS=e.XA, 
AS = 6, AX, 
adding we get 2CS = 2e.CA, that is CS =e. CA. 


Subtracting we get A’A=e(A’0+C0X)—e(CA —CX), 
that is CA =e.CX. 


As in the case of the ellipse, there must be a second focus 
S', situated on the transverse axis at the same distance from 
the centre as S, and a directrix to correspond with 8’. 


PN drawn perpendicular to the transverse axis is called the 
ordinate of the point P, and if PN be produced to meet the 
curve again in P’; PNP’ is called a double ordinate. A double 
ordinate through a focus is called a latus rectum. It is easy to 
2b? 
rr 

It can be shewn further, as in § 120, that the Geometrical 
property of the hyperbola expressed by the equation 


prove, as in § 119, that each latus rectum is of length 


eA." at 

at 

; EN? BO? 
is that which is usually written AN AN AG? 


We can see too (compare § 123) that if we have two inter- 
secting lines J and /’, and a point P moves in their plane so that 


where p; and p; are the perpendiculars from P on / and I’, and 
a and b are real quantities so that a? and 6° are both positive, 
then the locus of P is a hyperbola, the length of whose 
transverse axis, lying along l’, is 2a, and the length of its 


conjugate axis, lying along J, is 20. 
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126. Two straight lines as the limiting case of a 
hyperbola. 
The equation of a hyperbola referred to its axes being 


Gy gia 


2 
which we can write Pe Yee Mista a’, 


we see that if e be kept constant while a is made gradually 
smaller and smaller until it becomes very small indeed the 
hyperbola will approximate to the two straight lines 
y? 

ata 
the axes of coordinates being the bisectors of the angles 
between them. 

Thus we may regard a pair of straight lines as the limiting 


case of a hyperbola whose axes are infinitely small, while their 
ratio is finite. 


ee 


127. Rectangular hyperbola. In the special case in 
which b=a the hyperbola is called rectangular. This name 
is explained by the fact that when b=a the ‘asymptotes,’ of 
which we shall speak in a later chapter, are at right angles. The 
name ‘equilateral’ has also been applied to such hyperbolas. 


Examples. 1. Find the centre and the length of the transverse axis 
of the hyperbola 


au — 2y? —2x+8y—1=0. 


[We write this 
xv? — 24-2 (y?— 4y)=1, 
i.e. (a—1)?-2(y-2=1+1-8=-6, 
i.e. ted al) gh 


3 6 


Thus the centre is at (1, 2), and the transverse axis which is parallel 
to the y-axis is of length 2,/3.] 


2. Find the lengths of the axes, and the eccentricity of the hyperbola 
xt — 3y? — 24 =8, 


ct 
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3. Find the equation of the hyperbola the lengths of whose transverse 
and conjugate axes are respectively 4 and 6, the equations of these axes 
being respectively 37+ 4y—1=0 and 4%—3y+2=0. 

128. The General Equation of the second degree. 


Prop. very Cartesian equation of the second degree repre- 
sents a conic. 


For consider the general equation 
ax? + Qhay + by? + 2gx+2fytco=O ....... (1). 
First suppose the axes of coordinates are rectangular. 


Turn the axes through an angle @ and choose @ so that 
the xy term of the new equation vanishes (§ 107). 


Our new equation will be (say) 


aa’? + b'y? + 29a + 2f’y’ +0=0 ..ccteeeees. (2), 
so that ax? + Qhaey + by? = a'a? + b’y”. 
From the theory of invariants (§ 106) we have 
a+b=a +0, 
ab —h?=a'd’. 


(1) If ab=/A? either a’ or 6’ is zero. Suppose a’ is zero, 
the equation is then 


by’? + 2g'x + of’y +c=0, 
which is a parabola having its axis parallel to the z-axis. 


(2) If ab+h?, then neither a’ nor b’ can be zero and our 
equation can be written 


a’ (24% a!) +8 (y+ 3 y')+0=0. 
Complete the squares of the terms in « and y’ and this 
becomes ‘ 
"\ 2 
ces) av(veh) Bohs 


which represents (i) an ellipse with its centre at ( 2, -5) 
if a’ and b’ have the same sign, (ii) a hyperbola with its centre 
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at (-§, = if a’ and }’ have different signs, and if in 


particular a’+b’=0 the hyperbola will be a rectangular one 
(§ 127). 

Now a’ and b’ will have the same or opposite signs according 
as a/b’ is positive or negative, that is, according as ab —h? is 
positive or negative. 

Thus if ab—h? is positive (1) will represent an ellipse, 
but if ab—h? is negative (1) will represent a hyperbola, and 
if a’ +b’=0, and therefore also a+6b=0, the hyperbola will 
be a rectangular one. 


Nest let the axes of coordinates be inclined at an angle o. 
Transform to rectangular axes with the same origin so that 
equation (1) will transform to (say) 

aa’? + Qh'a'y’ + b'y’? + 29'a + 2f’'y+e=0. 
This will represent 
(i) a parabola if a/b’ — h? =0, 
(ii) an ellipse if a’b’ —h? > 0, 
(iii) a hyperbola if a’b’ —h? <0, 
(iv) arectangular hyperbola if a’ + b’ =0. 
But by invariants we have (§ 106) 


a’ +0’ — 2h’ cos 5 


a+b—2hcos@ _ 


Sra ¥3 =@’ a b’, 
sin 2 
free Be i = THe 
aa on - gate 
sin? = 
2 
Thus 
(Gi) ifab—h?=0 (1) is a parabola, 
(i) ifab—h?>0 (1) is an ellipse, 
(iu) ifab—h? <0 (1) is a hyperbola, 


(iv) ifa+b-—2hceosw»=0 (1) isa rectangular hyperbola. 
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It will be observed that the condition that the equation (1) 
should represent a parabola is that the terms of the highest 
degree, viz. aa? + 2hay + by? should form a perfect square. 


129. Summary. The results to be remembered then are 
that the general equation 
asx? + 2hay + by? + 2ga + 2fy+c=0 
will be (i) two straight lines if (§ 55) 


a, h, g = 0, 
Cope ae 7, 
NEAL 


(11) a circle if a =b, and h=0, the axes being rectangular ; 
or ifa:b:h=1:1:coso, the axes being oblique, 

(iii) an ellipse if ab —h?> 0, and the conditions for a circle 
be not satisfied, 

(iv) a hyperbola if ab —h? <0, and the condition for two 
straight lines be not satisfied, 

(v) a rectangular hyperbola if a +b — 2hcos =0, and the 
condition for two straight lines be not satisfied. 

If both the condition for two straight lines and the relation 
a+b—2hcosw=0 be satisfied, the equation represents two 
straight lines at right angles (§ 110). 


130. We shall go on in the following chapters to evolve 
the properties of the various conics by considering them to 
be expressed in their standard forms. It will greatly simplify 
our work if before passing on to this we obtain certain 
equations which are applicable to all the conics alike, and 
which are really as easy in the general case as they are in 
the particular ones. The student is recommended to make 
the contents of the present chapter his own before passing 
on. The rest of the subject will be found to be thus greatly 
simplified. 

All the results that we shall obtain in the rest of this 
chapter hold for oblique, quite as well as for rectangular axes. 
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131. The Tangent. 
To find the equation of the tangent to the conic 
aa? + Qhay + by? + 2+ Bfy +O=D vreereeee (1) 
at the point (&,, Y1)- 


The equation of a line through (a, y:) 18 as we have seen 


(§ 32) 


ne aes We me 
i na gh LMNs Cae (2), 


where | and m are constants depending only on the direction of 
the line and r is the algebraical distance of (a, yi) from (#, y). 

To find where (2) meets the conic substitute 

e=Ht+lr, y=yitmr 
into the equation of the conic; we thus get 
a (a, + lr)? + 2h (a + Ir) (ys, + mr) + b(y, +mry 
+ 2g (a, + Ir) +2f(y+mr) +e = 0, 
which gives 
(al? + 2hlm + bm’) r? 
+ 2r {(aay, thy, +g)b+ (har + by +f) m} 
+ aa? + Lhany, + by? + 2ga, + 2fy + ¢=9.. (8). 

Now if (2) be a tangent to the conic at (a, y:), both of the 
roots of this quadratic equation in r must be zero, otherwise 
the line (2) will meet the conic in another point other than 
(15 Ya). 

We thus have the conditions 

(i) aa? + Qhayy, + by? + 2ga,+ 2fy,+¢=0, 
which is satisfied since (a,, ¥;) lies on the conic, 
(ii) (aa, + hy+g)l+ (ha, + by.t+f)m=9, 

this gives the ratio of J : m. 

If now we eliminate this ratio /: m from this relation and (2) 
we shall have the equation of the tangent, viz. : 

L— Ly 


I x (aa, + hy, +g) l= —2—* (han, + bys +f) m = 0, 


m 
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(@— a) (day + hy, + 9) + (y — 91) (ha, + by, +f) = 0. 


This is the equation of the tangent at (a, y,), but this is 
not the standard form. 


We can reduce as follows: 
Axx, + h (ay, + ay) + byy, + ga + ty 


= ax, + 2hay, + by? + Ju t+fyr 
; =— 9% — fy, — 6, 
that is 


dita, + h (ay, + my) + by tg (aw +m) +f (y+ y,)+¢=0, 
which is the standard form of the equation of the tangent. 
It is convenient to write 7’ for the expression on the left side. 


132. On the form of the equation of the tangent. 
It is very important that the student should be able to write 
down with facility the equation of the tangent to any curve of 
the second degree as it arises. It is quite easy to do this if 
the following rules be remembered : 
(1) In the terms in 2* and 7 in the equation of the conic 
write xx, and yy, respectively for a and y’, 
(2) In the term in ay write xy, + xy for 2ay. 
(3) In the terms in # and y write «+, and yt+y, for 
2% and 2y respectively. 
(4) Retain the constant term. 
Observing these rules it will be seen that the tangent at 
eee.” (i) y=4aex is yy,=2a(x+a), 
(ii) e+=1 is ee SI, 
(iii) cy=h* is 4 (ay+ay) =F. 
133. The condition that the line 
le+ my+n=0 
should be a tangent to the conic 
aa + 2hay + by? + 2ga+ 2fy+c=0 
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as a, h, 9, [\= 0. 
iO, jeane 
9 ume 


Lyi, sai 
For suppose the line touches the conic at (%, y;), then it 
must be identical with 
aon, +h (ay, + ay) + by tg (era) + fy +H) +o=% 
that is with 
(am, + hy, +g) v+ (hay, + by tf) y + (gait fit 6) =.0; 


aa, + hytg hatbytf_gnrtiyrte_y (say) 
Ber ] = m Ba n 


am thyt+g—W=9, 
ha, + by, +f —ma =0, 
ga, + fy, te—nr=0. 
Also since (a, y;) is on the line 
la, +my,+n=9. 
Eliminating 2, y, and » we get 
a, h, g, ti) =e: 
hy. Deiat 
9 Sr % 0 
LM ats 40 
This multiplied out becomes 
AL + Bm? + On? +2Fmn + 2Gnl + 2HIlm = 0, 
where A, B, C etc. are the ‘prepared minors, that is the 


minors taken with their proper sign of a, 6, ¢, etc. in the 
determinant 


dy: kh, g 
h, Ose Fs 
9.2 eee 


Thus A=be—f?, B=ca—g9’, C=ab—h’, 
F=gh—af, G=hf—bg, H=fg—ch. 
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134. We can see that a pair of tangents can be drawn 
from a point not on a conic to the conte. 


Let the conic be 
aa? + 2hey + by? + 29a + 2fy+c=0. 
Let (,, 4%) be a point not on the conic. Suppose a line 


drawn through this point to touch the conic, and let (#,, y.) be 
the point of contact. 


The equation of the tangent at (a, yz) 18 
Aatily + h (xy + wry) + byys +9 (a+ aa) + L(y + Yr) = 0. 

As (a, y;) lies on this we have 
Adil, +h (LyYo+ Lar) + byrya + g (#1 +2) + fH. + Yo) = 0 -..(1). 

And as (a, y2) is on the conic we have 

ate + Zhveyo + by? + 2ga,+ 2fy2+tc=0 ...... (2). 

These two equations (1) and (2) determine a, and y. 

As (1) is a simple equation in a, and y,, by substituting the 
value of #, in terms of y into (2) we shall get a quadratic 
equation in y, which will in general have two roots. Thus 


there will be two possible points of contact of tangents from 
(x,, y,), but they will not be real in all cases. 


135. If a pair of tangents be drawn from (a, yr) to the 

conic 
ax? + 2hay + by? + 2gx + 2fy +c=0, 

the equation of the ‘chord of contact’ (that is of the line through 
the points of contact) is 

aan, +h (ay, + ny) t+ byt g(e@ta)tfythn)te=0. 

For let (a, y2) and (#3, ys) be the two points of contact of 
the tangents. 

The equation of the tangent at (a, ys) is 

aura, + h (ay, + xy) + byys +g (w+ a2) + f(y + yo) te = 0. 

But (a, y;) lies on this, 


"Ady, +h (ayy, + rar) + byYa + g (41+ 4) +f (I + Ys) +0= 0. 
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Similarly as (2,, y,) lies on the tangent at (23, Ys) 

O10, +h (ays + Har) + bys + g (#1 + %5) +f (Ya + Ys) + O= 0. 
These two relations shew that (a, y2) and (#5, ys) lie on 
axath (ay tay) +tbnytg(ata2+f(mty)t+e=9, 

which represents a line as it is of the first order in # and y. 
It is therefore the equation of the-chord of contact required. 
Hence the equation of the chord of contact of tangents from 
(a,, a1) when (a, yx) ts not on the curve is exactly the same form 


as that of the equation of the tangent at (a, Yy;) when (a, Yr) 18 on 
the curve. 


136. Poles and Polars. 

We shall define the polar of a point with respect to a conic 
to be the locus of the points of intersection of tangents at the 
extremities of chords through that point, and the point itself is 
called the pole of its polar. 

We can now prove that the polar of (a, y,) with respect to 
the conic 

aa? + Qhay + by? + 2ga+2fy+c=0 
is ava, +h(ay,+ny)+bynt+g(et+u)yt fy +m) +¢=0. 

For let any chord be drawn through (a, y,) and let the 
tangents at its extremities meet in (#2, Y2), Which is therefore 
a point on the polar of (2, %). 

The chord of contact of tangents from (a, y2) is (§ 135) 


Aaa, + h (xy + aay) + byyo+ g (a+ 2) + f(y + Ye) +¢=0. 
But (a, y;) lies on this, 
at,Ly +N (XyYo + aay) + byrYa +g (1 +) +f (Yi + Yo) +e = 0. 
This relation shews that the locus of (a, y2) is the line 
ane + h (ay + xy.) + byy + g (t+ 2) +f (yty)+e=0. 
This is the required equation, and we see from this that the 
polar of .a point with respect to a conic coincides with the chord 


of contact of tangents real or imaginary from that pornt to the 
conte. ; 
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Thus if P be a point from which tangents PT and PT’ are 
drawn to a conic, and PQR be any chord through P, the 
tangents at @ and & meet on the line 77”. 


137. Conjugate points and lines. 
If the polar of P passes through Q then the polar of Q will 
pass through P. 
For if (#,, %) be the point P and (a, y,) the point Q, and 
the conic be 
ax? + 2hay + by? + 2gu + 2fy+c=0, 
the polar of P is 
axa, +h (ny + vy,) + byy +9 (e@+a)+fly+y)+e=0. 
As (a2, Y2) lies on this 
ange, +h (@1Y2+ Lor) Ba byt +9 (a, + &;) +f (Y o 41) +c=0, 
which is easily seen to be the condition that the polar of (a, y2) 
should pass through (a, 4). 
Two points such that each lies on the polar of the other are 
called ‘ conjugate points.’ 
The condition that (a, y,) and (a, y.) should be conjugate 
points is then 
iy Ly +h (,%q + Bor) + bYYs +g (%1 + ®) +f(Yr+ Yo) to=9. 


Again we can prove that if the pole of a line Ll lies on 
another line I’, then the pole of U' hes on 1. 
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For let the pole of the line / be (#,, y,) and the pole of J’ be 
(a, Y2), therefore the equation of the line / is 
avn, +h (ay, + xy) + byyt+9(a@t+a)+fiyty)+¢=0...(1), 
and the equation of J’ is 
Ant, +h (ay, + ey) + byYyat 9 (€ +02) +f (y+ yo) +6 = 0...(2). 
Now by hypothesis (a, 4) lies on (2) 
Ay, +h (ayYo + GH) + bYYa + GY (@1 +B) +f (YH + Yo) + 6 =O, 
therefore (x2, y2) lies on (1). 
Thus the proposition is proved. 


Two such lines are called conjugate lines. 


When three points A, B,C are such that every two of them 
are conjugate points, then the triangle ABC is said to be a ‘self- 
conjugate (or self-polar) triangle.’ Since the polar of A passes 
through both B and C, BC is the polar of A. So that each 
side of the triangle is the polar of the opposite vertex. And 
any two sides of the triangle are seen to be conjugate lines. 


138. The condition that the lines 


Lit + WY Ny =O ioc caes ene wh dug iru (1), 
bel May $y =O Sitar recs neen et eds acts (2), 
should be conjugate lines for the conic 


ax? + 2hay + by? + 2gx + 2fy+c=0 


ws a, h, 9g; L, 
hy ib, f, Amey 
g, Ss C, Ny 


lL, Me; Ne, 0 


For let (#,, y:) be the pole of (1), therefore (1) is identical 
with 


ane, +h (xy, + ny) +byy.+g(e@+a)+fiy+y)+c=0, 
that is with 


(ax, +hy, +g) + (he, + by. +f) y + (ga, +fy.+c¢) =0, 


SA% 
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: aa, +hy,+ 9 Ag ha, + by, Hes ga + fy, +e 
L, My o Ny 


W. aa thy+g—-—lra=0, 
ha, + by, + f— mr =0, 
gut+fy.t+eo—nmrA=0, 

and since (#,, y,) by hypothesis lies on (2) 


=X (say), 


Lo, + My, + n= 0. 
Eliminating #,, y; and X from these equations we get 
Peewee Gard. |e(), 
ied, fs art, 
Com Cai 


l,, Me, Ng, 0 ! 


139. The Centre. 
If (a, y) be the centre of the conic 
ux? + 2hay + by? + 2gx + 2fy+ce=0, 
then x, and y, are given by the equations 
at, thy+9=09, 
ha, + by, +f= 0. 
For a line through (2, y,) can be written 
Eee gd ed Nine 
U m 
Where this meets the conic (§ 131) 
(al? + 2hlm + bm?) 2 + 2r {(aa, + hy, +9) + (ha, + by, +f) m} 
+ aay + Lhayy, + by? + 2ga, + 2fy, +e = 0. 
Now if (a, y:) be the centre, every line through (2, 4) 
meets the curve in two points equidistant from (a, y,), that is 
the roots of this quadratic equation r are equal in magnitude 
but opposite in sign for all values of 2 and m. Thus the 
coefficient of r must vanish for all values of / and m, that is 
at, t+hy,+g9=9, 
ha, + by, + f= 0. 


“he 
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The student will remember that these were the equations 
giving the point of intersection of the lines represented by the 
general equation in the case where it represents two straight 


lines. 

140. The result of the previous article could also be 
obtained in the following way : 

If we transfer the origin to (a, y,) by writing 

w=X+u, y=VYt+n, 
the equation of the conic becomes 
aX?+2hXV+bY?2+2(aa,+hytg)X + 2 (ha, + by+f)Y 
+ ax? + Lhayy, + by? + 29a, + 2fy, +¢=0. 


. 


But, the origin being now at the centre, the terms in 
X and Y of the first order must disappear, 
‘, am thy,+g9=9, 
ha, + by, +f=9. 
From these we find 
hf 9g Aon — of 
ab ab —h 
that is, using the notation of § 138, 


x. 


of St ae 
Le (i n= O° 


141. Equation of a chord in terms of its middle 
point. 


If («,, y:) be the middle point of a chord of the conic 
S= aa’ + 2hay + by? + 29a 4+ 2fy+c=0, 
the equation of the line of the chord ws 


ih ae Sy. 
where 


TS aan, +h(ay+ ny) t+byytg@tayt fly thm) +e, 
and S,1s what S becomes when a, and y, are written for x and y. 
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Cine ae a =k oe 
Let = =o er Sualiptanderet tales (1) 


be the equation of the line of the chord. 
As before we write x, +lr, y+ mr for « and y in the equation 
of the conic and get 
(al? + 2hlm + bm?) r? + 2r {(aa, + hy, + g) b+ (ha, + by, +f) m} 
+ (an? + 2hayy, + by? + 2ga, + 2fy, +¢)=0. 
But as (a, y,) is the middle point of the chord the values 
of r furnished by this equation must be equal in magnitude 
and opposite in sign, 
we (ax, + hy, + 9)b+ (ha, + by, +f) m=. 
Eliminating the ratio of J : m between this and (1) we get 
(@— a) (aa, + hy + 9) +(y— yr) (ha, + by, +f) = 0 
as the equation of the chord. 
This can be written 
ann, +h (ay, + ay) + byy, + 92+ fy 
= aa? + hay, + byZ + ga, +frr. 
Adding ga, +. fy, + ¢ to both sides we get 
T=8,. 
Cor. The locus of the middle points of a series of parallel 
chords is a line through the centre. 
For if the chords be parallel to the line Awx+By=0 we 
haye, if (#,, y:) be the middle point of one of the chords 
aa, + hype g hat bats 
A B i 
Thus the locus of (2, y:) is the line 
ae thyt+g herby +f 
A a B 2 


which is satisfied by avt+thy+g= ot 
ha+by+f=09 
that is by the centre. 
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142. Equation of pair of tangents from a point. 
The equation of the pair of tangents to the conic 
S = aa? + 2hay + by + 2gu + 2fy +e=9 
from the point (“, yi) is Sy= T 3, 
For the equation of a line through (a, y:) 18 
peta GEE Nal 
l m 
_ To find where this meets the conic we have the quadratic 
inr 
(al? + 2hlm + bm?) r+ 2r {(aw, + hy + g) b+ (ha, + by, +f) m} 
+8, =0. 
Now if (1) be a tangent the roots of this equation in r must 
be equal, that is 
S, (al? + 2him + bm?) = {(aa, + hy, +g) b+ (hay + by. +f) m}?, 
Thus eliminating the ratio of 1 : m between this and (1) we 
see that any point on a tangent from (#,, y) to the conic must. 
satisfy the equation 
S, {a (w@— a P + 2h (w@— a) (Y¥— yr) + OY — n)°} 
= {(am, + hy +g) (@ — %) + (hay, + by t+ f)Y - yi). 
It will be found that this can be written 
8, {S+8,—-27}=(7—- Sy), 
which gives SS = 17, 
This then being satisfied by all points on either tangent 
from (a, y:) must be the equation of the pair of tangents. 


Another method of getting this same result will be given 
in a later chapter. 


143, Retrospect. On looking back over this chapter the 
student will see how extremely easy the results that we have 
obtained are to remember. It will be necessary to remember 
the standard forms of the equations of the parabola, ellipse and 
hyperbola, and to know.the meaning of the constants involved 
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in them. The discrimination of the various cases of the general 
equation must be remembered too, as also the form of the 
equation of the tangent, chord of contact and polar, viz. T= 0. 
The equation of a chord in terms of its middle point, viz. 7’= 8, 
is not difficult, nor again the equation of the pair of tangents 
from (,, y:) in the form SS, = 7”. 

Besides these equations we have the condition given in 
§ 133 that a line should be a tangent, and the condition that 
two lines should be conjugate lines (§ 138). 

If the student has mastered these various points he has got 
over the hardest part of the work, and the investigation of the 
properties of particular conics to be entered upon in the 
following chapters will be quite easy. 


EXAMPLES, 


1. The locus of a point such that the square of its distance from 
a line J varies as its distance from a line /' is a parabola, at whatever 
angle / and /' be inclined. 
[Take the lines / and /’ for axes of coordinates. | 


_ 2. Ifidand d’ be the perpendicular distances of a point P from 
4wo lines J and 7’ not necessarily at right angles, and if 

aad? 

at Bo i; 
where a? and fare positive, the locus of P is an ellipse with its 
centre at the intersection of / and 7’. 


3. If dand d’ be the perpendicular distances of a point P from 
/ two lines J and /’ not necessarily at right angles, and if 
2 "2, 

oh ar: a: =1, 

et Sg 
where a? and f? are positive, the locus of 

centre at the intersection of / and V’. 
» 4. Prove that the line joining two points in the plane of a conic 
/ is the polar of the point of intersection of their polars with respect 

7 to the conic. 


[Use § 137.] 


P is a hyperbola with its 
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. 5. Prove that if the axes of coordinates be rectangular the 
“Jocus of points from which the tangents to the conic represented by 
the general equation of the second degree are at right angles is 
the circle 


(ab — h®) (x? + y?) —2 (hf — bg) w— 2 (gh- af) y+e(a+b)-f?-g'=9, 
concentric with the conic. 
[Take the pair of tangents from (#,, y,) as given in § 142 and 


express the condition that these should be at right angles, viz. : 
Coefticient of x? + Coefficient of y* = 0.] 


_ 6. Chords of a parabola pass through a fixed point ; prove that 
the locus of their middle points is a parabola having its axis parallel 
to that of the given parabola. 

[Take as the equation of the parabola y* = 4ax, and let (h, k) be 
the fixed point. 


Let (x, %) be the coordinates of the middle point of one of the 
chords, then the equation of that chord is 


yy, — 2ax = y,? — 2an,. 
But this passes through (h, 4), 
.. ky, — 2ah = y? — 2a. 
Thus the locus of (75 9) 18 


y? — 2ax = ky — 2ah, 
which we can write 


; k i? 
that eg WEE) sy pees 
aoe (y 3) a(x & Ba)? 
which is a parabola with its vertex at 
Me ok 
@ tS ge ) 5) ; 
and its axis parallel to the x-axis, the latus rectum being 2a. ] 


7. Chords of an ellipse pass through a fixed point ; prove that 
the locus of their middle points is an ellipse with its axes parallel to 
those of the original ellipse. Find the position of its centre. 
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8. The locus of a point the sum of whose distances from two 
fixed points is constant is an ellipse having the two points for its 
foci. 


9. The locus of a point the difference of whose distances from 
two fixed points is constant is a hyperbola having the two points for 
its foci. 


10, When the origin is changed but the directions of the axes 
of coordinates remain unchanged shew that the coefficients of the 
terms of the highest order in the general equation of the second 
degree remain the same in the transformed equation. 


CHAPTER VIII. 
THE PARABOLA. 


144. We have seen in the last chapter that the equation 
of a parabola of latus rectum 4a when the axes of coordinates 
are the axis of the parabola and the tangent at its vertex is 


y? = 4ax. 
By the methods used for the general equation in the 


preceding chapter, or by regarding this as a particular case of 
the general equation we have the following results: 


The tangent at (a, y;) on the parabola is 
YY. = 2a(a#+ a). 
The chord of contact of tangents from (a, y;) not on the 
parabola, or the polar of (a,, y,) is 


YY = 2a (x + a). 
The equation of the chord whose middle point is (a, y,) is 
YY: — 2ax% = y2 — 2a. 
The equation of the pair of tangents from (@, Y;) is 
(y — 4ax) (y — 4ax,) = fyy, — 2a (@+ x,)}?. 


145. The directrix is the polar of the focus. 
For the focus is (a, 0) and the polar of this point is 
y x O= 2a(x#+<a), 
that is L=—a, 
which is the equation of the directrix. 
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It follows (from our definition of the polar) that the tangents 
at the extremities of all focal chords of a parabola intersect on 
the directrix. 

146. Tangents at right angles intersect on the directria. 

For the pair of tangents from (a, y,) has for equation 

(y? — 4ax) (y? — 4am) — [yy — 2a (@ + a)}? =0 
and these will be at right angles if (§ 59) 
Coefficient of x + Coefficient of y?= 0, 
that is, if (y,° — 4ax,) — y? — 4a? = 0, 
that is, if %+a=0, 
that is, if the point (#,, y,) ies anywhere on the directrix. 


147. Tangent in the form y=mx += ; 


If we seek for the condition that the line y= mw +c should 
touch the parabola y? = 4az, we get on eliminating y 


(mxz+c) = 4az, 
that is ma? + 2a(me — 2a)+ C= 0. 
The condition for tangency is then 
(me — 2a) = cm’, 


which gives cae 


Hence the line y= ma + — touches the parabola, and the 
x-coordinate of the point of contact is given by 


a? 
ma? — 2au +3 =9 


that is ( me — oy = 0), 
ae Go 
which gives t=" 
a 2a 


and then y=ma+ = —. 
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Thus the line y=ma+ < touches the parabola y’ = 4a# at 


20 : ~ 2 a 
the point (= =) which we shall write (ap, 2am), w bemg 
UL mee LL 


: 1 
written for — . 
m 


We see that the coordinates of a point on the parabola can 
be expressed in terms of a single ‘ parameter,’ as it is called, 
viz. , which is the cotangent of the angle which the tangent at 
the point makes with the a-axis. 


This representation of a point by means of a single parameter 


is of great importance. 


148. The Normal. We define the Normal ata point of a 
conic as the straight line drawn through the point perpendicular 


to the tangent at that point. In particular all the normals to a 
circle pass through its centre. 


To find the equation of the normal to the parabola y? = 4ax 
at the point (ap?, 2am). 


The equation of a line perpendicular to the tangent 
y— ma = — and passing through the point (ay?, 2a) is 
y + po =2ap + p (ap’), 
that is y+ pe=2ap+ ap’. 
149. Subnormal constant. Let PWN be the ordinate at 


P (ap?, 2au) and PG the normal meeting the axis in G, then 
NG is called the ‘subnormal’ of the point P. 


The equation of the normal being 
Yy + pa = 2a + ap? 
we get, on putting y=0, «= 2a+4 ap’, 
o. N@=AG-— AN = 2a+ ap? — ap? = 2a. 


Thus the subnormal of a parabola is constant. 
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150. We observe also that if the tangent at P meet the 
axis in 7’, TA = AN, for if we put y=0 in the equation of the 
tangent 


we get PieR aes yt 
= K, 
mM 


that is AT=— AN, 
therefore 7 and WN are equidistant from A. 


This is a well known geometrical property of the parabola. 


151. Three normals from a point. 


Tf (a, ys) be any point in the plane of the parabola y? = 4ax, 
three normals to the parabola will pass through (a, Y,). 


For if the normal at (ap?, 2am) pass through (#,, y%) we 
must have 
Yr + pa, = Zap + ap. 
This is a cubic equation to find yp, and it will have three 
roots of which either one or all three are real. 


Thus the normals to the parabola at three points (of which 
two may be imaginary) will pass through (a, 7). 
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152. Parallel chords. 


The locus of the middle points of a system of parallel chords 
of a parabola is a line parallel to the ants. 


Let (a, y,) be the middle point of one of the chords 
parallel to the line y=me; the equation of this chord is 


YY, — ax = y? — 24%, 


: 2 
v2 ie i that 1s y=. 
Yr ye 


Thus the locus of the middle points of the chords parallel 


to y=mze is the line y= & which is parallel to the #-axis, that 


is, to the axis of the parabola. 


A line parallel to the axis of a parabola is called a deameter. 
As we have seen (§ 122) the parabola may be regarded as the 
limiting case of an ellipse with its centre at infinity. Nowa 
diameter of an ellipse is a chord of the ellipse through its 
centre. But a line drawn through a point P on a parabola 
parallel to the axis is the limiting case of a line joining P to 
a point on the axis at a very great distance, so that lines 
parallel to the axis of the parabola may be regarded as lines 
through its centre at infinity. There is then a close connection 
between a diameter of a parabola and a diameter of an ellipse, 
though at first sight they appear quite different. 


The locus of the middle points of a system of chords parallel 


to y= me is, a8 we have seen above, the diameter y= ae This 
m 
diameter will meet the parabola in the point (=, 2) and the 
m2” m 


tangent at this point is y=ma+ — which is parallel to the 


system of chords. 
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153. Equation of parabola referred to diameter and 
tangent at any point. 


Let (ap?, 2au) be the coordinates of a point P on the 
parabola y? = 4az. 


Transfer the origin to P keeping the direction of the axes 
fixed. The equation of the parabola is now 


(Y + 2ap)? = 4a (X + ap’). 


Now transform to new axes, the axis of # remaining as 
before and the y-axis becoming the tangent at P. Let («’, y’) 
be the new coordinates, 


_X=2'+y’' cosa, 


Vo= y/' si0,o, 
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Hence the new equation is 
(y' sin @ + 2ap)? = 4a (2' + y’ cos w + ap’), 
that is y? sin? » + 4ay’ (usin w — cos w) = 4a’. 
But tanw=the ‘m’ of the tangent P referred to the 


bce a 
original axes = me 


Hence the equation becomes 


which may be written without the dashes (if we remember what 

the axes are) 

a 

y? =4ba where b= ae 
We thus see that the equation of the parabola y? = 4ax is 

only a particular case of the equation of the parabola referred to 

the diameter and tangent at any pornt. 


From the equation y?=4b# we see that for every point 
(x, y) on the curve there is a corresponding point (a, —y) 
also on the curve. 

Thus we have a confirmation of the fact that all the chords 


of the parabola parallel to the tangent at P are bisected by the 
diameter through P. 


Moreover, the tangent at (a, y) to y*=4bzx is 
YY = 2b (a + a”). 

Putting y = 0 in this we get e=— a. 

Hence if the tangent at Q meet the diameter through P in 
R, and QV be the ordinate to the diameter PV, that is, be 
parallel to the tangent at P, then 

RP =PV, 

Further, the tangent at (w,, — y,) will meet PV in the same 
point f& given by «=—a,. Therefore the tangents at the 
extremity of any chord meet on the diameter bisecting that 


chord. 
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154. Geometrical interpretation of y?=4bx. The 
equation y? = 4ba of the parabola is the same as the relation of 
pure geometry with which the student is already familiar, viz. 


OVS 48 P o-¥, 
To prove this we have only to prove that b (= : = ) = SP. 
sin? w 
Now SP? = (ap — xs) + (yp — Ys)? 
= (ap? — a)? + (2am)? 
— a? (2? de ig 
a 
Cj “2, 2 poe 2 pas 
. SP=a(w+1)=a4 (cot? w + le 


Parabola represented by the general equation. 
155. To find the axis and vertex of the parabola whose 
equation ws 
ax + 2hay + by? + 2gu + 2fy+c=0, 
the axes of coordinates being rectangular. 
We have seen that when this equation represents a parabola 


the terms of the highest order form a perfect square. It will 
then be convenient to write the equation 


(az + By)? + 2gu + 2fy +c=0. 
This is the same as 
(aw + By + ky =2 (ka —g) 0+ 2(k8—f)y + —c...(1). 
We shall now choose k& so that the two lines 
an + By + =O sicencesessensagncees (2), 
and 2 (ka—g)a+2(kB—f)yth—c=0...... (3), 
are at right angles. The condition for this is 


a (ka —g)+ B(kB—f)=9, 


If now & has this value we see that as the parabola is the 
locus of points the square of whose distance from the line (2) 
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varies as their distance from the perpendicular line (3), the line 
(2) is the axis and (3) is the tangent at the vertex. The 
vertex itself is the point of intersection of these lines. 


If it were required to find the length of the latus rectum 
we should write the equation (1) 


ax + By+ (a 
ee 24 8 
( Va + B? ge 
-2{S- 9 Tea ee 
J(ka=9) + (ks —f) 
Thus the latus rectum is of length 
ov (kx— 9 +B -fY 
a? + B? 
We now substitute the value of k, and the expression under 
the radical in the numerator becomes 


8? (af — Bg) + # (Bg — I0e 


Jka 9 + BFF 


(a? + ei 
(af — Bg)? 
that is PT 
Thus the length of the latus rectum is the numerical 
value of 
2 (af — Bg) 
(a? + 6%). 


156. We see from the preceding article that the axis of 
the parabola is parallel to the line ax+By=0. This is the case 
even when the axes of coordinates are not rectangular for we 
still write the equation in the form (1) and choose & so that (2) 
and (8) are at right angles. The condition for this is now 


a(ka—g)+B(kB—f) — {a(kB —f) +B (ka —g)} cos o = 0. 


The equation (2) will give the axis of the parabola when 
the value of k given by this relation is substituted. 


a pe 
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EXAMPLES. 


y> 1. Prove by analysis that the locus of the foot of the perpen- 
dicular from the focus of a parabola on the tangent at any point is 
the tangent at the vertex. 


7 2 TE (@, %), (Has Yo), (#5, ys) be three points on the parabola 
A _~ 4? =4ax the normals at which meet in a point, then 


Y, + Yo+ Ys = 9%. 


_” 3. The locus of the middle points of normal chords of the 
parabola x? = 4ax is 
ue + +o =x — 2a. 
[The equation of a chord which is normal is 
Yy + pa = Zap + ap . 
If (x,, y,) be the middle point of the chord, its equation 1s 
yy, — 2ax=y,? — 2aa,. 
Make these two equations identical and then eliminate p. | 


- 4, If achord of the parabola y?= 4a subtend a right angle at 
_-~ the vertex, the tangents at its extremities meet on the line x+4a=0. 
[Let the tangents meet at (a, 4). 
., the equation of the chord is 
YY, = 2a (w+). 

We now write down equation of pair of lines through the origin 
and the intersections of this line with the parabola and express the 
condition for perpendicularity. 

We begin by forming a homogeneous equation of the second 
degree by means of 

yr=4ac and yy,— 2ax = 2ax,. 

This will be (§ 63) 

y? x 2a, = 4ax (yy, — 2ax), 
that is Baa? + 2any? — 4ay,cy = 0. 

Condition for perpendicularity is coefficient of a*+ es of 

=0, that is 8a? + 2aa,=0, which gives x, + 4a=0. .’. the locus of 
“ y;) is the line a + 4a =0.] 

ve 10 
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5. The locus of the middle points of chords of a parabola passing 
through a fixed point is a parabola whose latus rectum is half that 
of the given parabola. 

6. If three normals from a point to the parabola y*=4ax cut 
the axis in points whose distances from the vertex are in arithmetical 
progression, shew that the point lies on the curve 

QT ay? = 2 (a — 2a)? 
[Let the normals at (1) (#2) (#3) meet in (21, Yi), then py, fe, Ms are 
the roots of 
Yy + pe = 2ap + ap . 
Further the normal at pw, being 
Y + pe = 2apy + apy”, 
we get the distance from the vertex at which it cuts the axis by 
putting y = 0, whence 
x= 2a+ ap. 

J Q2at ap, 24+ apy’, 2a + apg’, 
are in A.P. 

» Qpig! = py? + fag” 

Now py; /42) Ms being the roots of 


a a 
we have Bey Phas (pig Oia ae ois e's cameo ae (1), 
2a = x, 
Ha Pa + Paps + fl tg = ovo aeeeeeeeeceeens (2), 
Pa fla fig st =... es «3 caeperemrar en sinyege (3) 


Transpose and square (1). 
oe Pal + Mes: + Qpaps = pe, 
2. Qpy? + 2 paps = faa'y 


Pa! = — 2pyps, 
2 
Pe) = — 2 pba bs = — <4 
But p, satisfies 
2a — x 
ba? “P @ : a. a = 0, 


“. (2a — %) py = 3y,. 
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Cube and substitute for p, 
2 
(2a — x,)3 ( u =) a ya 
“. Way,’ = 2 (a, — 2a). 
That is the locus of (#,, y%) is 
2Tay? = 2 (a — 2a)*.] 


7. The locus of points such that two of the three normals to the 
parabola y?=4ax from them coincide is 


2Tay* = 4 (a — 2a). 


8. From each point of a fixed tangent to a parabola a line is 
drawn at right angles to the second tangent through the point. 
Prove that these lines will touch a parabola with its axis at right 
angles to that of the original curve. 


9. Shew that the rectangle formed by the sum and difference of 
the perpendiculars drawn on any tangent to a parabola from two 
points which are on the axis and equidistant from the focus is equal 
to the rectangle whose height is the semi-latus rectum and whose 
base is the part of the axis between the points. 


10. The normals at two points P and Q of a parabola intersect 
in a point R on the curve. Shew that the centre of gravity of the 
triangle PQR lies on the axis of the parabola; and determine the« 
locus of the intersection of the tangents at P and Q as & moves 
along the curve. 


11. From a point J on the axis of a parabola, normals MP, 
MP’ are drawn to the curve. Shew that the circle circumscribed to 
the triangle formed by the tangents at P and P’ and the tangent at 
the vertex subtends at M an angle 2 sin~' 3. 


12. From a fixed point P on the parabola ¥’= 4aa chords PQ, 
PQ’ are drawn making equal angles ¢ with the tangent at P. Shew 
that, for all values of ¢, QQ’ will pass through the same point &. 
Prove further that if P moves along the parabola, the locus of F& is 


(a + 2a) y? + 4a°= 0. 
13. Shew that the area of the triangle formed by joining the 
feet of the normals from (£, 7) to the parabola y” = 4aa is 
{4a (E — 2a)? — 27a? yh? 
10—2 
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14. The line le+my+na=0 meets the parabola y°? = 4ax in 
P and Q. The lines joining P and @ to the focus meet the parabola 
again in Rand 7. Shew that the equation of #7’ is 


na —my +la=0, 


15. The locus of intersections of tangents to the parabola 7? = 4ax 
which intercept a fixed length on the directrix is 


(y? — 40x) (a + a) =Pa?. 


16. The tangents at the extremities of a normal chord of the 
parabola y?=4aa meet in a point 7. Shew that the locus of 7’ is 
the curve 

(a + 2a) y? + 4a? = 0. 

17. A parabola is drawn with its axis parallel toa fixed straight 
line and passes through a fixed point and touches a given straight 
line. Shew that the locus of its vertex is a parabola. 


18. The centres of two circles of constant radii move, at a 
constant distance apart, along a fixed straight line. Shew that the 
locus of the radical centre of these circles and a fixed circle is a 
parabola whose axis passes through the centre of the fixed circle and 
whose semi-latus rectum is equal to the distance of the centre of 
the fixed circle from the fixed line. 


19. <A circle cuts the parabola y?=4ae at right angles and 
passes through the focus. Shew that its centre lies on the curve 


y? (a+ 2x) =a (a+ 3x)’. 
90. Prove that the normals at the extremities of each of a 


series of parallel chords of a parabola intersect on a fixed line itself 
a normal to the parabola. 


21. A parabola touches four straight lines, and P, Q, # are 
respectively the middle points of the diagonals of the complete 
quadrilateral formed by the lines. Prove that the latus rectum Z 
is given by 

L? OR hil’. f= Sia 
where A,, A,, A;, A, are the areas of the triangles formed by the 
four sets of threes of the lines. 


22. Shew that the locus of the intersection of two tangents to 


the parabola y= 4a which are inclined at an angle a is 


(y’ — 4a) cos? a = (a + a)? sin? a, 


7 
/ 


oe 
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23. The product of the tangents drawn from a point P to the 
parabola 7? = 4ax is equal to the product of the focal distance of P 
and the latus rectum ; prove that the locus of P is the parabola 

y? = 4a (w@ +a). 
24. Shew that if a chord of the parabola y’= 4aa touches the 


parabola y? = 462, the tangents at its extremities meet on the parabola 
by? = 4x, and the normals on the curve (4a — b)* y? = 40? (a — 2a)’. 


25. Prove that if a chord of a parabola meets the axis in a 
fixed point, the normals at its extremities intersect on another fixed 
parabola, When does this parabola coincide with the original 
curve? 


26. The normals to the parabola y? = 4aa at the points (on the 
same side of the axis) whose ordinates are ¥,, Y2, ys; touch a circle 
whose centre is on the axis ; prove that 
@ (y+ Yo t+ Ys) Yat Ys— I) (Ys Yr — Yo) (Ya + Yo — Ys) + Yr Yo Ys’ = 9. 

27. A finite parabolic arc makes angles @ and ¢ with its chord, 
prove that the latus rectum is to the length of the chord in the ratio 

4sin? 0 sin? $ sin (0 + ¢) : [4sin? 6 sin? p + sin? (6 —6)]}*. 

28. If the normals at the points P, and P, of the parabola 
y? = 4am intersect at P on the curve, prove that the ordinates of P, 
and P, are the roots of the equation 7’ + ky + 8a*=0 where & is the 
ordinate of P. 

Hence or otherwise prove that 

PEP eE.P P2aS PE", 
where G is the point in which the normal at P cuts the axis of the 
parabola. 


- 29, The polars of two points 7), 7; with respect to a parabola 
meet the curve in P,, Q,, P2, Qo. Prove that if the points 7, 7,, 
P,, Qi, Ps, Qz lie on a circle, the focus must lie at the middle point 
of Ty, Ta: 

30. The chords joining the point (am, 2am) on the parabola 
y° = 4am to the points (am,?, 2am) (am,°, 2am.) are at right angles. 
Shew that the chord joining the last two points passes through the 
point «=a (m>+4), y=— 2am. 
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31, Shew that the circle through the feet of the normals drawn 
from any point P to a parabola passes through the vertex, and its 
centre has its abscissa equal to the distance of the middle point of 
AP from the directrix and its ordinate equal to half the ordinate of 
that point, A being the vertex. 


32. The tangents at P, P’ on the parabola y’ — 4ax= 0 meet in 
the point (a, 8). Shew that the line PP’ and the normals at P and 
P’ touch the parabola 


(a—2a+a)’?+ 4By=0. 


33. Two tangents are drawn to the parabola y* = 4a” from the 
point (a, y). Prove that the segment of the line da+ By+C=0 
intercepted between them is of length 


(4? + B?)2 (y?— 4am)? (Aa + By + C)|(A2x + ABy + Ba), 


34. The locus of the middle point of a variable chord of the 
parabola y’ = 4ax, such that the focal distances of its extremities are 
in the ratio 2: 1 is 


9 (y? — 2ax)? = 4a? (2a — a) (40+ a). 


35. Prove that a circle, whose diameter is a chord of a parabola 
such that the distance between the diameters through its extremities 
is double the length of the latus rectum, will touch the parabola. 


36. Pairs of tangents are drawn to a parabola from points on a 
fixed straight line, prove that the locus of the intersection of the 
normals at the points of contact is a parabola. 


37. A chord of the parabola y’ = 4a (w+) always touches the 
parabola ¥?=4aa, find the locus of the intersection of the two 
normals at the extremities of the chord. 


_. 38. From a variable point in a fixed normal to a parabola two 
~ other normals are drawn to the parabola, prove that the line joining 
their feet is parallel to a fixed line. 


39. Tangents are drawn from the point (a, 8) to the parabola 
y’ = 4ax, shew that the length of their chord of contact is 


(6? — 4a)? (8? + 4a°)2/a. 


ae” 
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40. If from a given point P three normals be drawn to a 
variable parabola which has the same focus and its axis in the same 
direction as that of y? = 4aa, then the sum of the angles which the 


normals make with the axis is constant. 


41. Tangents drawn from any point on the parabola y’— 2acx+e=0 
to touch the parabola y°=4ax meet the axis of x in the points # 
and F. Prove that Z, F are equidistant from the pole of the common 
chord of the parabolas with respect to the parabola y* = 4aa. 


42. If three normals to a parabola are concurrent, prove that 
the circumcircle of the triangle formed by tangents parallel to them 
passes through the vertex. 


43, 'Tangents are drawn to the parabola y’= 4ac from the point 
(a, y’), shew that the corresponding normals intersect in the point 
42, Nd 
(20-2! a ee -*2). 
a a 
44, I£two normals to the parabola 7? = 4a” make complementary 
angles with the axis, shew that their point of intersection lies on one 


of the curves 
yr =a (x—a), y? = a (« — 3a). 


45. Three points (a, yi) (, Yo) (3, Yg) are the vertices of a 
triangle self polar with regard to the parabola y?= 4a. Prove — 
(i) that the lines joining the middle points of the sides are tangents 
to the parabola, (ii) that the centre of the circumcircle lies on the 
directrix. 

46. P is a point on a fixed diameter of a parabola. The 
normals from P meet the curve in 4, B, C. The tangents parallel 
to PA, PB, PC intersect in A’, B', C’. Shew that the ratio of the 
areas of the triangles ABC, 4’B’C’ is constant. 


47, Prove that the chord of the parabola y?=4ae which is 


“normal at the point whose abscissa is 2a subtends a right angle at 


the vertex. 

48. Shew that if the normals at the points P, @, & on the 
parabola y’= 4a« meet in (a, 8) the orthocentre of the triangle PQA 
will be (a — 6a, — $f). 
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49, If a triangle PQA be inscribed in a parabola, so that the 
focus § is the orthocentre, and the sides meet the axis in p, q, 7, then 


Sp. Sq. Sr+4SA* =0. 


50. If the axes be inclined at an angle w the directrix of the 


parabola y’ = 4cx is 
x+ycosw+c=0. 


51. The vertex A of a triangle ABC and the foot of the 
perpendicular D on the opposite side are fixed. The other vertices 
are such that BD?+CD?=constant. Prove that the circumcentre 
of the triangle lies on a parabola. 


52. The normals at the points P, @, & of a parabola meet in a 
point UV, and V is the orthocentre of the triangle PQA. Shew that 
the projection of UV on the axis of the parabola is of constant 
length. 


53. The normals at two points P and Q of a parabola y? = 4ax 
meet in a point (a’, y’) on the parabola. Prove that 


PY? = (a + 4a) (a — 8a). 
54, # is a fixed point on the parabola 7? =4az, and P, Q are 
two other points on the curve such that the normals at P, R, Q 


make angles with the axis having their tangents in arithmetic 
progression, shew that the centre of the circle PRQ traces out the line 


y = ma — 2am — am’. 

55. One of the sides of a triangle inscribed in a parabola 
passes through a fixed point («,, y,) and another passes through 
another fixed point (x,, y). If one of these points lies on the polar 
of the other, prove that the third side passes through a fixed point, 
and find the coordinates of this point. 

56. Shew that the equations 

L=0+5b,t+c, 

Y = a, + bot +c, 
where ¢ is a variable parameter, is a parabola and that if the axes 
be rectangular the latus rectum is of length 

(aby — yb)? 


(a? + a2)? 
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[Writing the equations 
a0+bt+¢e,—x=0, 
dnt + bet +0.—y=9, 
e * t 1 
by (C2 — y) — bs (4, - @) Oy (¢, — @) =a, (co—Yy) = A, by — yb,” 
The elimination of ¢ gives 


{0in€, — Ay. Cg — (ig % — a y)}? = (by — qd,) {(Dy Cg — by0y) + Box — dy}, 
that is 
(a2 — a,y) — 2a {ay (2, — Cy) + 4 By (4b, — a,0)} 
+ Qy {ay (age, — 102) + $d, (a,b, — ayb,)} 
+ (digCy — Cy)” — (by — Ayb,) (b, C2 — ge) = O- 
This is seen to be a parabola. 
The length of the latus rectum is at once found by using § 155.] 


57. Shew that the normals at the points given by 4, tf, ¢; on 
the parabola 
v=a,0/+ 2b,¢+¢,, Y = Ant? + Wet + Cy 
(axes rectangular) aré concurrent if 
1d, + Agby 


t+%+t,=—3 : 
us Bch Oy? + Ag! 


| 
| 
58. Shew that the chord joining the points whose parameters 
are ¢, and ¢, on the parabola 
\e = at + b?, y=ct + dt 
is given by the equation 
| ie, Y, tt, |=. 
a 6 htt 
b, .@,; —1 
Further, if the tangents at these points are at right angles, the 
chord constantly passes through the point (x, Yo) Where 
C&y— AY) Atty —HYy _ be — ad 
e+a?  2(ab+ed) 4(b+d")’ 
and the tangents intersect on the line 


(a? +c?) (be — ad) + 4 (ab + cd) (by — da) + 4 (b + a?) (cw — ay) = 0. 


CHAPTER IX. 
THE ELLIPSE. 


157. The standard form of the equation of the ellipse has 
been obtained in § 118, viz. 

ae yp ba 

teal. 


By using the methods of Chapter VII, or by regarding this 
equation as a special case of the general equation we have the 
following : 


The equation of the tangent at (a, 7) 18 


Wit | YY _ 4 

a? pire 
and this is also the equation of the chord of contact of tangents 
from (a, y,) or of the polar of (a, y,) when the point is not on 
the curve. 


The equation of the chord whose middle point is (a, y,) is 
Le, , YY 2? , YY 
a2 _ bee ar b2° 

And the equation of the pair of tangents from (a, y) is 


a ¥-1) (7 1) = (2 Yn 4\ 
(at) (+1) - ae e-3). 
158. The Normal. 


From the equation of the tangent we derive at once the 
normal at (a, Y:) 


ie el 


Or 
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Putting y= 0 in this we obtain 
a? — 62 
a? 


i= Cais 


Thus if the normal at P meet the major axis in G and 


PN be the ordinate of P, CG =eCN. 


Also GN=CN-CG@=4,(1-#) =m, 


on GN ACN sb" 20% 
Putting y = 0 in the equation of the tangent we find 
00, =O, 
that is if the tangent at P meet the major axis in T 
ON.CT =a’. 


‘Similarly if the tangent at P meet the minor axis in ¢ and 

PM be perpendicular to the minor axis, 
OM. Ct= 0’. 

These are all well known geometrical properties of the 
ellipse. 

159. Condition for Tangency. 

To find the condition that the line y= ma + ¢ should touch 
the ellipse 
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The condition is that 
2 2 
a (ma a os 1 
a? b? 
should have equal roots. 


This equation in @ is 


Pil aie 2me C? 
a | + 7) +> et+e-1=0. 


The condition for equal roots is 


mc? ih arpe\ yak 
ya ae ) (2 1) 


which reduces to 
= mia? + b, 


Hence the pair of lines 
y= mnt Vmia? + b? 
touch the ellipse. 


The points of contact of these tangents cannot, as in the 
case of the parabola, be conveniently expressed in terms of m. 


Cor. The lines 
y—k=m(a—h) +t Vm +b? 
are tangents to the ellipse 
(o—hy (y-Bt_y 


a b? 


160. To find the condition that the line xcosat+ysina= p 
should touch the ellipse 


The equation of the pair of lines through the origin and 
the intersection of the line and ellipse is (§ 63) 
(=+%) °=(xcosa+y sin a)? 
a BP Y ; 
that is 


wo P= costa 2 sin »(P _ sins 
oe = acosa.ay +y? |, — sin? a } = 0. 


2. 
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If the given line is a tangent these two lines must be 
coincident ; 


Pp [4 Je ee 
. (= — cos? a} | — — sin? a} =sin? a cos’ a 
a 62 ? 
that is p? = a? cos? a + b? sin’? a. 


Thus the pair of lines 


xcosa+ysina=+ Va? cos?a + b sin? a 


are tangents to the ellipse. 


161. Director Circle. 


The locus of points the tangents from which to the ellipse 
a “+ i= = 1 are at right angles is the circle a? + y? = a? + b?. 
For the equation of the pair of tangents from (a, 4) is 


Gy ay) (apes )- pe ea = 

(a+% 1) (F4+% ee J =o. 

The condition that these should be at right angles is that 
Coefficient of x? + Coefficient of y’? = 0, 


C 1 1 u,? yy? u2 Ye 
Beat) (ete 3) ane? 
which reduces to 

y wend ] 
aot ee ee 


Thus the locus of points the tangents from which are at 
right angles is the circle a? + y?=a? + 6% 
This is known as the director circle of the ellipse. 


162. Focal distances. 


The focal distances of the point P whose coordinates are (x,y) 
are a+ ex, a— ex, 

Let the foci S and S’ be on the positive and negative 
directions respectively of the axis of x. 


158 THE ELLIPSE 


Draw MPM’ perpendicular to the directrices, and PN 
perpendicular to CA. 


AY 
M’ PM Nea as M 
x’ A’ Az x 
Then SP=e.PM=e(CX —CN) 


Go) 
=e(-—a#)=a— ea, 
e 
S’P =e. PM’ =e (X'C+CN) =a +em. 
From this we get the well known property 
SP + S'P = 2a. 


Examples. 1. Tangents at the extremities of a diameter of an ellipse 
are parallel to one another. 


2. The locus of the middle points of the chords of contact of tangents 
at right angles is the curve 


MENG ina 
CT. a+b 
3. If be the angle between the tangents drawn from (2, y,) to the 
a of 
ellipse Z + Faas ib 


prove tan p=2ab, eae a = 1 | (a2 +4? — a? — 6°). 


4. Shew that the jogs of the middle points of chords of constant 


length 2c of the ellipse = = “4% v= lis 


oy? ‘2 a (2 y¥? 
(21%) (26%) -2(6 +4)- 
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_- 5. Shew that the lines lx+my+n=0, and Ux+m'y+n'=0, are 
conjugate lines of 
a op 
a tp) 
provided oll + 62mm! =nn'. 
If two conjugate lines cut at right angles at (7, y,), and one make an 
angle 6 with the x-axis, then 


tan 20 = 24,y;/{(a 1? — a*) — (y;2— b?)}. 
6. Shew that the equation of the pair of tangents from the focus 
(ae, 0) to the ellipse 
ot +B 


is (~— ae)? + y?=0. 


ails 


Eccentric angle. 


163. We must now introduce the very important and 
useful method of representing any point on an ellipse in terms 
of the eccentric angle of that point. 

Let the ordinate VP of a point P be produced to meet the 
auxiliary circle in p on the same side of the major axis as P— 
the auxiliary circle being defined as the circle on the major 
axis as diameter. 

Let CA, CB be the axes of coordinates. 


Let ZACp measured round in the usual direction = @, @ is 
called the eccentric angle of the point P. 
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We see that CN =acos 8, 
xp=acos 6, 


To get the y coordinate of P we have 


a y? 
ap ae 
2 
aol — cos? 6 = sin? 6, 


y=tbsin 0. 


It is easy to see that the positive sign must be taken in all 
cases, for the y-coordinate of P is positive if @ hes between 
0 and 7, and negative if @ lies between 7 and 27. 

Thus the coordinates of a point on the ellipse can be 
expressed (a cos 0, bsin @), 0 being the eccentric angle of the 
point. 


164. To find the equation of the chord through the points 
whose eccentric angles are @ and ¢. 


The equation is 


x—-acosO@ — y—bsind 

a(cos@—cosd) 6(sin@—sin ¢)’ 
that is 

ake Y _ sin 8 

a ole b 

6 = hea Pag ? 

— 2sin =? sin ie fan eee 

that is 


0+ ett 0 . : 
EP 4 Y sin OF 005 8 c0s +? 4 sin @sin 2+? 


= cos (0- "5 ), 


0 ‘ = 
248 1 Vein SEP cog! = 


a“ 
— COS 
a 


x 
— COs 
a 
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165. The equation of the tangent at 0 follows at once from 
this by putting ¢ = @, viz. 


~ cos 6 +4 sin @= 1, 


b 
And the normal at the point @ is therefore 
a b a b : 
bee ms ane! = cesd (a cos 0) — sand (bsin@) (§ 38) 
= a? — 0, 


The point of intersection of the tangents at @ and ¢ can be 
obtained by solving simultaneously 


~ cos 6 +5 sin 6 = 1, 


b 
and “cos $+5 sin $= 1. 
In this way we get 
a COs iat bsin +# 
oe cos “= # te a 


Or the same may be found thus: 


Let (a, y,) be the point of intersection of the tangents at 
é and ¢. 


The chord of contact of tangents from (#,, y) is 


way | YY 
a 


This then is identical with 
Fae ca elas O—¢ 


* cos ='COS : 
a 2 b 2 2 
whence we get 
+h _ OF 
a cos —> : b sin poe 
Ly= > 1 7 
cos ae cos heh 


Properties of normals. 

166. Four normals can be drawn to an ellipse from a point 
on its plane. 

Let (#,, y:) be a point in the plane of the ellipse 


a y 
ac pene 
Suppose @ is the eccentric angle of a point on the ellipse 
the normal at which passes through (%, 41), 


.. (@, yi) satisfies 
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ax b 
ae 
that is we have ‘ 
an. 
cos r o ae r) meee 
This then is an equation to find @. 
It may be written 
AX, ts by, a? — 6? 


6 S70 ye 0 7) : : 
Yee Ae. eee ee an eee Pa 
cos 5 sin 3 2 sin 5 cos 5 cos 5 + sin 5 
that is, 


An, by, a? — b? 
0 6 0° 
eg ee ek a A 
1 — tan’ 3 2 tan 9 1 + tan? 5 


On multiplying up we have a quartic equation in tan S viz. 
by, tant 2 + 2 (aa, + a? — 6°) tan’ z 
+2 (aa, — a? +04) tan § — by, = 0. 


Hence we have four values of tan a 
If ¢, be one of the four values; from 


tan z =h, 
we get =nr-+tant, 


g 
2 
ee 2n7 + 2 tant. 
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These all give the same point on the ellipse, for by adding 
any multiple of 27 to the eccentric angle we reach the same 
point again. 

Hence each value of tan 3 gives one point on the ellipse real 
or imaginary. Thus there are four normals that can be drawn 
from a point (2, y,) to the ellipse. 


167. If a, B, y, & be the eccentric angles of four points on 
the ellipse such that the normals at them are concurrent then 
a+B+y+6 ws an odd multiple of 7. 


Let the normals be concurrent at (x, ;), 
ot B Y 6 
tan 5, tan 9? tan 3? tans, 


are by the last article roots of the equation in #, viz. 
by,tt + 2 (ax, + a? — b*) #4 2 (aa, — a? + b*)t — by, = 0, 


ee, io ane: 


2 2 
Ore ar 
and tan 5 tan 5 tan 5 tan 5= i 
aaa Bie nines 
1—X tan; tan 5 + tan 5 tan 5 tan 5 tan >= 0, 
eer ye 
2 
5 at Bet? — an odd multiple of - A 


‘a+ 8+7+5=an odd multiple of 7. 


168. If the normals at the points whose eccentric angles are 
a, B, y are concurrent, then 
sin (B+) + sin (y + a) + sin (a+ 8)=9, 
and conversely. 
Let the normals at a, 8, y be concurrent at (a, y,) and let 
8 be the foot of the fourth normal from (#, %). 
11—2 
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Then as in § 167, 


CeeNG On 
> tan 5 tan 5 = 0, 


8 


a Ts oe 
and tan 5 tan 2 tan 5 tan Bie 1. 


Eliminate tan S between these and we get 


a, 8 oY Be hye Soe 
tan 5 tan 5 + tan 5 tans + tan 5 ban 5 cot 5 cot 5 
Sh Gehry Was ACRE yan 
cot 3 cot 3 cot 9 cot 5 : 
Whence we get 
cos? * cos? B — gin? a sine? 
we 2 2 2 
sin ~ cos 2 sin 2 cos Bp 
LP ais toe 
that 1s 
cos alls ated 
2 ee ak 
sin a sin B inde 
that is 
cosa+cosB  cosB+cosy _ cosy+cosa _ 
sin asin B sin B sin vy snysina 
that is 


(cos a + cos 8) sin y + (cos 8 + cos y) sina 
+ (cos y + cos a) sin B = 0, 
.. sin(8 +) +sin (y+ a)+sin(a+8)=0. 
We will now prove that if this relation holds the normals 
at a, 8, y are concurrent. 


Let the normals at a and B meet in (a, y) and let the feet 
of the other two normals from (a, y,) be 6 and e. 


We shall prove that y coincides with 6 or e. 
Since the normals at a, 8, ¢ are concurrent 


sin (8 +¢)+ sin (e+a)+sin(a +f) =0. 
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And by hypothesis 

sin(@ + y)+sin(y + a)+sin(a+ B)=0, 
: . sin (8 + ¢«)—sin(@+y) +sin (e+ a) —sin (y+a)=90, 
that is 
e—¥ §pce ty te e—f gottyte . 


2 si E 
sin 3 c 5 + 2sin —— co 5 


C7 e—¥ 
Dae 2 
that is e= y + a multiple of 27, that is y coincides with e, 

2+yte “ary 
2 2 


0, 


*, etther sin 0, in which case 


=a multiple of 7, 


or ; 


= 2n7 + G _ 
in which case 


2+yte 
2 


ie. 8 —a=even multiple of 7, 


2a+y +é¢ 


either 9 ; 


= odd multiple 7 + 


ie. 8 and a are the same point, which is excluded, 


or see =odd multiple 7 — a ; 
that is a+B+y+e=odd multiple of 7. 


But at+8+8+e=odd multiple of 7, by § 167, 
. y—8=even multiple of 7, 
i.e. y coincides with 6. 
Thus y coincides with 6 or e. 
Therefore the normals at a, 8, y are concurrent. 


169. Rectangular hyperbola through fowr points on an 
ellipse the normals at which are concurrent. 


The equation of the normal at (%, Y:) 18 


a? 6? : 
—a—-—y=a—b*. 
Ly - "n a 

If this pass through (&, 7) 
Oe 
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That is the four points on the ellipse the normals at which 
pass through (&, 7) satisfy the equation 


0.5) a thee 
ge yp mae 
that is (a2 — b*) ay + bn .2—-WE.y=0, 


which is a rectangular hyperbola since 


coeff. of «+ coeff. of y? = 0. 


‘ 


170. The normals at the four points where the lunes 


la my _ au ags AGES 
= oe wate otvsens (1), Tite hae went tenes (2) 
he a 
cut the ellipse a BENT Leena gane (3) are concurrent. 


Let the line (1) meet (3) in a and B; 
.”. (1) is identical with 


. 
; 
i 
f 
4 
© og tt 4 Y gin 2B _ ogg t 8 
71288 9 +5 sin 5 CO | 
payed oe 
5 IEE DCW a9 
a—’ sab a—p° 
C08 —5 cos —5— ; 
Let (2) meet (3) in y and 6, | 
y+ yt 
Otis 9 Bona: 5 ' 
: cost is cos 1" 
a+ é 
cos Le ce sin “4B sin T° 
=-1] 
a— —6 - — 
cos =P eos 1S 005 §— Fons * 
at+B  vy+6 at+B . vyt+6 
COs —5— COB —=5 = — Bt D sin “5 - = 0; 
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a+B+y+6 
SS a 
2 
* atQB+y+6=(2n4+1)7 


atBo ytd _ a—-B  y-—d. 
Ta ee a ae 


pee eee te qubiooae 


a—B+y—d _ a—B—yt+5. 
Sao Reo er ore 


248 —B—Y 4 og REPS Y= * 


ytS-a—B _ 
2 oak, 


£2,008 eo —(8 +a) + cos oe =a ay} 
+ 05 {G24 U7 _ (a+ p)} =05 


“.sin(B+y) +sin (y +a) +sin (4+ 8) =9, 


.*, the normals at a, 8, y are concurrent, 


that is, co 0, 


and cos 


+ co 
=-— COS 
*. COs 


+ cos 


and similarly also those at a, f, 6 are concurrent, 
that is the four normals are concurrent, 


171. The proposition of the last article can be otherwise 
proved as follows: Let the normals at the points when the line 


cuts the ellipse meet in (&, 7). 
Let the line joining the feet of the other two normals from 
(E, n) have for its equation 


Moo ieee Se 
@.uwb 
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Then (anticipating what will be treated of in Chapter XII) 
is the general form of the equation of conics through the inter- 
section of the ellipse and the two lines. 
This equation then must include the rectangular hyperbola 
(a? — b*) ay+b’n.c«—wWF.y=0 
on which the feet of the normals lie (§ 169), 


that is the coefficient of 2, the coefficient of y? and the term 
independent of # and y are zero simultaneously ; 


Ga 
1 Am_ 
Bp 
—1+A=0, 
ee Be se 
. X=l1and p= i bec er ace: 


Thus the proposition is proved. 


Examples. 1. Tangents are drawn to an ellipse at the points whose 
eccentric angles are a, 8, y. Shew that the area of the triangle formed by 


heats B-y y-a a-B 
em is ab tan 5 tan 5 tan ee 


we 
2. The normals to the ellipse _ + c= 1 at the points whose eccentric 


angles are 6 and ¢ intersect at the point 


6+ , 
a? — 2 5 a ae a? — b? nen ae: 
cos 6 cos Jog aes sin Osin 6 —~—— 
cos — cos —* 


3. Tangents are drawn to an ellipse at the points whose eccentric 
angles are a, 8, y. Find the condition that the circle circumscribing the 
triangle formed by them should pass through the centre of the ellipse. 
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4. Tangents are drawn from a point 7' (a, y,) to the ellipse 

a yf 

abt Bt 

to touch it at P and Q; prove that if S be either of the foci 
S T ie 
SP.SQ7 ease Bt 


al 


5. The ae ee ie line Za+my+n=O0 should be a normal to 
(a? — b?)? 


n2 


the ellipse = are y= lis” eB ee = 


[Make the line identical with the normal at the point whose eccentric 
angle is 6.] 


Conjugate diameters. 


172. If PCP’ be a diameter of the ellipse and the diameter 
DCD’ be drawn parallel to the tangents at P and P’, then will 
PCP’ be parallel to the tangents at D and D’. 


Let the coordinates of P be (a, 7) and of D (&o, Ye). 
The equation of the tangent at P is 


P(xyy1) 


D’ 
Therefore the equation of OD parallel to it is 


ae che ie 0. 
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Therefore, since (a, yo) lies on this 


tatty, Yah _¢ 
a b? 
but this is the condition that (ay) should lie on 
phe Beret RL 
a? ba yaieas 


which is the line through the centre parallel to the tangent at 
D. Hence the proposition is proved. 


Two such diameters are known as ‘ conjugate diameters,’ 


173. Conjugate diameters a particular case of con- 
jugate lines. 

We have already defined conjugate lines for a conic in § 137. 
It is important that the student should understand that 
conjugate diameters as defined in § 172 are only a particular 
case of conjugate lines. Two conjugate lines are such that 
each contains the pole of the other. Now the pole of the 
diameter PCP’ is the point of intersection of the tangents at 
P and P’; and these tangents are parallel, and thus their 
point of intersection is at infinity, and must lie on the line CD, 
which is parallel to them. Thus CP and CD are conjugate 
lines according to the definition of such given in § 137. 


174. To find the condition that the lines y=ma, y=m’'a 
should lie along conjugate diameters of the ellipse S = y= se 
Let y = max meet the ellipse in (a, ma,). 


The tangent at this point is 


LH, Y. Ma, _ 


fin B Li 
This then must be parallel to y= m’z, 
B , 
mat ame 
pee DE 
7. mm =— = 


a? 
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It can be seen from this that each of two conjugate diameters 
bisects all the chords parallel to the other. 


For if (a, y,) be the middle point of a chord, its equation is 


LH, YY. _ 2," yy? 
pera ea toe 


If this is parallel to y = mz, we have 


That is (a,y;) lies on y = m’a. 
175. If 6 and & be the eccentric angles of an extremity of 
each of two conjugate diameters 
6 ~6=an odd multiple of 5 : 


For the tangent at 6 is 


© os 6+ 2 sin d=1. 
a b 


The line through the centre parallel to this is 


@ nog 6 + 2 sin 0 =0. 
a b 


- But (a cos ¢, bsin ¢) lies on this, 
-, cos ¢ cos 6 + sin ¢ sin 6 = 0, 
*, cos(p— 0) =0; 
“. o~ O=odd multiple of 5 


176. Some geometrical properties. 
It follows from the preceding article that if p and d be the 
points on the auxiliary circle corresponding to the extremities 


P and D of conjugate diameters PP’ and DD’, then pCd is a 
right angle. 
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Thus if @ be the eccentric angle of P, then the eccentric 
angles of the ends of the conjugate diameter are 


Tv 30° 
3? O+ >: 


In the accompanying figure if (acos@, bsin@) are the 
coordinates of P then those of D are 


7 . 4 i 
{a cos (6+ 5)» b sin (0+ ale 
that is (—asin 6, bcos @) 
and those of D’ are 


|a cos (0+ +), b sin (04S), 
that is (asin 6, —bcos 8). 
Thus we get 
CP? + CD? =(a? cos? 6 + 6 sin? 0) + (a? sin? 0 + b? cos? @) 
=a? + b?, 
and we have the well known properties 
PN: CM=b:a4 
DM SCN =b¥a. 
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We can also quickly obtain the familiar property 
PE OCD'= ab, 
PF being the normal at P meeting the conjugate in F. 


For PF is equal to the perpendicular from the centre on 
the tangent at P, that is on 


= cos 6 + J sin O=1, 


b 
i ab ab 
ee me 
(ae sin? 0 Va? sin? 6 + b? cos?@ CD 
a b? 
.. PF.CD=ab, 


which expresses the fact that the parallelogram formed by 
drawing tangents at the extremities of conjugate diameters is 
of constant area. 


Again, we can easily prove the property 


SP. SP = CD. 
For SP=e (CX —CN) =a — ae cos 0 
Sh= a+ ae cos 6; 


“. SP.S’P=@(1—- e cos? @) 
= a? (sin? 6 + cos? 0) — (a? — b®) cos? 8 
= a? sin? 0 + b? cos? 0 
ed Bas 
177. Ellipse referred to conjugate diameters as 


axes. 


Let (#, y) be the coordinates of a point Q on the ellipse 
referred to CA, CB as axes. 


Let (a’, y’) be the coordinates of the same point referred to 
the conjugate diameters CP, CD as axes. 


T a= ke + ly’ 
y ae ka’ + I ; 
where k, J, k’, I’ are functions of the angles ACP, PCD. 
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hed yf 
Me hi | 
But pie. ig 


a Glew ily Yael bay ie v 
a 


which we will write 
Aa’? + 2Ha'y! + By? H1......ccceeeeeees (1) 


Now if CP =a and CD=b' 
then (a’, 0) and (0, 6’) satisfy (1), 
* Aa®=1, ie A=—, 
a? 
BUI=1, ie. B=z,. 
Also the line a’ =a’ is the tangent at P. Substituting 
x’ =a’ in (1) we get 
Aa? + 2Ha’y' + By? =1 
Le. By’? + 2Ha’y' = 0. 
Both of the roots of this have to be zero, ... H =0; 
.". the equation of the ellipse is 


a? ( 
gat pal: 
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Thus the equation of the ellipse referred to CA and CB is 
only a particular case of the equation of the ellipse referred to 
conjugate diameters. 


Geometrical properties. 


178. The student will see that the equation of the ellipse 
referred to two conjugate diameters as axes is the analytical 
representation of the geometrical theorem usually expressed 
in the form 

OY eV eV CP, 
QV being an ordinate of the diameter PCP’, that is being 
parallel to the conjugate CD. 


2 2 
For we have Tae y, 
: QVi_y OVI OP = COV teal VieV 2: 
* [ETP IOR ae Es oe Oh TOT) a OF oes 


Again, considering the equation of the ellipse referred to 
conjugate diameters (2a’, 2b’) viz. ait += 1, we see that if 


(a, y) be a point on this, so also is (v,—y). Therefore the chord 
QVQ drawn parallel to the conjugate CD and cutting CP in V 
will be bisected at V. 

If we denote Q by (2, y:) the tangent at Q will be 


| Wy, 


- Putting y= 0 in this we get xa,=a”. 

That is, if the tangent at Q meet CP in T, CV.CT=CP* 
and obviously the tangent at Q’ will meet OP in this same 
point 7’. 

Examples. 1. ate te tangents at the exer crnities of conjugate 


diameters of the ellipse ~ pe eee v= 1 intersect on the ellipse — +h =2. 


2. The locus of the pee ey normals at the extremities of 
conjugate diameters of the ellipse ~ 2 +" y= 1 is the curve 


2, (1242+ b?y2)8 = (a? — b2)? (a2a® — b*y2)?, 
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22 
Sh. abi 5 ips 1 be an ellipse referred to two conjugate diameters 
as axes the lines y=ma, y=m'x will be conjugate diameters if 
2 
mm = = 9 « 


4. OP and OD are conjugate semidiameters of an ellipse, and the 
tangent at P meets any other pair of conjugate diameters in Th adele: 
prove that 7P. PT'=CD". 

[Refer the ellipse to CP and CD as axes. ] 


179. Properties of conjugate diameters derived from 
invariants. 

It is interesting to see how the properties of conjugate 
diameters can be derived from the theory of invariants given 
in § 106. 

We have seen that 


a y? 
mney het 
/2 3 
becomes a + ce =1 
a ; 


Let w be the angle between OP and CD, then we have 


2 
Fa ? 


sin? — sin? @ 
2 
that is ab’ sin w = ab, 
which is the same as PF .CD=ab, 
iFaet 
ee a 0b 2 a’? <b? 
in2 7 12 
sim” 5 sin’ 
which gives a’? + b? =a? +b, 


that is CP? + CD?= a? + b*. 
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180. Equi-conjugate diameters. 


If we draw the diagonals of the parallelogram formed by 
the tangents at the ends of the axes of the ellipse, they will 
he along conjugate diameters. 


For the equations of these diagonals are 


b 


y=2aand y=— 2a, 


and these lines satisfy the condition for conjugate diameters 
given in § 174. 

Now as these two conjugate diameters are equally inclined 
to the major axis they must be equal to one another. 


These two conjugate diameters are known as the ‘ equi- 
conjugate diameters.’ 


EXAMPLES. 


1. Shew that the locus of the point of intersection of normals 
at the ends of chords drawn through any fixed point on the major 
axis of an ellipse is an ellipse, which cuts the major axis in two 
points the product of whose distances from the centre is ae", 


2. The polars of three points D, #, / with respect to an ellipse, 
centre (, and semiaxes a and J, form a triangle D’H’F'. Shew that 
the product of the areas of the four triangles DE'F’, CDE, CEF, 
CFD divided by the square of the area of the triangle DEF is 40°’. 


3. The locus of the middle points of chords of the conic 
a yp 


2 
et ay Fa] is the curve 
e+ + 


=] which touch the ellipse =t 5 


a 2 2 ara? by? 
(ate) (a ay” (B+ay 
4, The straight lines PS, PS’ joining any point P on the 
ellipse 
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to the foci S and S’ meet the curve again in Q, Y’. The tangents 
at Q and Q’ meet in 7. Shew that the locus of 7’ as P moves round 


the curve is 
v4 2 
(+e +(1-ey a(t ey 


5. The area of a quadrilateral formed by joining the points 


2 2 
on the ellipse =, + = 1 whose eccentric angles are a, B, y, 5 is 
Lab {sin (@ — a) + sin (y— 8) + sin (8—y) +sin (a—9)}. 


6. PQ is a chord of an ellipse parallel to a given line, prove 
that in general the locus of the intersection of the normals at P and 


Q is a hyperbola. 


7. A tangent to an ellipse at a variable point P meets any two 
fixed diameters in Q and R. The other tangents to the ellipse 
through Q and & intersect in T. Shew that the locus of 7’ is a 
homothetic ellipse whose axes are greater than the axes of the given 
ellipse in the ratio seca: 1, where a is the angle between the 
diameters of the auxiliary circle of the original ellipse, which 
correspond to the given fixed diameters. 


8. If and ¢' are the eccentric angles of the points of contact 
of two tangents from a point to an ellipse of eccentricity e, either 
tangent subtends at a focus an angle 

eae! J1—ésini (¢-¢’) 
cos $(p—$') — 208 2 (b+ $) 


2 
°. TP, TQ are tangents to the ellipse ae 4 =1, whose foci 
are S and H. If PS and QH meet on the curve, shew that the 


locus of 7’ is Pa 


aw ap? jee _ 
ab Tea) = j 


10. SP and SQ are radii vectores from a focus of an ellipse, 
parallel to two conjugate diameters. Shew that the tangents at P 
and Q intersect on an ellipse having the same eccentricity as the 

ae 
l-@ 


original curve, with the centre at a distance from its centre. 


i 
y 
\ 
‘ 


= 
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11. The eccentric angles of the angular points of a triangle 
inscribed in the ellipse «?/a?+7?/b?=1 are a, B, y; prove that 
the radius of the circle inscribed in the triangle is 


2absin B= Ys in 1 si 1 n 5F /[(p sin yg sin +rsin®5) 


where p, 9, 7 are the semi-diameters parallel to the sides of the 
triangle. 


12. Perpendiculars PM, PN are drawn from any paint P on 
the equiconjugate diameters of an ellipse. Prove that the perpen- 
dicular from P on its polar line bisects JZN. 


13. An equilateral triangle is described about an ellipse. 
Prove that if (w, y) are the coordinates of one vertex of the triangle 
referred to the principal diameters as axes of coordinates, the 
opposite side makes an angle ¢ with the major axis given by 

—l #47-a'-0 
2cos2h a? — y?—a? + BD?’ 


14. The locus of the middle points of chords of the ellipse 
2 
+ G= 1 which subtend a right angle at the centre is 
a 
rd y? a? + b? 0? vy 
ato ae ae 


oe 
15. Prove that there are eight normals Or — Eee —1=0, which 


6 
ey? Q ; : 
touch — + i 1 =0 and that these are real if a? — 6?> aa’ + 60’. 
a 
16. Prove that the normals at the points where the line 
2 2 
pig ao 1 meets the ellipse pi + a 1 intersect in the point given by 
a a : 


at (a2? + b2a?) = a (a? — *) (B°—8°);-y (a*BP + ba?) = B (a? — 6°) (a? — a’). 
2 
17. From any point on the ellipse - + v= =1 normals are drawn 
to the curve. Shew that the locus of the orthocentre of the 
triangle formed by joining their feet is the ellipse 


4 
wa? + by? = ae ats), ‘ 


—180 THE ELLIPSE 


18. Two tangents 07’, OT" are drawn to the ellipse 

ve y” 

+ 

from an external point O whose coordinates are (f, g). If D, D’ be 
the parallel semi-diameters, prove that 

OT OTe "A g 

D> De 

Representing this ratio by p, prove that the quadratic giving the 

length # of either tangent is 


(p +1)? Rt— 2pR? {+r +9") — (@ — 6?) (G- i 


+ prf4feg? + (f?-g?-a+ B)"} = 0 
19. If PLand PM be the perpendiculars from any point on two 
fixed conjugate diameters of an ellipse, the perpendicular from P on 
its polar divides LW in a constant ratio. 


sail 


te 


20. Parallellines through the foci of an ellipse meet the tangent 
at the vertex A in P, Q and the lines joining P, Q to the other 
vertex 4’ meet the circle on AA’ as diameter again in & and S._ 
Prove that RS is a tangent to the ellipse. 


21. If the normals at two points on the ellipse = s a vy _ 1 meet 


b2 
on the curve, prove that the tangents at these points one on 


A 2. 2 a? —b?)? 2 Pe 
(Ga hy z,) oi se {(a- a)? 5 es (2 rs y)? =} ‘ 


292, If three points are taken on an ellipse such that their 
centroid has a fixed position (A, &) the centre of the circle passing 
through them lies on the curve 


8he? 3ke? 
(saz — ~= ys (4by oh ) =, 


where c?=a? — 67. 


23. Find the conditions that it ty = 0 u = 1,2, 3), may, 
a b 


define a triangle self-conjugate with respect to = zc Hes l= 0;Pand 
in this event shew that the orthocentre (a, a of the triangle 
is given by 

ax, = (a? — 6?) l1,1;, by) =(b?- a”) mmm. 
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If (x,, yo) be a fixed point, shew that all triangles of the family 
are inscribed within 

(a? — B°) xy — aay + b°yge = 0 
and described about 
(ac, — yyy — a +B)? + Saray yyy = 0. 
2 
24. A triangle is circumscribed to the ellipse re =1 and 
two of the vertices lie on the directrices, prove that the locus of the 
third vertex is an ellipse, and find its ae 


25. Two semidiameters of the ellipse = koe v=, of lengths 7, 


and 7, are at right angles to one another, i TQ, TQ are tangents 
to the ellipse parallel to them. Shew that 


: 1, Vo 
the angle QCQ’=sin™ (2) ; 
ab 
and find its maximum and minimum values. 


26. If 6, $, w be the eccentric angles of three points on 


 - ¥=1, and the chords (6, 4), (6 ¥) touch 7 = + ¥ =1, shew that 


the equation of the chord (¢, W) is 


iid 


Ir n " 12 12 12 
= SG Ae cos 0 + Yona GT Ce ee 
a 6? a? a? 


2 
and shew that this will also touch ete 4 = 1 provided 
a b 


2 


2 
27. If PSQ, PHR be focal chords of the ellipse +o! 


where S and H are the foci, shew that the equation of the chord 
QR is 


x y 3) SOND 
7 cos +4 (i sin 6+ ; 


where 6 is the eccentric angle of P. 
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28. PSQ, PS'R are two focal chords of an ellipse, and the 
eccentric angles of the points @ and £# are 4, and ¢,. Shew that 


tan Bi : tan 22 is a constant ratio for all positions of P. 


2 
29. R is a point (eccentric angle ¢) on the ellipse a + 7 =i; 


6? 
S and H are the foci, RS and RH meet the ellipse again in the 
points P and @; prove that the coordinates of 7’, the pole of PQ, are 


—a cos q, = PO +?) sing. 


2 2 
30. Two conjugate diameters of the ellipse = + ei = 1 meet a 


fixed straight line lx + my =1 in P, Q, and the straight lines through 
P, Q perpendicular to these diameters intersect in #; prove that _ 
the locus of £ is the straight line 


alae + bmy = a? + b?. 
31. ee locus of the point of intersection of the normals to the 
ellipse <, a val at the ends of chords passing through the fixed 
point (a, 0) is 


a 
va (SS a5) y? + (aa — cd) (dx +c’) = 0, 


where c? = a? — 6”. 


32. If a point P on an ellipse be such that all chords drawn 
through a given point @ subtend a right angle at P, prove that P 
must be the foot of one of the normals that pass through Q. 


33. From any point on = oe 3+ he 1 three normals are drawn 
and the feet are P,Q, R; if P be the point (a cos 9, b sin @) then too 
QR is the line 

xcos@ ysin§é 1 ¢ 
FG Pt) i ie” 


and thence aoe the fact that all such triangles PQR are at once 


inscribed i in = 5+ a= 1 and described about 
a Pee 1 
a” 8 (aby 
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34. The polars of P, (x,, y) and P, (a, yz) with respect to 
on 2 
math - —1 meet the curve in Q,, R, and Q,, R, respectively ; shew 


that the six points lie on the conic 
oY WL, YY wa, | YY wily YY 
(5+%-1)(e+ is _1 ) — (Fa 4 eee Me 1\—0, 


35, If the normals at the points whose eccentric angles are 
a, 8, y, 5 be concurrent then & cos a 3 sec a= 4, 


36. Focal chords are drawn through any point on an ellipse ; 
shew that the radical axis of the two circles described on them as 
diameters is normal to a coaxial and concentric ellipse. 


37. The locus of poles of normal chords of the ellipse 


2 
2 + i =] is the curve 
6 6° 
< rr (a? — By. 
2 2 
38. Prove that the tangent to oa + Ue —1=0 at any one of the 
a 6 


eight points, of which the eccentric angles are pr +a+ 8 where p is 


an integer and 
aa’ — bb’ 9 aw + bb’ 
cos 2a = Spar wag 3 cos B = Gb? ap 


2 2 
‘is also a normal of the ellipse = + oa 1=0: shew also that the 


eccentric angles of the feet of the normals are comprised in the set 


of values 
prtat Be 


2 2 
39. If (a, y,) be a point on the normal to tpn! at 


(a, 4) then the circumcircle of the triangle whose angular points 
are the feet of the three remaining normals that can be drawn from 


(>> Yo) 18 ; e 
2, 
(x + #1) (o-2,- =) + (y+) (y-w- az) = 
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40. Shew that if (2’, y’) be the middle point of a chord of the 


2 2 
at a= 1, (é 7) the point of intersection of the normals, 
and («, y) that of the tangents at its extremities, then 
2 2, 
ang a8 b'y = (a?—b?) fae as my 
y a 


ax 


ellipse, 


41. Shew that if (é 7) are the coordinates of a point of 
. , ; oe y 4 Pe y? ‘ 
intersection of the ellipses ee ee 1 an gat pan 1, the equations 


of their common tangents are 


and the product of the areas of the parallelograms formed by their 
four common points and their four common tangents is 8aa'bb’. 


2 2 
42. If S be a focus of — + 7 1, and Fi," P.P,) By beats 


b 
feet of the four normals from a point O, shew that 
242 
SP,. SP,. SP,.SP,=—2—, SO" 
43. From any point of eccentric angle ¢ on the ellipse 
2 2 
7 = + aol three normals are drawn to the curve, shew that the 


Eetation of the circumcircle of the triangle formed by their feet is 


ety? 2 x 00s $— © y sin @ = a? + B. 


CHAPTER X. 
THE HYPERBOLA. 


181. The equation of the hyperbola referred to its 
‘principal axes’ has been obtained in § 124, viz., 
iy 
Cher kaa 
We have then the following equations: 
Equation of the tangent, at (*, 4) 1s 


Equation of chord of contact of tangents from (a, 7) and of 


polar of (a, y:) 1s 
iy YY _ 4 


a GA. 
Equation of chord whose middle point is (%, %:) 18 
OE Uys Bit Ys 
; a? 62 a? b2 ; 
Equation of pair of tangents from («,, 7%) 1s 
Ct ee & oY )= Om Yr _ ; 
& oles : BAG b? diss 
Exactly as in the case of the ellipse we get the condition 
that y= ma +c should touch the hyperbola, viz., 
C=ma?— b, 
and the locus of the points of intersection of tangents at right 


angles is the circle 


e+ y? = — b, 
known as the ‘director circle.’ 
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182. Coordinates expressed in terms of a single 
parameter. 

To correspond with the representation of a point on the 
ellipse by means of the eccentric angle, the coordinates of 
a point (#, y) on the hyperbola 

ae 2 
oe 


may be expressed 
e=asec0, y=btand. 


By giving @ different values all possible positions of (#, y) 
on the curve will be allowed for. 


Or instead of using sec 6 and tan @, we may use ‘ hyperbolic 
sines and cosines’ and write 


x=acoshu, y=bsinh wx, 


e+e 
where cosh wu = See 
: eu —e¥ 
and sinh wu = aa eT 
so that cosh? w — sinh? w= 1. 


Taking (a sec 6, b tan @) as the coordinates of a point P on 
the hyperbola we see that the equation of the tangent at P is 


* sec @—% tan 6 =1, 
a b 


for this comes at once by writing 
g,=asec0, y,=btan?é 

in the equation of the tangent at (a, 4). 

The equation of the normal at P is 

acos6,2+bcot 0.y=a cos 0 (asec 6) + b cot @ (b tan @) 

=a? + 6, 

from which it can be shewn that four normals can be drawn to 
a hyperbola from a point in its plane. 
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183. The Asymptotes. 
The asymptotes of a hyperbola are the pair of tangents 
drawn from its centre. 


The equation of the pair of tangents from the centre of the 


hyperbola 


is at once obtained by writing 2, =0, y=9, in the equation of 
the pair of tangents from (#,, y:), V1z., 


(=-%-1) a _ 4 _) — G0, Yh ‘ 
a. 0? eS b? re ( nt bP a ; 
We thus find that the asymptotes are given by 

ig 
aa a 0. 
We must now set forth some particulars concerning them. 
184, The equations of the asymptotes separately considered 
are 


ee eines 
cae 0 and at 0. 


If now we take either of these equations and eliminate 
y between it and the equation of the curve we get 1 = 0, which 
can never hold. 

Thus it appears that the asymptotes do not meet the curve 
at all, and yet from §181 it would seem that each of these lines 
should meet the curve in two coincident points. 

We will endeavour now to give some explanation of this 
apparent inconsistency. 

If we consider the line 

Soa 
where ¢ is very small, so that this line is inclined at a very 


small angle to the asymptote y=2a, we find that the «-co- 
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ordinates of the intersection of the line with the curve are 
given by the quadratic in @, 


(1 Ie ey? 
Cp poe earn ee Ney 
oi BS (- a - 
eral 
“Sage 

ab ~ 

Now as ¢ is very small the values of «# furnished by this 
equation are very large, so that we can say that the line 


b 
y=(--e)a 


meets the curve in two points equidistant from the origin and 
at a very great distance from it. The smaller ¢ is, the greater 
does this distance become. 


that is 


hed 


The same thing is true of the line 


ene 


These two lines then tend as e becomes smaller and smaller 
to become tangents to the hyperbola, for the points in which 
either of them meets the hyperbola are at a very great distance 
and they are on opposite sides of the centre. And it is one of 
the paradoxes of geometry with which the student is probably 
already acquainted that the points on a line in two opposite 


directions and at a very great distance tend to become the same 
point. 


This is sometimes expressed by saying that the point at 
infinity in the one direction is the same as the point at infinity 
in the other. 


Hence the lines 


y=(ite)e and y=(?-e)a, 


when ¢ is infinitely small are tangents to the hyperbola. 
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The lines then that we found to be the tangents from the 
_ centre in § 183, viz., 


b 


Van and Use 


are seen to be the ‘limiting case’ of these two lines 


=+ Cis c] 
y=4(i-e)a 
when e is infinitely dimimished. 


The tangents from the centre of a hyperbola have their 
points of contact at an infinite distance, and it is to tangents 
with their points of contact ‘at infinity’ that the name 
‘asymptotes’ is applied. 

The lines called the asymptotes do not as we have seen 
meet the hyperbola at all, but’ the further on we go in 
imagination along them the nearer does the hyperbola approach 
them, and indeed the hyperbola tends to become these lines. 
We say ‘tends to become,’ for it never actually does so, and it 
is only loose speaking to say, as is sometimes done, that a curve 
becomes its asymptotes at infinity. 


185. Asymptotes of an ellipse. 


The equation of the pair of tangents from the centre of 
the ellipse 


ae? y 

| ato 
is found exactly as in § 183, viz., 
ya y? 

@ “E BP 0. 


These lines are imaginary having no real point upon them 
except the origin. They possess however the same algebraical 
properties as the asymptotes of the hyperbola, and they are 
called the asymptotes of the ellipse. It is only because they 
are imaginary and not real that they have not the same 
geometrical importance. 
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186. To find the equation of the asymptotes of a central 

conic given by the general equation, 
aa? + Zhay + by? + 2ga+ 2fy +¢= 9. 

We have seen in §§ 183, 185 that the equation of the 
asymptotes only differs from that of the curve in the constant 
term. Thus the equation of the asymptotes will be 

an + 2hay + by? + 2gx + ofy+ce—y=9, 


where y is so chosen that either (1) this represents two straight 
lines, or (2) it passes through the centre of the conic. Both of 
these will give the same result. 


Expressing the condition for two straight lines, we find 
that y is given by 


a, h, g = 0, 
bide SO saint 
Gras [Oy 
that is a, h, g\|—-y|@ &, 9 =); 
by heave © 
g, up Cc 9; dt; bi 
Sp 600 
i 
where A stands for the determinant, 
a, h, g 
ie AS 
9% J, © 


Thus the asymptotes are 
aa? + 2hay + by? + 2gu+ 2fy+c= ol 
Cor. The asymptotes of 


(la+ my +n)(Ua+my+v)=k 
are (la+my +n) (Ua+m'y+n')=0. 
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187. Had we in the preceding article expressed the 
condition that (1) should go through the centre of the conic 
we should have obtained 


y = an, + 2hayy, + by? + 29a, + 2fy, + ¢, 


where (a,, 4) the centre is given by 


MOE UY GSS 0 ante save oneesscass ose (1), 
(EET TRAD LEE eRe EDO (2). 
Now 
y= ay (aa, + hy +g) + yi (ha, + by, +f) + (gar + frr + ©), 
Be ayy oO. — ty Oa cova es ouwyes tino es (3). 
Eliminating (a, y) from (1), (2), (8) we get 
ee g =" ()) 
be be 36 
eS any 


which is the same equation for y as in the last article. 


188. We might have obtained the asymptotes of the conic 
given by the general equation by writing the equation of the 
pairs of tangents from the centre (2, y,). This is 


(aa + Qhay + by? + 2ga + 2fy +c) 
x (aa? + Lhayy, + by? + 2ga, + 2fy: + ¢) 
= {(aa, +hyt+g) at (ha tbytf) y+ (ga +ty t+ 6}, 
where A, hy +g =O... ccecee cere nese oe ees kL); 


har, + by +f = Oe. cceceeerceeceee eee eees (2). 


If then we write 
CLA SYA HDeverscrceecneereeesenens (3), 


(1) x @, + (2) x y+ (3) gives 
ane + 2hayy, + by? + 2ga, + 2fy, +c¢=X, 
and the equation of the asymptotes is then 


ax? + 2hay + by? + 2ga + 2fy +c=n, 
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where X is found by eliminating (#, %) from (1), (2) and (8). 
That is 


a,’ kh, -G- }=2us 
jie yee 
9, j8 =X 


which gives the same value for » that we found for y in 
§ 186. 


We have given these alternative methods that the student 
may see the matter from different points of view. 


189. The equation of a pair of lines through the origin 
parallel to the asymptotes of the conic given by the general 
equation is (§ 58), 

ax? + 2hay + by? = 0, 
and these lines are real if h?>ab, that is if the conic be a 
hyperbola, and they are imaginary if h?< ab, that is if the conic 
be an ellipse. 


It will be found that this is a very simple way of remem- 
bering the criteria of discrimination of the ellipse and hyperbola. 
The conic is an ellipse or a hyperbola according as the lines 

aa? + 2haey + by? = 90 


are imaginary or real. 


190. The conjugate hyperbola. 


If we have a hyperbola then the hyperbola, having for its 
transverse and conjugate axes the conjugate and transverse 
axes of the original hyperbola, is called the ‘conjugate 
hyperbola.’ 


a? y? 
gi 

F 2 2 
is then - “, ah 
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Both of these hyperbolas have the same asymptotes, viz., 
Ure ass 
ae” 
191. To find the equation of the hyperbola conjugate with 
the hyperbola given by the general equation 
au? + 2hay + by? + 2gx + 2fy+c=0. 
We have seen in §190 that when the equation of the 
hyperbola is 


a y? 
Gee TO 
its conjugate is 
ya y? 
a Be +1l= 0, 
and its asymptotes are 
a ae 
Mite ees 


2 2 

Thus as the terms ~ —% 

a -b? 

for any change of origin and axes change into terms which will 
be the same for all three, if 


H=0, Al=i0; H’=0, 
be the equations of a hyperbola, its asymptotes and its 
conjugate, then 


common to these equations will 


H’-A=A-—H. 
- That is, the equation of the conjugate will be 


9A—H=0. 
Now in our case 


H = aa? + 2hay + by? + 2ga + 2fy +c, 
A 
and A = an? + Qhay + by? + 2ga + 2fy +¢— 7, 
.. The equation of the conjugate hyperbola is 


9 
aa? + Qhay + by? + 2gu + 2fy +¢- a0. 
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Examples. 1. Find the asymptotes of the hyperbola 
6x? — Tay — 3y? +04 4y=0. 
2. Find the asymptotes and the conjugate hyperbola of 
Quay + 7x —6y —18=0. 


3. Find the equation of the hyperbola conjugate with 
(la-+my +n) Uatmy +n) = k?, 


192. Conjugate diameters. 
2 2 
If through the centre C of the hyperbola ie ei =n 
a line be drawn parallel to the tangent at P (a sec 0, b tan @), 
this line will meet the hyperbola in two imaginary pots 


(+ iatan 0, +b sec 0), 


and the conjugate hyperbola in two real points 
(tatan 0, + bsec 0). 
The equation of the tangent at P is 
zsecO ytand 
magma i DR Ae (1). 
The equation of the line through the centre parallel to this 
; xsecO ytand 
1s eat Ra Op eee ans tee canee (2). 
Find where this meets the hyperbola 
ae y? 
Ps eee 


fe x 


We have 5 oan? 
2 

= (1 —cosec? 6) = 1. 
a 


2 
= 00? 8 =—1, 


=— a? tan? 0, 
2 = +a tan 0, 
y = + tb sec 0. 
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Now find where (2) meets the conjugate hyperbola 


YP x 
pigunae: 
We get at once x? = a? tan? 6, 


° 2=+tatanG, 
and y=tbsec 0. 
Thus the proposition is proved. 


198. Let D,, D, be the points in which (2) meets the 
original hyperbola, and let D and D’ be the points in which it 
meets the conjugate hyperbola, 

. CD? =— CD}. 

Now the equation of the tangent at D, (za tan 6, 2b sec 0) 

to the original hyperbola is 
w.vtanO  y.isecO 
a ey eee 


The equation of a line through the centre parallel to this is 


ne 


ztan@ ysec 0 
a b 
and this is satisfied by coordinates of P (asec 8, b tan @), 
. OP is parallel to the tangents at D,, D,’ to the original 
hyperbola. 


ean) 


_ Again the tangent at D (a tan @, bsec @) to the conjugate 
hyperbola is 
ysecO xtan@ _ 


b a 
The line through the centre parallel to this is 


ME 


ysecO «xtand _ 
eer = 


which is satisfied by the point P. 


0, 


Hence the tangents at D and D’ on the conjugate hyperbola 
are parallel to CP. 


13—2 
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We might then speak of CP, CD, as conjugate semidiameters 
or of CP, CD as conjugate semidiameters. 


Because D is real it is more usual to take CP, CD as the 
conjugate semidiameters. But it must be remembered when 
this is done that the extremities of one of two conjugate 
diameters lie on the original hyperbola and those of the other 
on the conjugate hyperbola. 

If PCP’, DCD’ be conjugate diameters, 

CP? — CD? = (a? sec? 6 + b? tan? @) — (a tan? 8 + b? sec? @) 

=a? — 6. 
Whereas CP? + CD? = a? — b’. 

This last result we could have surmised from the fact that 
in the ellipse the sum of the squares of two conjugate diameters 
=g?+b The corresponding property of the hyperbola is 
obtained by writing —b? for 0’. 


194. The vertices of the parallelogram formed by drawing 
tangents at the extremities of two conjugate diameters lie on the 
asymptotes, and the area of ths parallelogram 1s constant 
= 4ab. 


ay eee 
pass, 


ay, 


Let PCP’, DCD’ be the conjugate diameters. 
Let P be (asec O, b tan 0), P’ (— asec 0, — 6 tan @). 
Then D is (a tan @, bsec 0), D’ (— a tan 0, — b sec 0). 


aL A ma 
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The tangent at P is 
gee 0 = tan 6 = 1. 
a b 
The tangent at D is 
— "tan d+% sec 0=1. 
a b 


Where these meet 


Caney: Ae 
ei 5 (sec 8 + tan 0) = 0, 


Sls 


ae 
h 0. 
Thus the intersection of tangents at P and D lies on one 
asymptote. 


Similarly the intersections of tangents at P’ and D’ lie on 
the same asymptote, and the intersections of tangents at P’ and 
D, and of tangents at P and D’ lie on the other asymptote. 


Let tangents at P and D meet in L. 
Then area of parallelogram formed by the tangents at 
P, P’, D, D’ =4 area DOPL 
= 4CD x perpendicular from C on PL 


sec’? @ tan? @ 
a 5 b2 


See ee 


= 4ab, 


which is constant. 


Cor. The portion of a tangent to a hyperbola intercepted 
between the asymptotes is bisected at the point of contact, and the 
area of the triangle formed by this tangent and the two asymptotes 
is constant (= ab). : 
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195. The student will see that § 174 is applicable to the 
hyperbola by merely writing — b? for 0”. 
The conditions that y=mz, y=m'a should be conjugate 
hyperbolas of 
oy ; oe be 
Pram ty a 1 is mm = 2 
Also each of two conjugate diameters bisects all chords 
parallel to the other. 


We can at once obtain the equation of the hyperbola 
referred to a pair of conjugate diameters of lengths 2a’, 2b’ as 


For the equation is of the form 
Aw? + 2Hx'y’ + By? =1. 


But to every point (a, y’) there corresponds a point 
(z', —y'). ; 


* H=0, 
and when - De Opal 
and when ge =0, y2?=— 6”, 
whence we get 
1 1 
A => a? ) B cee bark: b? . 


196. Equation of hyperbola referred to its asymptotes 
as axes. 


A hyperbola which has the axes of coordinates for asymptotes 
has its equation of the form 


xy =a constant. (§ 186 Cor.) 


To find the value of the constant when the axes are of 


lengths 2a, 2b we consider the coordinates of the vertex A of 
the hyperbola. 
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Draw AF parallel to the y-axis to meet the x-axis in F’, and 
draw FK perpendicular to CA, 


a 
. CK =5, 


and a4= CF =CK seca=5 seca, 


where a is the angle the asymptotes make with the transverse 


axis so that tan a= 5. 


Thus 


b? 


a? a? 
raya =og=% see a=F (1+ 5) = eae 


a+ Bb 


Hence the equation of the hyperbola referred to its 
asymptotes is 


ay = aed: ah 
4 
The equation of the conjugate hyperbola is easily seen to be 
a+ 
A ere 


197. The equation of a hyperbola referred to its asymptotes 
being wy = k* the tangent at (a, %/) is 


$ (ay + ay) = **, 
that is 


Thus the intercepts on the axes are 2m, 2%. 
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This proves again that the part of the tangent intercepted 
between the asymptotes is bisected at the point of contact. 


198. Again, the equation of the chord of y= k? whose 
middle point is (a, y:) is (§ 141) 
LY + MY = 2x1» 


. eg hears 
that is oe +- Dy, 1, 


The intercepts on the axes are then 2m, 2%. 

This shews that the middle point of the chord is also the 
middle part of that portion of the chord which is intercepted 
between the asymptotes. 

. Thus if the chord PP’ meets the asymptotes in Q and Q’, 
OP = P'Q’. 
This is a well known property of the hyperbola. 


EXAMPLES. 


1. Hyperbolas are drawn through the origin O with one focus 
at a fixed point (A, &) and one asymptote parallel to OX, prove that 
the locus of their centres is 


{h(a—h) +k (y —k)P = («— hy (A? + B). 
2. The four normals are drawn from any point to the rect- 


angular hyperbola xzy=c. If the tangents at the feet of two of the 
normals meet in (&,, 7,); 7=1, 2...6, shew that 


r=6 r=6 
3 Mel Mr) = 2 Onl &,) =0 


and GG. ey Payee. Me = U- 


THE HYPERBOLA 201 


3. Shew that the distance between the points of contact of a 
common tangent to two rectangular hyperbolas the axes of one of 
which coincide with the asymptotes of the other is 


il 3 
4 4\ 4 
= (a7 +0 
ao ) 
where 2a and 2a’ are the transverse axes. 


4. Any tangent to the hyperbola 4ay=ab meets the ellipse 
cm a : P 
at a =1in points P and Q; shew that the normals to the ellipse 


at P and Q meet on a fixed diameter of the ellipse. 


5. Chords of a rectangular hyperbola at right angles to one 
another subtend a right angle at a fixed point O, shew that they 
subtend a right angle at the polar of 0. 


6. Shew how to find the coordinates of the vertices of a 
triangle inscribed in the hyperbola ay = &”, the sides of the triangle 
being parallel to the lines y +/a=0, y+ mu= 0,y+nec=0, Shew 
that if J, m,n vary the area of the triangle is always proportional to 

(m —n) (n —1) (J—m)+lmn. 
7. Interpret the equation 
(Aa + By + C) (Bu — Ay + D) = A? + B?. 


8. Shew that the locus of the intersection of tangents to a 
hyperbola inclined to one another at the same angle as the 
asymptotes is the inverse of an ellipse with regard to its centre. 


9. At the point of intersection of the rectangular hyperbola 
oxy =k® and of the parabola y’ = 4ax, the tangents to the hyperbola 
and parabola make angles @ and ¢ respectively with the axis of «. 


Prove 
tan 6 =— 2 tan ¢. 


10. A rectangular hyperbola is cut by any circle in four points. 
Prove that the sum of the squares of the distances of these four 
points from the centre of the hyperbola is equal to the square on 
the diameter of the circle. 


11. Through any point on the polar of P with respect to a 
rectangular hyperbola, two chords are drawn each subtending a 
right angle at P. Prove that the chords are at right angles. 
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12. Anormalto a hyperbola meets the conjugate axis in P and 
the transverse axis in Q. Shew that if tangents be drawn from a 
to the hyperbola meeting the circle described on PQ as diameter in 
T and 7’, TT’ will touch the hyperbola. 


13. Shew that the circles whose diameters are chords of a 
rectangular hyperbola drawn parallel to a given direction constitute 
a coaxial system; and that the systems corresponding to two ~ 
directions at right angles are orthogonal to one another. 


14. The four normals at the points of a rectangular hyperbola 
xy = c? in which it is met by the chords 


xcosatysina—p=0, p(xsina—ycosa)—c¢’ cos 2a=0 


are concurrent. 


15. Shew that the part of a common tangent of the conics 
ee ee 
ph pe hl ae eae 

intercepted between the points of contact subtends a right angle at 
the centre. 


16. A rectangular hyperbola passes through two fixed points 
and its asymptotes are in given directions. Prove that its vertices 
lie on an ellipse and on a hyperbola which intersect orthogonally. 


17. Prove that the polar of any point on an asymptote of a 
hyperbola with respect to the hyperbola is parallel to that asymptote. 
18. Prove that any tangent to either of the conics 
ee 1 Cena 1 
GD Gab. op @ oe wee 


Pome , : 
_ meets the conic — + - = 1 in two points the normals at which are 


equidistant from tho centre. 
19. The normal at P, to the rectangular hyperbola wy =c? meets 


the curve again at P,, the normal at P, meets the curve again in P; 
and so on. Prove that if y,y.y3... are the ordinates of these points 


YrYo= YoYs= =e. 


us 


hes 
* 
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CHAPTER XI. 
POLAR EQUATIONS OF CONICS. 


199. The polar equation of a conic can always be found from 
the corresponding Cartesian equation referred to rectangular 
coordinates by writing «=rcos 0, y=rsin @. Thus, for example, 
the polar equation of an ellipse of axes 2a, 2b, the centre being 
the pole and the major axis the initial line, is 

r2cos’?@ | rsin? é 
rane 5 eae 
this equation being obtained by the above substitution from 
the standard equation 


Tf, however, the a axis make an angle a with the initial 
line the polar equation will be 
rcos?(8—a) . rsin?(@ — a) 
= + 
a? b? 
In the same way from the equation y’ = 4ax of the parabola 
we can obtain the corresponding polar equation 
7 Sin? O = 4G COS O.......ceccvecvereees (2). 


=1, 


As the line y= ma+ < is a tangent to the parabola y’ = 4az, 
it follows that the line 


a : 
—=msin 6 — m?cos 6 
i 


is a tangent to (2) whatever constant value m may have. 
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As a matter of fact the polar equations of conics are not 
much used except in the case where the pole is at a focus of the 
conic. In this case the polar equation assumes a very simple 
form which is frequently of use. This equation we shall now 
proceed to find independently of any Cartesian equation. 


200. Polar Equation with focus as pole. 


To find the polar equation of a conic when the focus S rs 
taken for pole, and the line SA joining S to the corresponding 
vertex A ws the initial line. 


Let P be any point on the conic. Draw PM perpendicular 
to the directrix and PN perpendicular to SA. Let r and @ be 
the polar coordinates of P. Let / = semi-latus rectum. 


Then r=SP=e,Pu 
=e.XN 
=e (XS +S) 
=l+e.rcos(m —@) =1—ercos 8; 
“« r(1+ecos.d)=L 
that is “a1 +e cos 0. 


If instead of SA for initial line we take the line opposite to 


SA the equation becomes : =1-ecos@. 
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If however the line SA make an angle a with the initial 
line the equation of the conic takes the form 


oI +e cos (6 — a), 


for the angle ASP is now 6 —a. 


201. It must be observed that if the conic be a hyperbola 
the equation _ 1 +e cos @ is only satisfied by points on the 


further branch of the curve if the radius vector is negative. 
That is if P be a point on the further branch the vectorial 
angle of P is not ASP but ASP’ where P’ is on PS produced. 


The vectorial angle of the points at infinity on the curve 


are given by cos 0 —_ in other words the two lines drawn 


through the focus and whose vectorial angles satisfy this relation 
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are parallel to the asymptotes. Denoting these angles by 0, 
and 6, we see that when @ lies between 0, and @,, 7 is negative 
if the equation is to be satisfied. 


The student will do well to revert to what was said in § 6 
on the sign of the radius vector. By the admission of negative 
radii vectores the equation “= 1+ecos@ represents both 


branches of the hyperbola. 


202. Equation of Chord. 


To find the equation of the line cutting the conic 


OE aed 
a 


in points whose vectorial angles area—B8 anda+tB. 


The general equation of a line not through the pole can be 
written 


(= Acos 0+ Bsin 6. 


If this passes through the points on the conic whose vectorial 
angles are a— 8,a+8, 
1+ecos(a—8)=A cos (a—8)+ Bsin(a —8), 
1+ecos(a+ B)=A cos(a+@8)+Bsin (a + 8). 
These equations determine A and B. 
We can write them 
(A —e) cos(a— 8)+ Bsin(a—f)=1 
(A —e)cos(a+ 8)+ Bsin (a+ 8) = if 
Whence we have 
(A —e)sin (a+ @8—a—£)=sin (a+ 8)—sin (a— 8), 
. 2(A—e)sin 6 cos 8 = 2 cos asin £8, 
', A=e+cosasec 8 
and B sin 28 = cos (a— 8) — cos (a+ 8), 


‘, B=sin asec Pp. 


tw 


ee ee eee 


——— 
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Hence the equation required is 


l 

7 = (2 +608 a sec 8) cos 0 + sin a sec f sin 0, 
that is “=e cos 0 + sec B cos (8 — a). 

203. Tangent and Normal. 


The equation of the tangent at the point whose vectorial 
angle is a is at once obtained by putting @ = 0, viz. 


© = ecos 6 + cos (8 2), 
for this line meets the conic in two coincident points whose 
vectorial angle is a. 
The equation of the normal will be of the form 
kl 7 7 
7 =e 008 (5+ a) + cos (5 +0 -a) (§ 48) 
= — esin @— sin (0 —a) 

and & must be so chosen that this shall pass through the point 
given by 


@=a and (= 1+4ecosa, 


that is k(1 +ecosa)=—esina. 
Hence the equation of the normal is 
Eder Oe Ae CEE 
l+ecosa r 
204. Chord of Contact. 
To find the equation of the chord of contact of tangents from 
the point (7, 9;). 
Let a—f, a+ be the vectorial angles of the points of 
contact. 
The equation of the chord is then 


© = ecos G.4-SCC8.C08(O.—=.2) ....ccceceseee. (1). 
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Now the tangent at a—f is 


Bleep cos (9 — a— 8). 


, 


This passes through (7, 4;), 


y —— 
7 = e608 8, + cos (4, — 4 — ). 
Similarly E =ecos 6,4 cos (@,— «+ £8), 
1 
whence we get cos(@,—4—8) =cos(@,—a+ 8); 
. 0—(a— B)= 2nr + {0, -—a2 + B}. 


The lower sign must be taken here, since the upper sign would 
give a special value of a, 


. 6, —(a— 8) =2n7 — {6,—(a+ B)}, 
‘| O=n7 +a. 


This gives « and we have 


~~ e00s 6, = cos (nw + B) 
= (—1)"c0s 8, 
.. (1) becomes 
= € COS 8) (- — eos @,) =(— 1)" cos (@— 6, + n7) 
= cos (6 — 4). 
205. From the last-article we can see that tangents from a 


point to a conic subtend at a focus angles which are equal or 
supplementary. 


For let TP and TQ be tangents from 7. Let a—8,a+ 8 
be the vectorial angles of P and Q, and let 0, be that of 7. 


By § 204 0, -—a=nt. 
Thus 6,-—(a—f)=n7r +P 
and (a+ B)—0,=B-nr, 


and these differ by a multiple of 27 for 
nr +B —(B— nr) = 2nr. 
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Thus the angle PS7’=angle 7SQ, unless the curve be a 
hyperbola and the tangents be drawn to different branches, in 
which case if 7@ be the tangent to the further branch and QS 
be produced to Q’, ASQ’ is the vectorial angle of Q (§ 201). 


So that ZPSE eT SO: 


Therefore the angles subtended by 7P and TQ at S are 
supplementary. 


If both the tangents 7’P, TQ touch the nearer or both the 
further branch 7’P and 7'Q subtend equal angles at 8. 


206. Prop. The semi-latus rectum of any conic is a har- 
monic mean between the segments of any focal chord. 


Let PSQ be a focal chord. 

Let @ be the vectorial angle of P. 

.. 7 +8 is the vectorial angle of Q, 
l U 


*, gp =i tecos 4, SQe er ke he) — a ooa es 
; l l 
that is spt sq7 2? 
1 1 Zz 
Tea aii 


that is J, the semi-latus rectum, is a harmonic mean between 


SP and SQ. 


Should it happen that the curve is a hyperbola and that P 
is on the nearer branch while Q is on the further one, then if 6 
is the vectorial angle of P, 7 + is still the vectorial angle of Q 
(§ 201), but the radius vector of @ is the negative of the 
numerical value of SQ, so that we now have 


gpa ite cosé, ~ gg=1— e058, 
ied 
Fol kong (a | 
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A more comprehensive statement of the proposition then 
would be: ; 

The semi-latus rectum of any conic is a harmomc mean 
between the algebraical focal distances of the extremities of a 
focal chord, it being understood that a focal distance is negative 
if the point be on the further branch, otherwise it is positive. 


EXAMPLES. 


1. PQ is a variable chord of a conic having a focus at S and 
the angle PSQ is constant; prove that the locus of the intersection of 
the tangents at P and Q is a conic having S for a focus, and the 
corresponding directrix in common with the given conic. 


2. The general equation of (i) the chord, (ii) the tangent, 
(iii) the normal of the circle 7 = 2a cos 6 are given by 
(i) rcos(a+ B—6) = 2a cosacosB, 
(ii) r cos (2a—6) = 2a cos? a, 
(iii) 7 sin (2a — 6) = 2a sin a cosa 
respectively. 


3. <A series of rectangular hyperbolas have a given focus and 
pass through a given point ; prove that the locus of the other focus 
when referred to the given focus as origin can be expressed by an 
equation of the form 7=acos 6 +6 where a and b are constant. 


4. The eccentric angle of any point P on an ellipse is a, 
measured from the semi-major axis C/A, S is the focus nearest to A 
and the angle ASP=@; prove 


6 l+e a 
ea fe) 


[This relation is of importance in the theory of elliptic orbits in 
dynamics. | 


5. P, Q, R are three points on the conic i 1+ecos6, the 


focus S being the pole; SP and SR meet the tangent at Q in UM and 
N so that SM@=SN=1. Prove that PR touches the conic 


ie ios aoe 
a 


ote 
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6. Two parabolas have a common focus and axes inclined at an 
angle a. Prove that the locus of the intersection of two perpen- 
dicular tangents one to each of the parabolas is a conic. 


7. Chords of a conic which subtend a constant angle at a focus 
- touch a fixed conic. 


8. The equation of the circle circumscribing the triangle 
formed by the tangents at the three points on the parabola 


1 
a 1+cos 6 whose vectorial angles are a, B, y is 


aA eee fae a+Bt+y 
2r COS 5 COS 5 COS 5 = / cos (e-“*5=%). 

9. Shew that the sum of the reciprocals of the areas of the 
rectangles formed by the segments of any two perpendicular focal 
chords of a conic is constant. 


10. The equation of the director circle of the conic 
U =1+ecos0 
r 


is 7? (1 —e?) + 2elr cos 6 — 27 = 0. 


1l. A circle is drawn through a focus of a conic whose latus 
rectum is 27; shew that the sum of the reciprocals of the focal 
distances of the four points in which the circle cuts the conic 

2 
is 5. 


d 
12. Find the condition that the line : =Acos6+Bsin@ may 


eat 
be a tangent to the conic zi 1 +ecos (@—y). 


13. Conics with latus rectum of given length are described 
with a fixed point as focus and touching a fixed straight line. Prove 
that the locus of their centres is a conic. 


14. Points P and Q are taken on a conic in such a manner that 
the vectorial angle of the point of intersection of the circles on the 
focal radii SP, SQ as diameters has a constant value x. Shew that 
the locus of the pole of PQ is the line 
sin (6 — x) 


=ecos0+ : 
ésin k 


IN 


14—2 


212 POLAR EQUATIONS OF CONICS 


15. The equation of the tangent at (7,, 0,) to a circle whose 
centre is (¢, a) is 
r2 =1,¢ cos (6, — a) —cr cos (a — 6) + 77, cos (6 — 6;) = 0. 


16. If 6, 6 are the vectorial angles of any point on a given 


conic referred to the two foci, the initial line in both cases being 
, 


; 0 G3 
the axis in the same sense, then the ratio tan 3° tan 3 is constant. 


17. Prove that the equations of the asymptotes of the hyperbola 


L 
-=1+ecos6 are 
r 


2+ { o Bue sin 6 
meee : taal 


Find too the asymptotes of ‘= 1+ecos(@—y). 


18. If the focus of a conic be given and if the asymptotes pass 
each through a fixed point on a straight line through the focus, the 
locus of the centre will be a circle. 


19. An ellipse and a parabola have a common focus S and 
intersect in two real points P and Q, of which P is the vertex of the 
parabola. If e be the eccentricity of the ellipse and a the angle 
which SP makes with the major axis, prove that 

SQ _ ie 4e? sin? a 
SR = (1 —e cosa)?” 

20. A family of conics have a common focus, axes in the same 
direction and equal latera recta. Shew that the locus of the foot of 
the perpendicular from the focus on a common tangent to any pair 
whose eccentricities are connected by the homographic relation 

aee’+b(e+e’)+e=0 
is a circle. 


CHAPTER XII. 
CONICS IN GENERAL. 


207. Proposition. Two real conics will in general cut 
in four and only four points, an even number of which may 
be imaginary. 

For we may take as the equations of our conics 

aa? + 2hay + by? + 29x + 2fy +6=0 -rerreeeeres (1), 
aa? + Qh’ay + O'y? + 29’ + AS 'Y HCHO eer rerereees (2). 

To find where these conics meet, we treat the equations 
as simultaneous. Solving the first as a quadratic equation in 
y we should get its solution in the form 


y = Aat BV Car + Dart Boor (3). 
Dealing similarly with the second we should have 
y= Alot Bt Oa + Dat El ...cceee (4). 


Now, in general, Ca?+Da+H and C’a*+ D'at+ H’ will 
not be perfect squares, and points common to the two conics 


will be given by 


y= Ac+Bt V0e+ Da +H=A'a+ BtvC'e+ Dart. 
We shall then by repeated transposition and squaring obtain a 
quartic equation for # which will have four roots. 


These four roots will satisfy the four equations 
Aa+ B+V0a+ Da+ E = A’'e+ B+NCe + Diath’, 
Aot+B+N0e+De+b=A'a+ B-NCe+ Dat’, 
An+B—-VGe+ Det h=Aan+B+4+VCe+ Dat E, 
Ac+B—V0e+ Det+E = A'x+B —-VOG+Da+F’, 
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respectively; so that there is only one value of y for each of the 
four values of w. Thus the conics will in general cut im four 
points some of which may be coincident. Of the four points 
two or all four may be imaginary, for imaginary roots of an 
algebraical equation with real coefficients always occur in pairs. 


208. If Ox? + Da+ E be a perfect square but not 
e+ Dat+ EF’, 
as will be the case when (1) represents a pair of lines but (2) 


does not, we shall still get a quartic in w when we eliminate y 
between (3) and (4). 


But if C2?+ De+E and C's? + D’x+ LE’ be both of them 
perfect squares as will be the case when (1) and (2) both 
represent a pair of lines, then we shall have for (8) and (4) 

y= Av+ Bt (Fax + G), 
and y=A'o+ B+ (Fal @), 
and it might happen that one of the two 

Ag+Bt+(Fa+@) 
was identically the same as one of the two 
A’a+ B+ (Pa + GF). 

This case would arise if (1) and (2) both represented a pair 
of lines, and had one line in common. Obviously in this case 
there would be an infinite number of points common to the 
two conics, viz. all points on their common line. 

Or again it might happen that when (1) and (2) are both 
straight lines the point of intersection of each pair is the same, 
and in this case the proposition becomes illusory. The propo- 


sition is thus seen to be always true, except in certain particular — 


cases when both the conics are pairs of straight lines. ~ 


209. Contact of Conics. 

We will denote the four common points of two conics 
S and S’ by Q, R, T, U. Now it may happen that two or 
more of these points coincide. Suppose that Q and R coincide 
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while 7 and U are separate points. The conics are then said 
to touch at the point Q, or to have ‘single contact.’ 

Suppose now that Q and R coincide, as also 7 and U, but 
Q and 7 do not coincide. The conics then touch at two points 
@ and 7 and are said therefore to have ‘ double contact.’ 

Suppose next that Q, R and T coincide but U is a separate 
point. The conics are then said to have ‘three point contact’ 
at Q. 

‘Three point contact’ 1s sometimes called ‘contact of the 
second order’ but it must be most carefully discriminated 
from ‘double contact.’ 

Lastly suppose that Q, R, T and U all coincide, the conics 
are then said to have ‘four point contact,’ or as it is sometimes 
called ‘contact of the third order.’ 

When two conics have contact of any order at a point they 
will have a common tangent line at that point. 

Conics which have single contact may be looked upon as 
the limiting case of two conics which cut in four points, two 
of which are very near together. Such conics are sometimes 
said to have two ‘consecutive points’ common. So conics having 
three point contact may be regarded as the limiting case of 
two conics which cut in four points, three of which are very 
near together. Such conics are sometimes said to have three 
‘consecutive points’ common. 

And in the same way conics with four point contact may 
be said to have four ‘consecutive points’ common. 

We shall return to the subject of the contact of conics later. 


210. Proposition. One conic, and in general only one, 
can be drawn through five given points. 
For, as the general equation of a conic is 
au? + Lhay + by? + 2gu + 2fy +c=0, 
if we express the condition that this shall pass through the five 
points whose coordinates are supposed given, we shall have five 
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simple equations in a, b, c, f, g, h which will in general de- 
termine uniquely the ratios of these six constants to one 
another. 

The five equations may however be not all independent. 
This case will clearly arise when as many as four of the five 
given points are collinear. For suppose we have four of the 
points ina line. Take the axis of « to be this line. Then we 
may take the points to be (0, 0), (a, 0), (a, 0), (&, 9). 

The conic will now be 

ax?+ 2hay + by? + 2gu + 2fy =, 
and we must have 


OOP 4 Dg ayen Dicks abet sas ch aarees a 
Oss 4 DO ks = en Jone ars tems hieeas epic (2), 
Cte? 4: Digats =O sein tek tact erator aes (3) 


Since 2, is not equal to #, nor is either of these zero, (1) 
and (2) givea=0=g. 

Thus the conic is 

2hay + by? + 2fy =0, 
and (8) is satisfied of itself. 

We now express the condition that the remaining point, 
(#,, Ys), Should lie on the conic, and we have 

Lhagy, + by? + 2fy, = 0, 
which is not sufficient to determine the ratio b:f:h. 

Thus there will be an infinite number of conics through the 
five points, viz. the line through the four collinear points, 
together with any line through the remaining fifth point. 

If only three of the points are collinear, there will be only 
one conic through the five points, viz. the line containing these 
three collinear points together with the line containing the 
other two. 

Our proposition then is proved that one conic can always 
be found to pass through five points and in general only one 
such conic can be found, the exceptional case being when as 
many as four of the points are collinear. 
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211. Conics through the points common to two 
conics, 

If S = aa? + 2hay + by? + 29a + 2fy+c=0...... (1), 
; S’ = aa? + hay +b'y? + 29m + 2fyto =0...... (2) 
be two conics, then 


where k is any constant, will be a conic, and it will pass through 
the points common to (1) and (2), since (3) is satisfied by 
S=0 and S’=0 simultaneously. 

We see then that (3), for different values of k, gives all the 
conics passing through the four points common to (1) and (2). 
For any conic through these four points is (by § 210) completely 
determined when a fifth point on the conic is known. And 
the constant & can be so determined that the conic shall pass 
through this fifth point. 

In the special case where (1) and (2) are both of them 
pairs of lines with a line in common, (8) will be a pair of lines 
one of which is this common line. 

212. From the preceding paragraph we see that if S=0 
be a conic, then 

S —k(le+my+n) (Ux + m'y +1’) = 0 ....ce (1) 
for any constant value of & will be a conic through the four 
points in which the lines 

la+my+n=0, 

Va+my +n =0 

meet the conic. 
And in particular 
S —k (la + my + 2)? =O weseceeeeeeceee ene (2) 

will be a conic touching the conic S= 0 at each of the points in 
which the line la+ my+n=0 meets it. This is so for 

(la +my +n)? =0 
is a conic meeting S=O0 in four points, which are two pairs 
of coincident points. 
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Thus (2) will meet S=0 in two pairs of coincident points, 
that is to say (2) will have double contact with the conic S = 0 
at the two points where the line a+ my + n= 0 meets it. 

In the special case where the line la+my+n=0 is a 
tangent to S=0, the conic (2) will have four point contact 
with S=0. 


213. Proposition. The common chords of a conic and 
circle taken in pairs are equally inclined to the axes of the conic. 


We shall take the axes of coordinates to be parallel to the 
axes of the conic so that the term in zy will disappear and the 
equation of the conic will be of the form 


aa? + by? + 2ga + Wy +6=OV.-creeererrers (1), 


a or b being zero in the special case where the conic 18 a 
parabola. 


Now let a circle cut the conic in four points P, Q, R, S 
and let the equations of a pair of the common chords, say PQ 


and RS, be 
bar + my +N=O o..cccrcescerscvecees (2), 


Vart m’y + 1 =O ....cceecsceeseenenee(B), 
Then @ 
aa? + by? + 2ga + 2fy +c 
—k (la + my+n)(UVa+m'y +n’) = 0...(4) 
is the general equation of conics through the points of inter- 
section of (2) and (8) with (1). 
Therefore by properly choosing k, (4) will represent the 
circle. For this the coefficient of wy in (4) must be zero, 
that is 


lm' +m =0, 
Bice Bs 
wat Vee 


Thus the ‘m’ of PQ is the negative of the ‘m’ of RS, that 
is the chords PQ and RS are equally inclined, but in opposite 
directions, to the x-axis. 
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That is, PQ, RS are equally inclined to the axes of the 
conic. Similarly the other pairs of chords, viz. PR, QS and 
PS, QR are equally inclined to the axes. 


Cor. If a, B, y, § be the eccentric angles of the four pownts 
in which a circle cuts an ellipse 
a+ B+y+S=an even multiple of 7. 


For if we refer the ellipse to its principal axes the chords 
through a, 8, and y, 6 are respectively 


Peps Bd in 8 ZF 0 
psa id sin YF? _ epg 15? = 0. 
Therefore, by properly choosing the constant k, the equation 
P14 k(Z cost 2 + ¥ sin 2 $F — cos 5") 
x (Sos 9 4 ¥ sin 14? — cos 75") =0 


can be made to represent the circle through the four points 
a, 8, y, 8. For this the coefficient of zy must be zero, 


at+B. yt6 y+8 . atB _ 
9 sin 9 + cos 9 sin —> == (0). 


: 5 +y+6 
that is sin ee = 0, 


*, COs 


— at Bt+yts 
: 2 


* atB+y+5=an even multiple of 7. 


=a multiple of 7, 


Examples. 1. Every conic through the four points in which a circle 
cuts an ellipse will have its axes parallel to the axes of the ellipse. 


9. A circle cuts the parabola y?=4ax in the points (ap,’, Qa), 
J. (aed Qapiy), (apg? Laps), (ap4?, Lap), prove that 
| Pat pot Hs t+ pa=O. 
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3, Three normals are drawn to a parabola from a point. Prove that 
the circle through the feet of these normals passes through the vertex of 
the parabola. 


4. Two points, eccentric angles of y’ and & on an ellipse, are such 
that there exist a pair of points on the ellipse which are concyclic with 
them and are also concyclic with the pair of points a and £, which again 
are concyclic with y and 6. Prove that y, 6, y’, & are concyclic. 

5. Prove that the conics 

Ty? — day + 4a + 2y —-17=0, 
w+ 2y? —4=0, 


touch each other at two distinct points, and find the coordinates of the 
intersection of the tangents at those points. 


_ 6. Shew that it is possible to describe a circle touching the two 


/ Tines 
¥ (ax? + by?) (2 — m?) +2 (a— 6) lmxy=0, 
where they are met by the line v+my=1 and find its equation. 


7. The conics whose equations referred to rectangular axes are 
an? + Qhay + by? + 29x + 2fy+ce=0, 
a! x? + Qh'ay + b'y? + 29'x +2f'y+e'=0, 
a-b_a-b 


intersect in four concyclic points ; prove that ptt Sea and that the 


coordinate of the centre of the circle are 


hg'-hg — hf'-hf 
ah’—awh? ah’ - aK) i 


214. Equation of pair of tangents from a point. 


We may make use of articles 211, 212 to find the equation 
of the pair of tangents from (z,, y,) to the conic 


ax + 2hay + by? + 2gx+2fyt+te=0 ......... (1), 
which is supposed not to be two lines. 
The chord of contact of the tangents from (a, y,) is 
ane, +h (ay, + ny) + byy.t+g9(e@t+n)t+S(y+y)+¢=0. .(2). 


Now the pair of tangents from (a, y,) to (1) is one of the 
conics having double contact with (1) at the points where 
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it is met by (2), and the general equation of such conics is 

(§ 212) 

ax + Qhay + by? + 2gx+2fy+e —k axa, +h (ay, + ay) + byy, 
+g (OA) ALY + Yr) + .C}2 =O... rccedeseceteceteces (3). 


If now we choose & so that (8) will pass through the point 
(#,, y:) we shall have the equation of the pair of tangents. 
We find that 
ae 1 
at? + Lhayy, + by? + 29a, + 2fy,t+e° 


Thus the pair of tangents has for its equation 
(ax + 2hay + by? + 2gu + 2fy + c) 
xX (an? + 2hayy, + by” + 2ga, + 2fy, +c) 
= {axa +h (ay + ay) + by +9 (w+ a)+ f(y t+ hr) +}, 


which is what we obtained long ago in § 142 and which we 
have been writing 


SS, = 74. 
Foci of Conics. 


215. We have seen that the equations of the central conics 
referred to their principal axes are 


b? being negative if the conic be a hyperbola. 
Now the conic (1) has two foci 
(Va? — b?, 0) and (— Va? — b*, 0), 
and two corresponding directrices 
2 
5 po eae a ee gellin 


Vo? —B a 


The symmetry of the equation (1) shews that there are yet 
two other foci whose coordinates are 


(0, Vb?—a*) and (0, — Vb?—a?), 
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and two corresponding directrices, viz. 
62 b2 
Yeo Poa 


and clearly the conic might be regarded as the locus of points 
whose distance from either of the points 


(0, + Ve— a?) 


is a constant times their distance from the corresponding one 
of the two lines 


b2 


Pst Li asta? 
B— a 
the constant, or eccentricity will now be \) eS, ", just as 
py ee 2 
before it was yi” = zo . 
a 


Now we see that the two new foci and directrices are 
imaginary whether the conic be an ellipse or hyperbola. The 
new eccentricity is also imaginary if the conic be an ellipse but 
it is real if the conic be a hyperbola. 


Central conics then have four foci, two real and lying on one 
axis, the other two imaginary and lying on the other axis. Of the 
corresponding eccentricities one is real and one imaginary in the 
case of an ellipse, and both are real if the conic be a hyperbola. 


A parabola being the limiting case of an ellipse, we may 
say of it too that it has four foci but three of them are now 
‘at infinity.’ 


Example. Each directrix of a conic is the polar of the corresponding 
focus. 


216. Equation of pair of tangents from a focus. 


The equation of the pair of tangents from (a, y,) is 


Yy 2, 2 UH. 2 
(a+ -1) (+e -1)-(B +e — ). 


Cygne << 
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Therefore the equation of the pair of tangents from the 
focus (Va? — b?, ae is 


(548-2) (Cat -1)- (HEP). 


2 ppd 2 De he 9 onan fs 
=,(2 y Eee cet Oras 


a? 


that is 


that is 
a —2aVe—-P+a-P+y= 
which can be written 
(a — Va? — bP + y? =0. 
Similarly the pair of tangents from the focus (— Va? — 6°, 0) 
is 
(2+Ve—byY+ y= 
and the pair of tangents from the two imaginary foci can be 
written 
a+ (y— Vb? — a2)? = 
and a+ (y+Vvb— a?)?=0. 
Thus the equation of the pair of tangents from a focus is 
that of a ‘point circle’ at the focus. 
Hence we get the following result: 


If («,, y:) be a focus of a conic whose Cartesian equation is 
given, referred to rectangular axes, then the equation of the 
pair of tangents from (a, %) to the conic is 


(2—aP+(y- "y= 
If the axes be oblique the pair of tangents will be 
(a — a)? + (y —"P+ 2(@—%) (y — Yr) CoS @ = 0. 
217. To find the foci of the conc 
aa? + 2hay + by? + 2gu + 2fy+e=90, 
the ames being rectangular. 
Let (a,, y:) be a focus. 
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The equation of the pair of tangents from (a, 4) 1s 
(ax? + Zha,y, + by? + 2ga, + 2fy: +c) 
x (aa? + 2hay + by? + 29a + 2fy +c) 
— {(aa,thytg)e+(ha+by+f)y + (gu + fyi te)? =0. 
This then must reduce to a ‘point circle’ at (a, 4), 
.. coefficient of x = coefficient of 7, 
and coefficient of xy = 0. 
ve (an? + 2hayy, + by? + 29a, + 2fy, + ¢) (a—b) 
— (aa, + hy, + gf + (ha, + by + fy =, 
and 
h (ax? + 2hayy, + by? + 29x, + 2fy, +c) 
— (ax, + hy, + 9) (ha, + by, +f) =0. 
Thus the coordinates of the foci are given by the equations 
(ax + hy +g? — (hat by +f)? _ (an thy +9) (he + by +f) 
a—b h 
= ax? + 2hay + by? + 2ga+ 2fy +e. 
Another method for finding the foci of conics will be given 
in a later chapter when we come to deal with ‘tangential 
equations.’ 


218. Equation of the axes. 


It follows from the preceding paragraph that the equation 
of the axes of the conic 


ax + 2hay + by?+ 29x + 2fy+c=0 


6 £— 7? En 
ie rohit yee rome (1), 
poae E=acthy+g, n=he + by +f. 


For (1) 1s a conic, and the foci lie upon it (§ 217). Moreover 
it is satisfied by §=0, 7 =0, that is by the centre of the conic, 

Hence (1) is a conic through the four foci and the centre of 
the conic; but the axes of the conic pass through these five 
points, and there can be only one conic through five points of 
which not more than three are collinear (§ 210). 
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Thus (1) represents the axes of the conic. 


This equation of the axes is extremely easy to remember on 
account of its resemblance to the equation of the bisectors of 
the angles between two lines (§ 61). 


Examples, 1. Find equations to give the foci of the conic given by 
the general equation when the axes are inclined at an angle w and shew 
that the equation of the axes is 


a, 1, = =0. 
b, 1, ”? 
h, cos, &n 


og 2. Obtain the coordinates of the foci of the ellipse 
SS i= 8x? — 4xy + 5y? — 16” -14y+17=0, 
“4 i and shew that the equations of its axes are 


Qe-—y—-—1=0 and 2#+4y—11=0. 


219. We may also obtain the equation of the axes of the 
conic from the fact that the axes are the bisectors of the angles 
between the asymptotes. 


Now the asymptotes are parallel to the lines (§ 189) 
aa? + 2hay + by? = 0. 


Thus the axes must be the lines through the centre of the 
conic parallel to the lines 
gee y _ ay 
| peor ht 


That is, the equation of the axes is 


(% — a)? — (uy 2 (% — 4%) (yY¥—%) 
a—b h ; 


where (a, y,) are the coordinates of the centre, that is to say 
3 a, and y, are given by 
= ax, +hy,+g =, 


ha, + by, +f = 9. 
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220. Lengths and position of the axes. 

If it be required to find the lengths as well as the positions 
of the axes of the conic given by the general equation we begin 
by transferring the origin to the centre. 

If (a, y,) be the centre 

Oty hy 9) 0) since tone em oo coabaeee (1), 
hay + by, HFHO cocci cec Wee cee (2). 
On transferring the origin to (a, 4:1) the equation of the 


conic becomes 
ax + 2hay + by? +c’ =0, 


where aay? + Lhayy, + by? + 2gx, + Ay + C= Coreceeee (3). 
Now (8)—(1) x 2, — (2) x y: gives 
Gh + fyi +6 — C=O or ceeceeeeeee evens (4). 


Eliminating x, and y, from (1), (2) and (4) we get 
Goh Fe, ls 


lhe Oia hh 
Osi) Spt Se . 
a, hy gb 1G) hip tOpiad 
hitb f ie A: . 
Peay a is ing soa 
that is A —c’C=0 where C= ab —h?, 
Gre = 
ar 
The equation of the conic is now ‘ 
ast + Shay + by +2 =0 yp onhricaeet eee (5). | 


It becomes now a matter of finding the lengths of the axes 
of a conic whose equation is of the form 


a+ Zhoy by? = Le. s0s gseslde anda (6), 
since our equation (5) reduces to this form when we divide by 
aA | 
C | 


2 
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221. To find the lengths and position of the axes of the 
conic whose equation rs 


O20? 4 Dhey Pby = Lvecesscsadliscssere (1). 


The procedure is very much the same whether the axes of 
coordinates be rectangular or oblique; but it may seem easier 
to the student to take the case where the axes are rectangular 
first. 


Consider the circle of radius r with its centre at the centre 
of the conic. Its equation is 


Subtracting (2) from (1) we have an equation 


ine ea 
(a-5)« + 2hay + (b- =) y°=0 qgosoused (3), 


which represents a pair of lines through the origin and the 
intersection of (6) and (7). 


These straight lines will become coincident when and only 
when they lie along the axes of the conic. 


The condition that the lines should be coincident is 


(a = ) (0 . -] SS FAR ea aR (4). 


This is a quadratic equation in 7°. If the conic be an ellipse 
both the values of 7? will be positive; but if it be a hyperbola 
one will be positive (giving the transverse axis) and the other 
negative (giving the conjugate axis). If7,’,7,’ be the roots and 
both be positive the conic is an ellipse with 27, 2r, for its axes. 
But if ry be positive and 7? negative the conic is a hyperbola 
the length of whose transverse axis is 2r, and the length of the 


conjugate axis 2 —r2 or 2ir,, where 7 is V —1. 


The actual positions of the two axes are easily found. 
15—2 
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For r, being one of the values of r? given by (4) the lines 


(3) are 
(a- a+ hy c= 0 
fan ‘ 


that is the pair of coincident lines 
1 
(a — 3) a+ hy =0. 


This then is the equation of the axis corresponding to 7, 
and the equation of the other axis will be 
1 
222. If the axes of coordinates be oblique, the equation of 
the circle of radius r having its centre at the centre of the 
conic will be 
“+ 2ry coswm+y? 
ve ae 


1, 


so that the equation of the pair of lines through the centre 
of the conic and the points of intersection of these lines with 
the conic will be 


1 COS @ 1 
(a— j) +2 (h- SE) ay + (6-3) = 0. 


The equation giving the lengths of the semi-axes will now be 


(a- =) (0 gy: =) =(h > al 
Yr im r : 
which can be written 
Z Le (+ oa 8) 1 ab—h? _ 
rt sin? w 


If r? and r? be the roots the equations of the correspond- 
ing axes will be 


7 sin?» 


A ee TY al 


oo 


my 


cases hi lite 
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223. The advantage of the method adopted in the pre- 
ceding articles is that the equation of each axis is given 
separately and associated with the length of that particular 
axis, so that we are able to say which is the major axis and 
which the minor, or which is the transverse and which the 
conjugate axis. 


Except for this, however, it is much simpler to get the 
equation of the axes as we have done in § 218 and to find the 
lengths by means of invariants. 


Thus if aa? + 2hay + by=1 
become on transformation to principal axes 
2 2 
Atal 
Uetee U 


we have that 
2 2 
an? + Shay byphee + ub ; 
ge 
Thus by invariants 
1 i 


PEL bs 2) cos Ma ee ime a: ae 
sin? w ein? = bree 

2 

ab — h? di 


and 2S = 


on cee eee 
Hence ak and S are the roots of the equation In =, , viz. 
ry 2 

1 eth shee). ab—h? _ 9 
ya ( sin? yr -sin? w 


Examples. 1. Find the positions and lengths of the axes of the 


conic 
5a? — Gary + 5y? +220 —26y +29=0, 


the axes being rectangular. 


The centre is given by 
ba —3y+11=0, 


—3a+5y—13=0, 
from which we find v= —1, y=2. 
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On transferring the origin to this point we find that the equation of 


the conic becomes 
5a? — 6ay +5y?—8=0, 


5 5 3 5 
5 3 5 
sO that ames h=s, b=5. 


The lengths of the semi-axes are then given by 


s LN (Brak ys Oe 
8 /\8 1?) 64? 


‘sya 3 

ieee ee ites 

Sy ees tore 
1 543 


*, m=4 orl. 


The major axis is then 4 and the minor axis 2. 
The equation of the line of the major axis is 


Oma 3 
(§-a)°+ 39% 


Le. a+y=0. 
The equation of the line of the minor axis is 


5 3 


Le. e—y=0. 
These are of course the equations of the axes of the ellipse referred 
to the new axes of coordinates. The equation of the major axis referred 
to the original axes will be 


(w+1)+(y—2)=0, thatis r+y—1=0, 
and of the minor axis 
(+1)-(y-—2)=0, thatis v—y+3=0.] 
2. Find the positions and lengths of the axes of the conics 
(i) 9a*+ 4ay+ 6y?— 22% -16y+9=0, 
(ii) 74+ 12ey—2Qy?— 26x” -—8y+7=0, 
the axes being rectangular, and represent the same in a figure. 


224. Eccentricity of Central Conic. 


Let e be an eccentricity of the conic 
ax? + Lhay + by?=1 
referred to rectangular axes. 
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Let this become on transformation to principal axes 


a’ ao + by? = 1, 


. P=50-2) 
that is a’=b' (1—-€’). 
Also a’ +b=a+0, 
ab’ = ab — h?. 
Eliminating a’ and b’ we get the equation 
Ceeme (@—1)=0. 
a In the case where the conic is an ellipse, ie. ab —h? > 0, the 


two values of e given by this have opposite sign. The positive 
value of e? then gives the real eccentricity. 


But if the conic be a hyperbola, ie. ab—h?< 0, both the 
values of e? given by this equation are positive and the question 
arises which belongs to a real focus and directrix and which to 
an imaginary one. We shall investigate this point further in 


the next article. 
925. Let the conic 
aa? + 2hey + by=1 


on transformation to principal axes be 


and let 82 be negative if either o? or A? is negative, and let 
a? > 8? if both be positive. 
Let e be the eccentricity associated with a real focus and 


directrix. 


Then = 


a? — B? 
eee 
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Using invariants we have 


1 1 
ge foe 
1 : 
ae ee 
Whence 
a+b 1 


ich dese 5" and C= BP 


Reem > (a +b) — 4 (ab — h?) 
ee adie =a/ (ating 


with a positive sign and 


LP lie 
go pn FV @+ 4 (@—P) 


according as the conic is an ellipse or a hyperbola. 


Whence 2 a+b = V(a+ bP — 4 (ab — h’), 


according as the conic is an ellipse or a hyperbola. 
4. / (a+ bP —4(ab— hi) 
sas (ab — h??? 
x (a+b) ¥ V(a+ bY — 4 (ab —h’)} 
according as the conic is an ellipse or a hyperbola, where the 


positive sign is taken with the radical outside the bracket. 
That is, if the conic be an ellipse, 


Wecay rere is hay 
gb = Go ((a+b)—V@— b+ 4h. 


But if the conic be a hyperbola 


on GH a4) 4 V(a— b+ 4h} 


ee 


_(a—by + 4h? 4+ (a+b) V(a—byY + 4h? 
+ 2 (h? — ab) 


This gives the eccentricity of the hyperbola associated with 
a real focus and directrix. 


pe ee ay 
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The eccentricity of the hyperbola associated with the imagi- 


nary focus and directrix will be given by the other root of the 
quadratic equation in e? found in the last article, and this will 


be got by simply changing the signs of the radical, that 1s, 
—V(a—b)+ 4h? 

2 (h? — ab) 

_(a—by + 4h? — (a+b) V(a —b) + 4h? 
2 (h? — ab) 

It may here be remarked that the eccentricity of a hyper- 
bola associated with an imaginary focus and directrix is the 
same as the eccentricity of the conjugate hyperbola associated 
with a real focus and directrix. 


Cy 


fa+b—N(a— bP + 4h?} 


So that the second value of ¢? just found gives the eccen- 
tricity of the conjugate hyperbola. 

We may observe that if a+6=0, that is if the conic be a 
4 (h? — ab) 
2 (h? — ab)’ 


that is e = /2, which is correct for a rectangular hyperbola. 


rectangular hyperbola, both of the values of e? become 5—7,——* 


Example. If the axes of coordinates be not rectangular the eccen- 
tricity e of the conic 
au? + Qhay +by?=1 
is given by 
(2—e)? (a+b—2h cos w)? 
1-2  (ab—A?)sin? 


226. Director circle. 
To find the director circle of the central conic whose equation vs 
aa? + Qhay + by? + 2ga + 2fy +c=0, 
the axes being rectangular. 

The director circle is the locus of the points of intersection 
of pairs of tangents at right angles. Now the equation of the 
pair of tangents from (a, y;) 1s 

(ax + 2hay + by? + 2ga + 2fy +c) 
(ax? + 2hayy, + by? + 2ga, + 2fy, + ¢) 

— {(aa, + hy, +9) @ + (ha, + byt f)y +m +frn + 0) = 


OA 


—— 


Oa 


Vie 
MAD 


f 
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These tangents will be at right angles if 
Coefficient of x + Coefficient of y’ = 0, 
that is, if 
(a +b) (aa? + 2hayy, + by? + 2ga,+ 2fy, +c) 
— (ax, +hy, + gy — (ha, + by, +f)? = 9, 
that is if 
(ab — h*) (ap + yy?) — 2 (hf — bg) a 
—2(gh—af)y,+(at+bje—g—f?=0. 
Thus the locus of (a, y) which is the director circle of the 
conic is 
(ab — h?) (a? + y?) — 2 (hf — bg) x 
—2(gh—af)y+be—f?+ca—g?=0,0 
which may be written 
C (a? +4?) —2Ga—2Fy+A+B=0, 
where the capital letters are, as in § 133, the minors taken 


with their proper signs of the corresponding small letters in the 
determinant 


= a, fe PS 
; af = 24 eles A= h, 8, f 
of hess, 
that is to say, 
A=|b, f\i=be-f*, B=|a, g |=ac—g’, 
i c 9 ¢ 
C=|a, h\=ab—-h& 
he 
F=-|a, ne G=|h, b |=hf—bg, 
he! UPN lg f 
H=-|h, f \=fg-ch. 
he 


Cor. The equation of the directrix of the parabola repre- 
sented by the general equation is 


2Ge+2Fy—(A+B)=0. 
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For the directrix of the parabola is the locus of the points 
of intersection of pairs of tangents at right angles, and 
C= ab — h?=0 when the conic is a parabola. 


We can at once find the coordinates of the focus of this 
parabola. For if (a, 4%) be the focus, the equation of the 
directrix, which is the polar of the focus, must be 

(aa, + hy +9) @ + (ha, + by +f)y + (gai tSin+ ¢) = 9. 

This then must be identical with the equation for the 


directrix given above, 


ax, thytg _ ha, + bys +f _ g% +fyr +e 
eiadG OP aa 


These two equations determine #, and Yr 
the reowlt w 2>u:) = Gave) + 2HE: F/B-a) +2GH; 2Fe $2G% 
Example. Find the os of the directrix and the coordinates of 
the focus of the parabola 


a+ Wey +4? — 344+ by —4=0. 


227. Proposition. The four directrices of a central conic 
pass through the points common to the conic and its director 
circle. 


For if the conic be 


the director circle is 


The general equation of conics through the points of inter- 


section of these two is 
see 

= +5 —1l+k(e+y—a@+) =0. 

Choose k so that the term in y’ disappears. 


. 1 
This requires that Settee 
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We thus get as one of the conics through the points of 
intersection of (1) and (2) 


2 
——1 — (aa? — b?)=0, 
Le el a? 
c 1 Cie anata he Sees 
that is a (= 5s) 4+ i 0, 
: at 
that is eo eae = 0, 
which is the two directrices 
a? 
a 
~ Va — be 
Similarly the other two directrices, viz. 
bt 0 
a 
y b? — a? ’ 


are a conic through the points of intersection of (1) and (2). 
Thus the proposition is proved. 


Example. Shew that the equation of a pair of directrices of the conic 
S= ax" + Qhay + by? + 29x +2fy +ce=0 
is of the form 
(ax + hy +g)? +(ha+by+fYP+kS=0. 


228. A theorem of Newton’s. 


The following proposition due to Newton which is usually 
proved in works on Pure Geometry is extremely easy to establish 
by Analytical methods. 


If O be a variable point in the plane of a conic and lines 
OPQ, ORS be drawn through O in fied directions to cut the 
conic in P, Q, BR, S, then the ratio OP. OQ: OR. OS is constant. 


Refer the conic to the lines OPQ and ORS as axes. Its 
equation will be of the form 


ax? + 2hay + by? + 2gx + 2fy+c=0. 
Putting y =0 we get 
aa’ + 2g7+c=0. 


ee ee 
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Thus OP . 0Q= product of the roots of this equation = ©. 
a 


Similarly OR. OS = 


g 
be 
ial 
OP .OQ : OR. OS=— : qn eo 


Now if we transfer the origin to any other point O’, keeping 
the directions of the axes unchanged, the coefficients of the terms 
of the highest order in the equation are unchanged. Thus the 
new equation will be of the form 


ax? + Lhay + by? + 2q'a + 2f'y+c' =0, 
and if the new axes cut the conic in P’, Q' and R’, S’ respectively, 
OREO 3.0 RSO'S' = wd. 
TiussvOPrO0 OR LOS =e OLP 20 2 ORs O'S: 
And the proposition is proved. 


229. It must be understood that the distances OP, OQ, &c. 
in the preceding paragraph are algebraical. That is to say, if 
OP and OQ are in opposite directions they have opposite sign, 
or in other words OP . OQ is a negative quantity. 


The well known property of the ellipse that, if QV be an 
ordinate of a diameter PCP’ and DCD’ be the diameter conju- 


gate to CP, 
OVA2PV VP = CP CP 


is a special case of the theorem just proved. 


For if QV meet the ellipse again in Q we have 
VO. VO: VV =CD.CD :CP.Cr; 
that is —QV?:-PV.VP'=-CD: —CP*, 
or OMe PV eV = 0 Des Cr 


The same property is true for the hyperbola, but it must be 
understood that D and D’ are the points where the conjugate 
diameter meets the hyperbola itself, and not where it meets. 
the conjugate hyperbola. 
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But if it meets the conjugate hyperbola in d and d’, then 
Cd? = — CD’. 
So that we have 
Qv?: PV. VP =—Cah CP, 

that is QV?: PV. PV =Ce : CP, 
which is the geometrical property with which the student is 
familiar. 

Example. If lines OPQ, ORS be drawn through a point O in the 


plane of a conic, prove that the ratio OP.0Q : OR. OS is equal to the 
ratio of the squares of the diameters parallel to OPQ and O/S respectively. 


230. Contact of conics. 

We have already in § 209 said something of the different 
degrees of the contact of conics, so that it is already understood 
what is meant by simple or two point contact, three point 
contact, and four point contact. 

Suppose that (a, y,) be a point on the conic 

S=ax* + 2hay + by? + 2ga+2fy+c=0 ...... (1), 
then 
Ts ann, +h (ay,+ my) + byy+9(e+a)tfyt+y) +e=0 
is the tangent at (a, ¥;). 

The general equation of conics having simple contact with 
(1) at (a, y%) will be 

S+ T (la + my + 2) =0....ccceeceeeeeees (2), 
for this is a conic which has as common chords with the given 
conic the tangent 7’=0 and a line 

lo+my+n=0., 

If the line le +my+n=0 passes through (a, y,) the conics 
will have three point contact at (a, y,). The general equation 
of conics having three point contact with (1) at (a, y,) is then 

S+ T {l(a — a) +m(y—)} = 0......00000 (3). 

And in the special case where the line la+my+n=0 

becomes the tangent, the conics will have four points common 


vais 


a 
all 
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at (a, ¥,), in other words they will have four point contact. 
Thus the general equation of conics having four point contact 
at (#, %) with the given conic is 
S+kT?=0. 
Examples. 1. Shew that the equation of the parabola having four 


' point contact with the ellipse ?/a? + ¥?/b2=1 at the point P (acos 8, 


b sin 8) is 


2 : 
¢ a eee 0) 472.008 6. 2y SINE OL, 
a b a b X 


and prove that its latus rectum is 2CD%/ab, where CD is the conjugate 
semidiameter to OP. 


2. Find the equation of the rectangular hyperbola having four point 
contact with the ellipse x?/a?+¥y?/b?=1 at the point (acos 6, b sin 6). 


231. Circles of curvature. 

If two curves have three point contact at a point, they are 
said to have the same curvature here. By the curvature of a 
curve is meant the rate at which the tangent is deflecting. 
Now when two curves have three point contact they may be 
regarded as the limiting case of two curves having three very 
near points in common. But two curves with three consecutive 
points in common will have two consecutive tangents in com- 
mon. And thus they will have the same curvature, as the 
tangent is deflecting at the same rate for them both. 

The circle which has three point contact with a curve at a 
point is called the ‘circle of curvature’ at that point. It is 
also called the ‘ osculating circle’ at that point. 

The measure of the curvature of a circle at any point of it 


is I where r is the radius. For if P be a point on the circle and 
im 


if the tangent at any other point Q meet that at P in 7’ the 
deflection of the tangent between P and Q, that is to say the 
angle between the tangents at P and Q, is equal to the angle 
between the radii OP and OQ. 
The rate of deflection per unit length of arc is of course 

constant for a circle so that it will be 

y PUO ) arerd 1 

iia am tn peel 
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Thus if p be the radius of the circle of curvature at a point 


; <ul 
P of a curve, we say that its curvature there 1s i 


It is important to distinguish the ‘curvature at a point,’ 
and what is called the ‘radius of curvature at a point.’ By the 
radius of curvature at a point is meant the radius of the circle 
of curvature at the point. By the curvature is meant the 
reciprocal of the radius of this circle. 

The ‘centre of curvature’ at a point of a curve means the 
centre of the circle of curvature at that point. 


232. Equation of circle of curvature. 
The equation of the circle of curvature at a poimt (a4, ¥:) 


of the conic 
S = aa? + 2hay + by? + 2ga + 2fy +¢=0......0+ (1) 


is very easily obtained. 

For the circle of curvature is one of the conics having three 
point contact with (1) at (a, y:), these having their equations 
included in 


' S+Tla@—am)tm(y—YA)HO ve (2), 
as in § 230. 


We have then only to.choose / and m so that (2) shall be a 
circle and it will then be the circle of curvature required. 


233. To find the circle of curvature of the parabola y*? = 4ax 
at the point P (ap?, 2ap). 


The tangent at P is y— aces ap =0. 
be 


Therefore the equation of the common chord PQ of the 
parabola and its circle of curvature at P will be (§ 213) 


a ap 
+—=2au + — = 3ap. 
y i b r ap 
Thus the circle of curvature will be obtained from 
*— daar — ke Se 7 \( es aipi j= 
y YS in, ai) aaa ae 0 


by making the coefficient of 2?= that of 
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‘ : : k 2 
This will Ake es es aera a 
will give i k eel 


a 7ee 
The equation of the circle of curvature is then 


2 
(uw? + 1) (y? — 40x) — p? (y a —4apy + 2ax + Sa’p!) z=), 
which is 
a+ y? — 2a (2+ 3p?) + dap y = 8a2u4 
that is 
{@— a(2 + 8y*)}? + (y + 2ap )? = a? {(2 + By??? + Sys + 8yu4} 
= (44 12u? + 124 + 48) 
= 4a? (1 +p?) 
From which we see that the coordinates of the centre of 


curvature are 
{a(2+ 3p"), —2ap'}, 


and the radius of curvature is 2a (1+ 2)? = 2a cosec? 0, where 0 
is the angle which the tangent at P makes with the axis of the 
parabola. 


234. To find the ee a curvature at the point P (a cos 6, 


b sin @) of the ellipse — +o = 
The tangent at P is * cos 6 + J gin 0 = Th 
a b 


Thus the common chord of ihe ellipse and the circle of 
curvature will be 


sl cos 6 — sin @ = cos* 8 — sin? @ = cos 26. 
a 


The circle of curvature will then be 


b 
(= cos @ — # sin 0 — cos 28 ) =0, 


read ag age 1— K( cos +4 sin 0-1) 


b 


k being so chosen that the coefficient of a= that of 7’. 


A. 16 
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We have then 
Z ek ae é Ke ba k sens 0% ay 
so that k cos? 6 =1— ar, 
k sin? @=—1+06*r, 
k=—(a—0b)r and @A=1+(a?—0?)X cos? 6, 
1 
~ @ sin? 6 + b? cos? 6" 


The equation of the circle of curvature 1S 


2 (ae + yt) + e088 (1 +008 28) sin 6 (1 — cos 20) 
=1+kcos 20, 
that is 


2 f2 
ee Cc 


os? 8 + 


elon b my sin? 0 
= a? sin? 6 + 6? cos? @ — (a? — b”) cos 20, 
which reduces to 


— f2 Qi 2 2 2 2 )3 
(0-2 ¥ cose) + (y +5 sind) = (a? sin? 6 + b? cos? 8) 


ab? 


so that the centre of curvature is 
Sy. 70) 9 ye 
(* cos? 8, aes sin® 6) 
a b 


peat 2 2 = 
(a? sin ei cos* @) , which equals 


and the radius of curvature 1s 


3 
where CD is the semi-diameter conjugate to CP. 


235. Simplification by Differential method. The 
method of finding the centre and radius of curvature at a 
point of a parabola or of an ellipse is greatly simplified if we 
use the methods of the differential calculus. 

The centre of curvature at a point is the intersection of the 
normal at the point with the normal at a consecutive point, 
for the normals at two points of a circle meet in the centre 
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of the circle, and the curve has two consecutive normals in 
common with the circle. 


Thus to find the centre of curvature at the point (ay?, 2am) 
of the parabola y?= 4ax we proceed thus: 
The normal is y + po = 2an+ap 
Where this meets the consecutive normal 
v= 2a + 3ap’, 
this being obtained by differentiating with respect to p. 
We thus find as the coordinates of the centre of curvature 
(2a+3ap?, —2ap). 
So for the ellipse, the normal at @ is 


OY a Se 
cosO sind ~ oS 
or ax sec 0 — by cosec 0 = a? — b*. 


To find where this meets the consecutive normal we dif- 
ferentiate with respect to @ and obtain 
ax sec 6 tan 6 + by cosec 6 cot 6 =0. 
On solving for # and y we get 
ea FD. (a? — 6) 
b 
The radius “a curvature can be obtained by finding the 
distance between the centre of curvature and the point 
(a cos6, bsin @). Thus if p be the radius of curvature, 


co? 6, y=— sin? 0 


2 2 Aare 2 
oS (« cos 8 — = ae ¢) + (3 sin 86 + a ute sin® 6) 
_(@ sin? 0 + 6? cos? 0) 
ab? 


Or we may use the formula of the differential calculus 


da? ‘dy? 3 
1(35) us (ga) _ (a sin? 6 + 6? cos? ay 


Oda Py dy Pa ab 
dod do’ dé 


for « =a cos 0, y= sin 8. 
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236. Intersection of ellipse and circle of curvature. 

If the circle of curvature of an ellipse at a point P whose 
eccentric angle is 6 cut the ellipse in Q, whose eccentric angle 
is $, then the circle and ellipse meet in the four points whose 
eccentric angles are ‘ 


6 20 Oa. 
Therefore by § 218 


36 + = an even multiple of 7. 
Thus the coordinates of Q will be (a cos 30, —b sin 30) and 
the eccentric angle of Q may be taken as — 30. 


2 2 
As the chord through 6 and ¢ of the ellipse - +5= 1 is 
ew O+ by. Ob d—¢ 
sees 5) an ae oie 5 
we get at once that the equation of PQ is 


“cos 6 — 7 sin 6 = cos 26, 


b 


which agrees with what we obtained before. 


co 


We may observe that from the above equation 
30+ 6 = 2n7, 
which gives 6=1(2n7 — 9), 
it follows that the circles of curvature at the points whose 


eccentric angles are 4(27—¢), 4(4a7—¢), 4(67— @) will all 
cut the ellipse at the same point ¢. 


Examples. 1. The circle of curvature of the parabola y?=4azr at 
the point (ap?, 2a) will meet the curve again in the point (Qay”, —6az). 
[See Ex. 2, § 213.] 

2. The locus of the middle point of the common chord of a parabola, 


and its circle of curvature at any point is a parabola whose latus rectum 
is one-fifth that of the given parabola. 


3. The circles of curvature at three points P, Q, & of an ellipse all 


cut the ellipse again in the same point, prove that the centre of the ellipse 
is the centre of mean position of P, Q, R. 


4, Prove that the circles of curvature at the vertices of a conic have 
four point contact with the conic. 


_—————— 
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237. Conic referred to tangent and normal at 
a point. 

It is sometimes convenient to take as the axes of coordinates 
the tangent and normal at a point of a conic. Let us take the 


‘axis of x to be the tangent at a point P of the conic, and let the 


normal be the axis of y. 

As the origin is on the curve, the constant term in the 
equation disappears and the equation of the conic is of the form 
ax? + 2hay + by? + 2gx+ 2fy =0 

To find where the axis of w meets the conic put y=0. 
We get then ax? + 29a =0. 
Both the roots of this equation have to be zero, therefore g = 0. 
Thus the equation of the conic is of the form 
an + 2hay + by? + 2fy = 0. 
This is still the form of the equation of the conic when we 


take a tangent to the curve to be the axis of # and any line 
through its point of contact to be the axis of y. 

Examples. 1. All chords of a conic which subtend a right angle at 
a fixed point O on the conic cut the normal at O in a fixed point. 


2. If aa®?+2hay+by?+2fy=0 be the equation of a conic referred to 
the tangent and normal at a point of it, the radius of curvature at the 


origin is Z ; 
a 
238. Conic referred to two tangents as axes, 


The equation of a conic referred to two tangents as axes of 
coordinates is frequently of use. It is very easily obtained. 
For if the conic touch the tangents at distances h and & from 
the origin, it will be a conic having double contact with the 
axes, which form the conic ay =0, at the points where they are 
met by the line 7 +5 - 1=0. 

Thus the equation of the conic will be of the form 


2 
nyt A (5+ $-1) =0, 
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or changing the constant A we may write this 


et aa 7 
Riek nr hk eee wee eee rere rer nee: (1), 


which is also of the form 
ye 2x dy 
a e oh &k 
Either of these equations (1) and (2) represents for various 
values of X and w a system of conics touching the axes of 
«and y at distances h and k respectively from the origin. 


ioe Qwcy + op Te Dig, Des (2). 


In the particular case where the conic (2) is a parabola 


1 ; 1 
ee eee mats 
w= Te that is w hE’ 


the equation becomes 


te been 
(G+% \=0, 


which represents two coincident straight lines. 


1 
If we take = tr 


If we take p= — we get a non-degenerate parabola whose 


equation is 


or, if we write a and £ for = are 
Vou + By —-1=0. 


Examples. 1. Shew that the tangent to the parabola 


Ji Ji 


Tig hay + ky 


at the point (x, ;) is 


y 
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2. The line Zz+my—1=0 will touch the parabola Jaz+VBy=1 if 
B . 
m 


239. Cartesian representation of a system of conics 
through four points. 


In general it is best to represent conics through four given 
points by means of ‘homogeneous coordinates, which are to be 
considered in later chapters. If at any time a representation 
of such conics in Cartesian coordinates is wanted, it can be 
obtained by taking the axes of coordinates to pass each through 
two of the given points. We may thus take the coordinates of 
the given points A, B, C, D to be 


(h, 0), (0;k),- Ge,0), (0, #’). 


The equation of AB will be 7 +7—1=0, and that of CD 


millbbe coe > l= 0, 


peek 
The general equation of conics cutting the axes of coordinates 
where these lines meet them is 


GF k ) F ki ) A Y> 


Py bea 


Via a( x) ( =) us 


Examples. 1. The polar of a given point with respect to a system 
_-of conics passing through four given points will pass through a fixed 
point. 


9, The locus of the centres of conics through four given points is a 
_~ conic whose asymptotes are parallel to the axes of the two parabolas 
through the four given points. 
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EXAMPLES. 


1. Shew that the foci of the conic 
aa? + Lhoy + by? + 2gx + 2fy+e=0 
are given by 
Fa + Gy—H=Cay, 
2Ga—-2Fy-A+B=C (#-y’), 

the axes being rectangular. 

[We have seen that the tangents from a focus (21, Yr) are 

[(w ay) +% (y—m%)] [(@— m1) - + (y — %)] = 0. 

Now the condition that the line a+my+nu=0 should be a 

tangent to the conic is (§ 133) 
AP + Br? + Cn? + 2Fmn + 2Gnl + 2HIim = 0. 

Thus the condition that x + iy — (#,+7y,) =0 should be a tangent 

is got by writing 7=1, m=% and n =— (a, + ty,), that is 
A-B+C (x, + iy)? — 24F (a, + ty;) — 24 (a + wy) + 2H =0. 
That is 
A-—B+C (x,?—y,?) + 2Fy, — 2Ga, + 2% {Ca y, — Fa, — Gy, + H} =0. 

Similarly the condition that x—iy—(#,—ty,)=0 should be a 

tangent is 
A-B+C (x? —-y,*) + 2Fy, — 2Ga, — 21 {Cayy, — Fa, — Gy, + H} = 0. 

Adding and subtracting these, we see that the foci satisfy the 

equations 
A— B—2Gx+2Fy + C (a — y”) = 0, 
H—Fa—-Gy+ Cxy=0.] 


2. The equation of the director circle of the conic given by the 


general equation S=0 when the axes of coordinates are inclined at 
an angle w is 


(a + b— 2h cos w) S = & + 7? — 2& cos w 
where €=ant+thy+g and y=ha+by+f, 
and the equation of a pair of directrices is of the form 
kS + &+ 7? —2&y cosw=0. 
3. Four points A, B, C, D on an ellipse are concyclic. The 
circle which passes through A and touches the curve in B cuts it 


again in B’, Similarly circles through A which touch the ellipse in 
C and D cut it in C’ and D’. Shew that A, B’, C’, D’ are concyclic. 
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4. Find the equation of the parabola which touches the conic 
an? + Qhay + by? + 29a + 2fy+e=0 
at the points where it is cut by the line Ja + my+n=0. 


5. A family of conics have double contact with a given conic 
at the extremities of a given chord. Prove that the locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the given chord. 


6. Prove that the locus of a point, the sum or difference of the 
tangents from which to two given circles is constant is a conic having 
double contact with each of the two circles. 


2 
7. At the point (acos ¢, bsin ¢) on the ellipse = + i =1 the 


parabola of four point contact is drawn. Shew the equation of its 


axis is 
(a? — 6?) sin $ cos } 


a cos? d + b' sin? p © 


e. y is 
ap et C08 G = 


8. Prove that if two conics have double contact the polar of 
the centre of either with respect to the other is parallel to the 
chord of contact. 


9. Two tangents are drawn from a variable point P to a conic 
to meet the tangent at a fixed point Qin 7’ and 7’. Shew that if 
Q7.QT' is constant the locus of P is a straight line parallel to 
the tangent at Q. 


10. A circle touches a hyperbola at two points, the chords of 
contact being parallel to the transverse axis. Prove that the ratio 
of the length of the tangent to the circle from any point of the 
conic to the distance of the point from the chord of contact is the 
eccentricity of the conjugate hyperbola. 


11. Tangents are drawn from a point O to an ellipse so as to 


~ intercept a fixed length on the tangent at a fixed point P; prove 


that the locus of O is a conic which has four point contact with the 
ellipse at the other extremity P’ of the diameter through P. 


[Take as coordinate axes the tangent at P and the diameter 
through P.] 
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12. Prove that the locus of the centres of non-degenerate 


2 
Y=1 at 


b 


: ; oe 
conics having four point contact with the ellipse at 


xe sina ycosa 9 


(a cosa, bsin a) is the line b 


13. If a system of conics be drawn having four point contact 
with the conic ax? + 2hay + by? + 2fy = 0 at the origin, prove that the 
director circles of these conics form a coaxial system whose limiting 

, a ; Sh af 
points are the origin and the point ( cama =) é 

14. A conic is drawn to have double contact with each of two 
given circles. Shew that the two chords of contact are either 
parallel to each other and to the radical axis and equidistant from 
it; or are perpendicular to each other and intersect in a limiting 
point of the two circles, 


-15. The foot V of the ordinate of a point P on a parabola is 
the centre of the circle of curvature at its vertex. Prove that the 
centre of curvature at P lies on the parabola. 


16. Four common conics are drawn to an ellipse and a parabola 
having its focus at the centre of the ellipse. Prove that the sum of 
the eccentric angles of the points of contact of the tangents with 
the ellipse is an even multiple of z. 


17. Two chords AB, CD of a rectangular hyperbola make 
angles a and 8 with the transverse axis. Prove that the angle between 
the axes of the parabolas through A, B, C, D is 


cos~? {sin (a + 8) sec (a — B)}. 


18. From any point P of an ellipse perpendiculars Pi, PN are 
let fall on the axes and MN meets the ellipse in Q and Q’; prove 
that the rectangular hyperbola which touches the ellipse at P and 
meets it in Q and Q’ has its asymptotes parallel to the axes of the 
ellipse and that its curvature at P is double that of the ellipse. 


19. If a parabola touch a fixed circle and pass through the 
extremities of a fixed diameter; prove that its axis will pass 
through one or other of two fixed points. 


ee ea ae 
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. 20. Three points (a, 4;), (#2, Yo)» (as, ys) on the parabola 

y’ = 4ax are such that their centres of curvature are collinear; prove 
Ys Ya Ys 

21. Prove that the product of the radii of curvature at the 

feet of the normals drawn from any point to a parabola is eight 


times the cube of the distance of that point from the focus. 


22. Prove that if the circles of curvature at the extremities of 
the major axis of an ellipse pass through the centre, then no other 
circles of curvature at real points of the ellipse pass through the 
centre. 


23. Normals are drawn from any point (g, 7) to the parabola 
y? = 4ax. Prove that p,, ps, ps the radii of curvature at the feet of 
the normals satisfy 

24. Parabolas are drawn with their vertices at the origin and 
their axes along the axis of #; tangents are drawn to them from a 
fixed point (/, 0). Shew that the locus of their centres of curvature 
at the points of contact is the curve 


(a + 3f) y? + 8f? =0. 

- 95. Prove that the locus of the pole of the axis of x with 
respect to the circle of curvature at any point of the parabola 
y® = 4ax is 

(a — 2a)? y? = 120 (2? — aw + a?)?, 

26. Three points on an ellipse (semi-axes a and 0) are situated 
so that the circles of curvature at those points all cut the ellipse 
again at the same point. If their radii are p,, po, ps, then 

tpt fe ee) 
piv + Pa” + Ps ote 
- ae eras 
97. Prove that there are four points on the ellipse — + = 1 
. a0 
(other than the point P) such that the centre of curvature at each 
of them lies on the normal at P. 
Further prove that the normals at these four points meet in a 


point on the ellipse 
a®a? + b®y? = (a? — 0°). 
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98. Prove that the locus of the centres of the rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola having the same axis and directrix. 


29. The equation of the latus rectum of the parabola 
(ax + By)? + 2ga + Uy +c=0 
pi 2 

is 2 (Bg — af) (Pxr—ay) +(at + Ber fr+gt—2 “CB 0, 

30. Two families of parallel straight lines are given and also a 
conic in the same plane. Prove that the locus of points such that 
the lines through them are conjugate with respect to the conic 1s a 
hyperbola whose asymptotes are the lines through the centre of the 
conic. 


- 31. Shew that if a parabola be referred to a tangent and 
normal as axes of # and y, its equation may be put in the form 


(Ba + ay)? = 4By (0° + B"), 
and the equation of its directrix in the form a#— By =o? + 6? where 
a and £ are the coordinates of its focus. 


32. An ellipse whose semi-axes are a and } touches the axis of 
x at the origin ; prove that the locus of its centre is 


ay? + (y?— a!) (y? — bt) = 0. 


33. Lines OP, OQ at right angles are drawn through a fixed 
point O to meet a conic in P and Y. Shew that the locus of the 
foot of the perpendicular from O on the chord PQ is a circle. 


34. Three lines OPP’, OQQ’, ORR’ through a point O meet a 
conic in P and P’, Q and Q’, & and &’ respectively. Prove that 
with a suitable convention as to signs 


1 1 A A 1 1 a a 
(op aP ar) sin QOR = (Ge et oa) sin ROP 


1 ME ; A 
(stop) sin POQ =0. 
: 35. POP’ is a chord of a conic which is bisected in O. If 


Q0Q', ROR’ are chords making equal angles with POP’, shew that 
1 1 1 1 


0Q OQ’ OR’ OR 
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36. A family of conics have double contact with a given conic 
at the extremities of a focal chord. Prove that the locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the chord. 


37. Prove that if the bisectors of the internal and external 
bisectors between two tangents to a conic be parallel to two given 
diameters of the conic, the point of intersection of the tangents lies 
on a conic. 


38. Shew that if y=¢a is a normal to the general conic given 
by the general equation, then ¢ is a root of the equation 
t#(g@G +hH) + 2¢ (aH +hA) +? \(a— b) (A- B) 
+ fF + 9G —2hH} + 2t (bH +hB)+fF +h =0. 


39. The focus of the parabola i 5+ . i=l referred to 


two tangents inclined at an angle is given by the equations 


he=ky = 2? + 2ay cosw+y’. 


40. The directrix of the parabola Naz + Jby =1 is 
(b+ acosw) @+ (a+b cos) y = Cos @ 
and the length of the latus rectum is 
4ab sin? w 


(a? + 0? + 2ab cos w)? 


41. An ellipse of semi-axes a and 6} slides between two lines 
inclined to each other at an angle 2a; shew that the locus of its 
centre referred to the bisectors of the angles between the lines as 
axes is 

(x? cos a + y? sin* a) (a? + yp?) — (a + B*) (a? cos’ a + 7? sin® a) 
+ (a? cos’ a + 6? sin? a) (a? sin’ a + 6? cos? a) = 0. 
_ 42, The equation of the equiconjugate diameters of the conic 
whose equation referred to rectangular axes is 
ax? + Lhay + by? =1 
is (a? — ab + 2h?) a? + 2h (a +b) ay + (b?— ab + 2h?) y'=0. 
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43, Prove that if the conics S=0, 8’ =0 have a pair of common 

chords a= 0, B=0 such that S—S’ = af, the equation 
Ko? — 2h (S +S’) + B?=0 

represents a conic having double contact with each of the conics S 
and S’, 

A conic has finite double contact with each of the conics 

e+y?—e(a+c)=0, e+ y?— 6? (x+c)?=0. 

Write down its general equation and prove that the chords of 
contact are perpendicular chords through the origin; also that if 
e-2 + e'-2= 1 all such conics are rectangular hyperbolas. 
2 


A fk 


2 
44. At the point P (eccentric angle ¢) of the ellipse 5 +h 


the parabola having contact of the third order is drawn ; shew that 
the equation of its directrix is 
Qax cos d+ 2by sin =a? (1 + cos’) + 6? (1 + sin? ¢). 
45, A series of circles with a given centre O are drawn. Shew 
that the middle point of their chords of intersection with a given 
conic lie on a rectangular hyperbola whose asymptotes are parallel 


to the axes of the conic and which passes through O and the centre 
of the conic. 


46. Points P, Q, & are taken on an ellipse in such a manner 
that the tangent at each point is parallel to the line joining the 
other two. Shew that the locus of the centre of mean position of 
the centres of curvature at P, Q, & is 


16 (ax? + by?) = (a? — 6?)?. 

47. Shew that through any point (f, g) in the plane of the 
ellipse + v= 1 there pass six of the circles of curvature, and 
verify that the six centres of curvature lie on the conic 

{2 (7? + 9? — Ife — 2gy) — a? — B7}? = 12 (aa? + by”) — 3 (a? — b?), 

48. Shew that the conic which is coaxial with 

ax? + 2hey + by? + 29a + 2fy =0 
and passes through the foci is 
(a—6) [C (a —y*) —2Ga + 2Fy+ A —B)+ 4h | Cay— Fa—Gy+H)]=0. 


PO er St 
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49. Find the locus of the foot of the perpendicular drawn froma 
point situated on a given straight line, to its polar with regard to a 
central conic; and shew that it passes through the foci of the conic. 


50. The locus of the foci of conics touching two given lines at 


- given points is a curve of the third degree. 


51. Shew that the conic 
¢ (a? +4) + 2ay V(a—c) (b—c) =1 
has double contact with both of the conics 


ax? +by2=1 and ba?+ay’?=1. 


CHAPTER XIII. 
SIMILAR CONICS AND CONFOCAL SYSTEMS. 


240. Definition. 

If S be a plane figure and P any point of it, and O a fixed 
point in its plane, and if on OP a point P’ be taken such that 
OP’: OP =k a positive constant, the locus of the point P’ 
thus determined will be a new figure S’ which is said to be 
similar and similarly situated to S; two such figures S and S’ 
are conveniently called homothetic figures and the point O is the 
homothetic centre. 


Suppose now that in the above construction for the figure 
S’ from the figure S, & instead of being a positive constant is a 
negative constant, the figure S’ which is the locus of P’ is then 
said to be antihomothetic to S. 


Next suppose that & is imaginary, then the figure S' may 
be said to be emaginarily homothetic with S. 


241. Proposition. Jf S and S’ be two coplanar homo- 
thetic figures, C and C’ fixed corresponding points of them, P and 
P’ any other pair of corresponding points, not in the line of C and 
C’, then CP and C’P’ will be parallel and the ratio C’P’ : CP 
will be constant (=k) for the various positions of P and P’. 


For let O be the homothetic centre. Then 
O00’: OC=k=O0P’: OP, 
.. C’P’ and CP are parallel, and C’P’: CP= OP’: OP=k. 
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Cor. This proposition holds equally well if S and S’ be 
imaginarily homothetic, or if they be antihomothetic. 


Pp’ 


o 
In this latter case O will lie between C and C’ as in figure. 


P 


C’ 
Pp’ 


242. Proposition. Jf S be a plane figure, C and C’ two 
points in its plane and if O be joined to any point P on S and 
O’P’ be drawn parallel to CP and such that C’P’: CP=kh, a 


positive constant, then the figure S’ which is the locus of P’ will 
be homothetic with 8. 


re 17 


= 
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For (see figure of previous article) let OC’ and PP’ meet in 

O, then since CP and C’P’ are parallel we have 
OC: 0C=CP 3CP =n: 

Thus O is a fixed point. 

Also OP’ 7 OP = Cast Fi: 

Therefore the locus of P’ is a figure homothetic with S, the 
locus of P, and O is the homothetic centre. 

Cor. If k be a negative constant the figure S’ is antihomo- 
thetic with S, and if k be imaginary S’ is imaginarily homothetic 
with 8. 


243. Proposition. Jf S be a central conic and S’ be 
constructed really homothetic with S, or antihomothetic, or 
umaginarily homothetic with it, then S’ will be a conte having tts 
asymptotes parallel to those of S. 

For let the equation of S referred to Cartesian axes at O, the 
homothetic centre, be 

ax + 2hay + by? + 2gx+2fyto=0 ......... Cl 

Let (X, Y) be the coordinates of the point P’ on S’ 

corresponding to P (a, y) on S. 


Then clearly A=ke, Y=ky, 
where é is the constant ratio OP’ : OP. 
Therefore 


aX?+2hXY+bY?+k(2gX +2fY)+ kc =0. 
That is to say, the locus of P’ is the conic 
ax? + Qhay + by + k (29x + 2fy) + k’c=0......... (2). 


Now both (1) and (2) have their asymptotes parallel to the 
lines 
aa? + Lhay + by? = 0. 


Thus S’ is a conic having its asymptotes parallel to those 
of 8S. 
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Cor. 1. The awes of S’ will be parallel to those of 8S. 

For the axes bisect the angles between the asymptotes. 
But it must not be assumed that corresponding axes of the two 
conics are parallel. 


Cor. 2. The centres of the two conics S and S’ are corre- 
sponding points. 
For the centre of (1) is given by 
az +hy+g=0 
ha+by+f=0 )’ 
and the centre of (2) is given by 
ax +hy+kg=0 
ha + by+kf=0 )° 
From these we see that if (as, ys) (ay, ys) be the centres of S 
and S’ respectively, 
ty=ke, and Yr = ky,. 
Therefore the centres are corresponding points. 


Cor. 3. If 8, instead of being a central conic, be a parabola, 
then S’ will be a parabola having its axis parallel to that of 8. 

For the equation of S will now be of the form 

(ai + By)? + 2a + Bfy + 0=0, 
while that of S’ will be 
(ax + ByY +k (2ga+ 2fy) +k =0. 

This is also a parabola, and both S and S’ have their axes 
parallel to the line 
ax + By =0. 


Examples. 1. Shew thatthe pair of tangents from 0, the homothetic 
centre to each of the two conics S and S’, which are really homothetic, 
antihomothetic or imaginarily homothetic are the same lines. 

2. Prove that the tangents to the homothetic conics S and S’ 
at corresponding points of them are parallel. 


244. We have seen that if two central conics are homothetic 
they have their asymptotes parallel. We shall now go on to 
shew that if two central conics have their asymptotes parallel 


homothetic. 
they are eee 
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For let the equations of the two conics S and S’ referred to 
any axes be 


ax? + 2hay + by? + 2gu + Wy+o=O «1... (1), 
aa? + Qh’ay + Wy? + 29a + Wy t=O wore (2). 
As the asymptotes are parallel we have 
ah 


ib 
mai yy = > (say). 
The axes of (1) are parallel to the axes of (2). Transforming 
(1) to principal axes, the equation of S becomes (§ 220) 


AP We aces 
ax? + By are ore rpe y BR hen reAe e .' (3). 


Now the equation (2) can be written 
aa? + 2hay + by? + 2rg'a+ 2f’y + rc’ = 0, 
which, when we refer the conic to its principal axes, will 
become 


wa? + By +. =0, 
where 
L= | a, he eo AG. b= NG A AG cele 
h, SF Mig hh Ay 
NG RAT 3 EAC NG; GT tee 
that is we have as the equation of S’ 
aa? + By? + — ae Sete ea) (4), 


The axes of coordinates for equation (4) are parallel to those 
for equation (8) but not coincident with them. 


Take two parallel radii vectores making an angle @ with the 
# axis; denoting them by r and r’ we have 


(a cos? 6 + 8 sin? 8) 727+ =, 
r3A’ 

ab—h? — 

raft aa Ne 


(a cos? @ + B sin? 6) r?++——.. = 0, 
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Thus the two conics will be homothetic or antihomothetic, 
and if the former they will be really homothetic if A : AA’ be 
positive, that is if A: A’ have the same sign asa. They will 
be imaginarily homothetic if the ratio A: A’ have the opposite 
sign to that of X. 

We shall shew presently that if two central conics are 
antihomothetic they are homothetic also. Assuming this for 
the present, we see that two central conics with their asymptotes 
parallel are homothetic ; whether they are really or imaginarily 
homothetic depends on the sameness or difference of sign of the 
ratio A: A’ and the ratio a: a’. 


245. Proposition. Zwo parabolas will be really homo- 
thetic or antihomothetic if they have their axes parallel. 

First let the curvatures at the vertices A and A’ be in the 
same directions. Take SP and S’P’, two focal radii vectores 
making the same angle @ with SA and S’A’ respectively, the 
lines joining the foci S and S’ to the vertices. 

Then if J and J’ be the semi-latera recta, 


L b 
gp — 1 +008 9 = Grp - 


PROS PR Dee DT 
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Thus the parabolas are homothetic, and clearly the foci and 
vertices are corresponding points in the two figures. 


P 


Next let the curvatures at A and A’ be in opposite 
directions. 
Let SP and S8’P’ be two parallel focal radii vectores making 


the same angle 6 with SA and S’A’ but measured in opposite 
directions, 
Then apai + cos 0 =a, 
ee) mero eee Re: 
Thus as SP and S’P’ are in opposite directions the two 
parabolas are antihomothetic. 


Figures directly similar but not similarly situated. 

246. Def. Two coplanar figures S and 8S’ are said to be 
directly similar when one of them (S’ say) can be rotated about 
a point (A’ say) in the plane so as to become homothetic with 
the other (8). 

Let P’ and Q’ be two points of S’. Let these points when 
S'is rotated round A’ through the proper angle (a say) come 
into the positions P”, Q” so as to be homothetic with P and 
Q of the figure 8. 

Then PO Pies 

But since A’P’= APY end) AY =A 07 
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end eee CAA) 7 PAY fore PA'P’ = 2.0 A'Q", 
SAP ACS AP AO", 

and PE) vee, 

_ thus PQU:zPQ=k. 

Thus the line joining any two points of the figure S is ina 
constant ratio to the line joining the two corresponding points 
of 8’. And therefore the triangle formed by joining any three 
points of S is similar to the triangle formed by joining the 
three corresponding points of S’. 


247. Proposition. If S and S’ be two coplanar figures 
which are directly similar and a be the angle through which S’ 
must be turned round the point A’ to make it homothetic with 8, 
then if S’ be turned about any other point B’ in the plane through 
the same angle a it will become homothetic with 8. 

For let S, be the new figure when this rotation round B’ 
takes place and let the point P’ of S’ become P, of S). 

Now plainly if we rotate S’ about any point through an 
angle a the line P’Q’ joining two points of S’ will come into a 
position which will be parallel to the line joining the points P 
and Q of S which correspond with P’ and Q’. Therefore P,Q, 
is parallel to PQ. 

And P,Q, =P’ =k. PQ. 

Thus the ratio of P,Q, : PQ is constant. 

_ Hence the figure S, may be regarded as the locus of points 
Q, got by drawing lines P,Q, through P, parallel to PQ for 
various positions of @ in the figure S, and such that P,Q, = PQ 
is constant (= k). 

Thus S, is homothetic with S. 


248. Proposition. If two central conics S and S’ are 
antihomothetic they are at the same time also homothetie. 

For two antihomothetic figures are such that if one of them 
be rotated through two right angles it will become homothetic 
with the other. 
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Hence if two central conics S and S’, be antihomothetic, 
then S’ by rotation round its centre through two right angles 
will become homothetic with S’. But when a central conic 
is rotated about its centre through two right angles the opposite 
ends of each diameter merely exchange places. 

So that if P’Q’ be a diameter of S’, and P be the point of S 
corresponding with P’ when the conics are considered as anti- 
homothetic, then S and S’ must also be homothetic, with P 
and Q’ as corresponding points. 

O 


249. To find the condition that the conics 
S= aa? + 2hay + by*+ 2gu + 2fy+c=0, 
S'= aa? + Qh’ay + b'y? + 29’ + 2f’y +¢' =0 
may be similar but not homothetic. 


If the conics are similar then S’ by rotation about any point 
in its plane can be made homothetic with S, and then the 
asymptotes of the two will be parallel. 


Hence in their original positions the angle between the 


asymptotes of the one must be equal to the angle between the 
asymptotes of the other. 


—— rr Cr eee 
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But the asymptotes of S and S’ are parallel respectively to 
ax? + 2hay + by? =0, 
aa? + 2h’xy + O'y? = 0. 
Hence we must have (§ 110) 
2Vab—h? sino _ 2 Va/b’ — h? sin 
a+b—2hcosa ~ a’ +b’—2h' cosa’ 


where @ is the angle between the axes. 
ab — h? a ab’ —h? 
(a+b—2heosa) (a +b’ — 2h’ cosw)*’ 

This then is the necessary condition that the conics should 
be similar. It is also sufficient for, if it hold, the angle 
between the asymptotes of the one will be equal to the angle 
between the asymptotes of the other. 

And thus by rotation of one of the conics it can be brought 
into a position such that its asymptotes will be parallel to 
those of the other, that is the two will be homothetic. 

The condition however does not discriminate between the 
two cases where S and 8’ are really similar and where they are 
only imaginarily similar. 


Thus 


Examples. 1. Two conics whose eccentricities are equal are similar. 


2. A hyperbola and its conjugate are imaginarily homothetic, and a 
real focus of the one corresponds with an imaginary focus of the other. 


250. Confocal conics. 
A system of central conics having all four foci in common is 
called a confocal system. 
The general equation of conics confocal with the ellipse 


2 
= 5 1 is at once seen to be (§ 215) 
a pee 
OE Cont 2s aa 


Different confocals are obtained by taking different values 
of X. 
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251. Proposition. Through every point in the plane of 


the ellipse 7 +o 1 two confocal conics can be drawn, one an 
ellipse and the other a hyperbola. 
For the value of » for a confocal through the point (a, 7) 
is given by 
Ly Oe 
ee ee iad 


That is 
(V4.0) (A+B) — 92 (r+ b)—- (A+ a) =0 ...(1). 
Now when X= © the left-hand side of this is positive, 
when X= — 0? the left-hand side is negative, 
when \ = — a? the left-hand side is positive. 
Thus there is a value of X between oo and — 0? satisfying (1) 
and a value between — b? and — a’. 


That is one of the values of > satisfying (1) makes both 
a?+r and b?+2 positive, and the other makes a+) positive 
and b? +» negative. 


Hence there are two confocals through (a,, y,) to the given 
ellipse, the one an ellipse and the other a hyperbola. 


252. Proposition. Confocal conics cut at right angles. 


x of 
Let ae cere fact sieges anja at aes elena (1), 
a y? 

GPF hy = P+ sees] LEPC, See (2) 
be the two conics through the point (a, y,) confocal with 
a y? 
ae eo 1 

2. 2 7] 2 
Therefore a z ¥ as + <= i 
2 
and os y ih 


Gi he 


a ee es 
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whence by subtraction 
oe Yr 
(a? + ry) (a? + Ad) +& +2) (0? +A) 
which is the condition that the tangents at (a, y,) to (1) and 
(2), viz., , 


= 0, 


LX, YY a 
Gia +A, 
LHL, YY ==) jh 
ata, OF+A,. 
should be at right angles to one another. 


and 


Hence the proposition is proved. 


253. =i express the coordinates of any point in the plane of 


the ellipse = = oe Y’ 1 in terms of the axes of the conics through 


b2 
at confocal with the ellipse. 


Let (a, y:) be the point and let the confocals through it be 


a y? 
ee 
Pee (Ore : 
2 2 
x y =r4 i 


a+ re ue b+ A, 
ay? yy — 1 


Cry ares 
vanishes when w =, and when w=), 
_ 2 ae et A (Ay — @) (An — @) 
“?P+o site wee ~“(@+o)(?+o) ’ 


=e A is independent of o. 
Put o=0 and we get d=—1, 


, 7 Yr a1 3-2) Oa 2) 

"+o B+e ~ (# +o) (+ o)’ 
2 (2 Ay — ) 
oop EEO) (Gey g) = Maas 


In this put o = — a, 
_@ +X a (a? + a) _ Ae? 
— b a?—b? 


bw 


268 CONFOCAL CONICS 
ae: (b? +24) (0? + As) b,2b.2 
Similarly y?= (F ) ‘= fa = By 
where av=a@+rA, av=a@t+rs, 


b2=B+%,, bf =0? +A. 
The same result could have been obtained by solving the 


equations 
ns ee Site 
@+rhmy P+, ? 
Ae ARES OT 


Fe Sp ep 


254. Let p, and p, be the perpendiculars from the centre 
on the tangents at P (a, 4) to the two confocals through (2, ¥1), 


Glee a aie ce Yr 
5 pe (a? Bie aye (0? + Mm) ' 
Ay,” bb? } 

a2—b w@—b 

P ans % bs i 


1 (a?+A2)(O?+r1)— (b?+A») (a+r) 


Ok ir aa b a.*b° . 


Similarly pe = ———. 


Example. If P be a point in the plane of a conic S, centre C, and if 
Ay» b, and ag, by be the semi-axes of the two confocals to S through P and 
if conics be drawn having their centre at P and their semi-axes of lengths 
a, % and b,, bz lying along the normals to the two confocals through P, 
these two conics thus drawn will be confocal with one another and will pass 
through Cand have for their tangents at C the axes of S. [The coordinates 
of C with reference to the axes of the new coordinates will be p, and p2 


(§ 254).] 
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255. Confocal parabolas. ‘Two parabolas may be 
regarded as confocal if they have a common focus and their 
axes in the same line. Two confocal parabolas may be looked 
upon as the limiting case of two confocal ellipses, three of 
whose foci are at infinity. 


A system of confocal parabolas is best represented by taking 
their common non-vanishing focus for the origin and their 
common axis for the axis of z. Then if 4a be the latus rectum 
of one of the parabolas its equation will be 


y? = 4a (@ + a). 


This equation then gives for different values of a a system 
of confocal parabolas. 


EXAMPLES. 


1. If the confocals through (2,, y,) to the ellipse 


“a Y 
Se a Sl 
a eee 
2 2 2 2 
Hf be : Yy 1 d ¥ 
pr eA ea ha OPA 
ok HEE a AA 


(ii) x?+ ye —@— b=, +rq. 


2. IE£ ¢ be the angle between the tangents from (a, Y,) to 


prove that tan @= 
1 


BSio// = 
tan > a x? 


where A, and A, are the parameters of the confocals through P. 


Hence shew that 


a 
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3. The equation of the pair of tangents from P to 


ye 
ot BT 
referred to the normals to the confocals through P as axes 1S 
> 4) 2 
gad Ag eH 
aged 


where X, and A, are the parameters of the confocals through P. 
4, Shew ye if ~ be the angle which the tangents from P to 


thee llipse of -—1 make with the tangent at P to the confocal 


atR 
ellipse through P, then 


c x 
cing=a/ 


where , and A, are the parameters of the confocal ellipse and 
hyperbola respectively. 


e 


5. If from a point P tangents be drawn to each of two confocal 
ellipses and y and y be the angles which these make with the 
tangent at P to the confocal ellipse through P, then the ratio 
sin y:siny will be constant for all positions of P on an ellipse 
confocal with the given ellipses. 


6. I£ two similar concentric ellipses touch one another, shew 
that the angle between their ma axes is 
(a’? — a?) : 
Je (a? —6?)’ . 
a, 6 and a’, b’ being the semi-axes. 


tan 


7. The locus of the pole of a given straight line with respect 
to a system of confocal conics is a straight line. 


8. The difference of the squares of the perpendiculars drawn 
from the centre on any two parallel tangents to two given confocals 
is constant. 4 


[Take acosat+ysina=p and wcosat+ysina=p' 
as the tangents to 
a" ae 
oe Bey 
aR are aaa ao sas 
9. The locus of points such that two tangents drawn from 
them, one to each of two confocals, are at right angles is a circle 
concentric with the two confocals. 
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10. Tangents are ee elas a fixed point (a’, y’) to a series 


of conics confocal with © — + a ule shew that the locus of their 
points of contact is 
LN eee = 6 
y-y e— oe  at'y—ay!” 
11. Shew that the locus of a point such that the tangents from 
it to the ellipse 2°/a? +¥°/b? =1 contain an angle 2a is given by 


a,° cos? a + a,” sin? a= a?, 
where a, and a, are the primary semi-axes of the confocals through 
the point. 


12. Shew that the ab Seale as Pale: k) to the conics passing 


through (h, &) confocal with = =~ sh =1 are represented by the 


b? 
equation 


hk {( —h)? —(y—k)} + (2-2? + a? — 8) (w—h) (y—h) =0. 


13. From a fixed point P pairs of tangents PQ, PQ’ are drawn 
to each of a system of confocal conics. Prove that the circles PQQ’ 
form a coaxal system. 


14, A straight line PQRS intersects two confocal ellipses at 
the points P, Y, #, S in order. If the tangents at P and Q are 
perpendicular, prove that the tangents at @ and S are also 
perpendicular. 


15. The polar of a fixed point (&, 7) with respect to one conic of 
a system confocal with 2?/a?+y?/b?=1 touches another conic of 
the’ system at some point. Shew that the locus of such points 
is the curve 


(Ey — 9x) (2? + y? — Ea — ny) = (a? — b*) (aw —€) (y—7). 

16. Prove that the two families of conics which have their 
centres at the point (a, 8) and touch the axes of # and y respectively 
at the origin are represented by the equations 

(ay — Ba)? = A (y*— 2By) 
and — (ay — Bx)? = B (a? — 2ax) 
respectively, A and B having arbitrary values. Prove also that 
if 4 + B=0 the pairs of conics are confocal. 
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17. From a point P on an ellipse of semi-axes a’ and 0’ tangents 
are drawn to an internal confocal ellipse, and these meet the first 
ellipse in points Q and & ; prove that the locus of the intersections 
of tangents at Q and & is another ellipse of semi-axes a and 6 


such that 
1 b 1 a 
a? @ va ) ~ 6? (1 -*). 
y 


2 
18. Tangents are drawn to the ellipse at Aa 1 from any 
point 7’ on a given hyperbola confocal with the ellipse ; if 20 be 
the angle between the tangents, prove that sin 6 varies inversely 
as CD, where CD is the semi-diameter conjugate to CZ’ of the 


ellipse through 7’ confocal with the given one. 


19. I£ two conics be drawn confocal with 

oe? y a ap 

at et and gripe 
respectively, then the eight points of contact. of their common 
tangents will lie on a circle. 


20, If a triangle be inscribed in a conic and circumscribed to 
a confocal the normals at the points of contact meet in a point; 
and the normals to the conic at the vertices of the triangle meet 
in a point. 


21. Shew that 
(a—a)?+(y—bP  (a-a P+ y-OYP 
= Z 


y? Y 


is the circle which has as diameter the line joining the centres 
of similitude of the circles 


(w—ay+(y—bP—r=0, (w—a'f+(y—b'P—7?=0. 


Prove that if a circle cut two circles of radii r and 7’ at angles 
a and a’ respectively, it cuts the circle of similitude of the two 
circles at right angles if 
r cosa=Prcosa’. 


CHAPTER XIV. 
AREAL COORDINATES. 


256. Definition. Let ABC be a triangle, and P any 
point in its plane, then the areal coordinates of the poimt P 
with reference to the triangle ABC are defined as the three 
ratios 

APBC APCA APAB 
ABC See hCA OLB | 


It will be convenient to denote these by X, Y, Z respectively. 
It will be seen at once if the point P lie within the triangle 
ABC that 


ee yee = 1 


But this identical relation holds wherever the pomt P may 
be in the plane of the triangle ABO, for it is to be observed 
that the signs of the areas have to be taken into account (§ 10). 
Thus if P and A be on the same side of the line BC, then the 
areas PBC and ABC will have the same sign and the ratio of 
these two areas will be positive; but if P and A be on opposite 
sides of BC the ratio of the areas will be negative. 

Thus X will be positive or negative according as P and A 
are on the same or opposite sides of BC. 

Thus Y will be positive or negative according as P and B 
are on the same or opposite sides of CA. 

Thus Z will be positive or negative according as P and C 
are on the same or opposite sides of AB. 


‘: 18 
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It will be seen that the three denominators we have given 
for X, Y, Z are the same both in magnitude and sign, for 
AABC= ABCA=ACAB, 


the cyclical order of the letters being the same in all. 


257. It is now clear that the relation X + Y+Z=1 must 
hold wherever P be in the plane. 


For let PA meet BC in D. 
Thus on addition 
APCA+ APAB= APOB+ AABC, 
that 1s APAB+ APCA+ APBC= AABC, 
At Y4+Z=1. 
Examples. 1. The areal coordinates of the vertices of the triangle of 
reference ABC are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively. 


2. The areal coordinates of the middle points of the sides of the 
triangle of reference are (3, $, 0), (3, 0, 3), (3 3 9) 


3. The areal coordinates of the centroid of the triangle 4 BC are (5, $, 3). 


4, The areal coordinates of the orthocentre of the triangle of reference 
are (cot*B cot C, cot C cot A, cot A cot B). 


258. Formulae of transition from Cartesian to areal 
coordinates. 


The following relations are of great use and importance. 


If (a, 41), (#2, Yo), (#3, Ys) be the Cartesian coordinates 
referred to any axes (rectangular or oblique) in rts plane of the 
vertices of the triangle ABO, and (a, y) the Cartesian coordinates 
of P in the plane, then 

c= a7,X+a,Y+ 4,2, 


y=pX+pY +y;4, 


where X, Y, Z are the areal coordinates of P referred to the 


triangle ABC. 


Fle at teen an rial Dir EN 
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APBC 

For x= RAR O.- Lv, aX, Xs = TM, %, ? 
Y, Ya Ys UY, Ya Ys 
oe ae Ales W ed apa 

1 B(Yo— Ys) + Y (Hs — He) + (oY — €3Y2) = AX, 
where NSP aye, 05 

N> Yr, Y3 
La NL. il 

Similarly 


2 (Y3— Yi) + Y (4, — Hy) + (B41 — MYs) = AY, 
and L(Y — Yo) + Y (@_ — Ly) + (HY — %q41) = AZ, 


Multiplying these by 2, a, # respectively we get by 
addition 


th =A (aX + 2, Y + #2), 
whence t= 0X +2, 4+ 2,2. 
Similarly on multiplying by yj, yo, Ys we get 
Y=WX+y2V +y;4. 


259. The following special case of the above will be found 
useful, 


Let the axes of the Cartesian coordinates be the sides CB, 
CA of the triangle ABC. 


y — axis 


Cc 2 —azis B 


Then the coordinates of A, B, C are respectively 
(05:6), (a, 0}, <.(0,-0), 
18—2 
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that 1s a2=ay, 
y=bX, 
or Xa, Ye-, 
b a 
and Zn ee 
a b 


260. Area of triangle. 

From the relations of § 258 we can see that the area of the 
triangle the areal coordinates of whose vertices are (X,Y 
(X2, Yo, 2), (Xs, Vs, Zs) 08 

Mie ay, Zh eAABe: 
. ye Ly 
X;, Ys, 2s 

For (a, ¥1), (#2, Yo), (#3, Ys) being the Cartesian coordinates 
of the vertices A, B, CO of the triangle of reference and the 
angle between the axes, the area will be 
hsinw | 2, X,+a.Vi+0,4,, 0, XotaYot+a;,Z,, %,X5+%2,¥,+H,%; |, 

Yr kit YoVityshr; Yy X2+Y2V 2+ YsZo, WX styoV,+y34s 
X,+¥,+4, X.+ Y.+Z,, X,+ Y;+2; 


and this 
=tsinw | m4, a, & iat pee Vic 


Ly 
Yr» Ys, Ys X,, Y,; 2, 
ieee Lope L Agee Veh Li 
w (Xie daa tear ee. 
DAVE 
Xs, Ee Zs 


261. Distance between two points whose areal 
coordinates are known. 


The simpler relations of § 259 enable us to obtain an 
expression for the distance between two points P and Q whose 
areal coordinates are (X;, Y,, Z), (Xo, Yo, Z). 
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For let (a, 41), (@2, Ye) be the Cartesian coordinates of P and 
Q referred to CB, CA as axes; then 
PQ? = (a — a2) + (Ys — Yo) + 2 (& — 2) (4. — Yo) COS C 
=a?(Y,— Y,)? +b? (X,— X,)?+ 2ab(Y,— Y2)(X, — X.)cosC 
=a? (Y,— Y,)?+0?(X,— X.)P 
+ (a? + 6? — 0?) (VY, — Y.)(X1 — X2) 
= a?(Y,—Y,)(Y¥,— Y.+ Xi — X2) 
+ b(X,— X,)(X, — X.+ Yi— VY.) -—¢ (X1— X2) (Vi — ¥:) 
=-—a?(Y,-Y, (4-2) —8 (Z,— Z,) (X1— X2) 
—@(X,—X,.)(Y,— Y.), 
by using the relations 
X,+ ¥,4+4=1, X,+ Y,+4,=1. 


262. Areal coordinates of a point on a line joining 
two given points. 

Ck, V1; 21), (Xa, Yo; 23) be the areal coordinates of P and 
Q, and R be a point in PQ such that PR: RQ=k:1 the areal 
coordinates of R will be 

kX,+1X, kY,+1Y, kZ,4+1Z, 
bebe? kh eg kL 

For denoting by (a, 41), (#2, Ys) the Cartesian coordinates of 
P and Q referred to CB, CA as axes, the coordinates of R 
referred to these same axes will be (§ 9) 


ka, tla, kyt+ly 


pastas eth bn! 
: a(kY,+1Y1) b (kX, + 1X)) 
that is rey : pal é 
OF kX, + 1X, 
Sanne (Ry 
“LR hY,+lY, 
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and 
bX,+1X, kY+1Y, k—X,-¥)+10-M- VK) 
Cae nag ay ae IS ag, 
bE, + Uh, 
i are 


263. The homogeneity of the equations of loci in 
areal coordinates, 


By means of the relation X+ Y+Z=1 the algebraical 
equation of any curve in areal coordinates can be made 
homogeneous in X, Y, Z Thus the most general equation of 
the second order in X, Y, Z is of the form 


AX?+ BY?+CZ2?+2FYZ+2GZX +2HXY 
+20X +2VY+2WZ+D=0, 


and this is the same as re 
AX?+ BY?+ 0724+ 2FYZ+2GZX +2HXY 
+(X¥4+ V4 Z)(2UX+2VV4+2WZ)+D(X+V+ZP=0, 
which is of the form 
A’'X?4 BY?+ 0272+ 2F' YZ + 2@’ZX + 2H'XY =0, 
and this is homogeneous in X, Y, Z. 


Similarly equations in X, Y, Z of higher order can be made 
homogeneous. 


264. The linear equation. 
The general equation of a line in Cartesian coordinates is 
Az+By+C=0. 
Using § 258 so as to transform this to areals we shall get 
A (@,X + 4,Y+a,Z)+B(yX +y.¥+y4,Z)+0(X+V+Z)=0, 
which is of the form 
LX +MY+NZ=0. 
Conversely it is obvious that the equation of the first order 
LIX+MY+NZ=0 
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must represent a line, for if (Xi, Yi, Len) KRY p25) (A 93 V93:25) 
be three points on the locus represented by this equation, 
LX,+ MY,+ NZ, =9, 
LX,+ MY,+ NZ,=0, 
LX,+MY,+ NZ,=9, 
Xi oY ss eZee, 
Xd ae Kan als 
NEN S Aare 
shewing that the area of the triangle formed by the three points 
is zero. These points then must be collinear. 


265. The line at infinity. 
The equation 
X+V¥4+Z=¢€(X +mY+nZ) 
becomes on transforming to CB, C/A as Cartesian axes 


re) as nay KA 
1 ely tema en(1 4 t) 


that is e(m—n)—+e(I—n) f= 1—en, 


which is a line whose intercepts on the axes are 
a (1—en) b(1—en) 
e(m—n)’ e(l—n) ’ 
both of which get larger and larger as € gets smaller and 
smaller. And in the limit when e approaches zero these become 
infinite. Thus 
xX + Ye ty Ase Z) 


is a line with infinite intercepts on the axes. This line we call 
the line at infinity. Its equation is often written 
X+Y+Z=0, 
but it is misleading so to write it unless its use is properly 
understood, for while ¢ is very small, 
e(LX +mY +74) 
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is not so, being in fact equal to X + Y+Z which is unity. The 
justification for writing the equation in the form 


X+Y+Z=0 
will appear presently. (See §§ 266, 278, 286, 300 a.) 


266. Parallel lines. 


We may make use of the line at infinity to find the condition 
that the lines 
X¥+mY+nZ=0, 


VX+mVY+nZ=0 
should be parallel. 


For we regard parallel lines as lines which intersect on the 
line at infinity, that is on 


X+V4+Z=e(AX +uY+4+vZ). 
These three equations then must hold simultaneously, 


e mM, n =0Q, 


l—ed, l-—ep, l-—ev 


that is when ¢ approaches zero, 


Ln, “ney =O: 
t” m’, n’ 
I Golgi Wee, 1 | 


We see now that this is the result we should have obtained 
had we made the equations 


IX +mY+nZ=0, 
UX+mY+n'Z=0, 
X+Y+4+Z=0, 


hold simultaneously, in other words if we had written the line 
at infinity 
X+V+Z=0. 


wee” AN 
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Examples. 1. Obtain the equations to the lines joining the middle 
points of the sides of the triangle of reference in the form Y+Z—X=0, 
Z4+X-Y=0, X+ Y—Z=0. 


Shew that these are parallel to the sides of the triangle. 


2. Find the equation of the line which passes through the vertex A 
of the triangle of reference and through the intersection of the lines 


iX+mV+nZ=0, UX+mV+nr'Z=0. 
3. Find the equation of the line through the intersection of 
iX+mY¥+nZ=0 and X+m'Y+n'Z=0 
and parallel to the side BO of the triangle of reference. 


4, Interpret in relation to the line 7X¥+mY+4nZ=0 the equation 
mY +nZ=0. 


5. Prove that the condition that the lines 
iX+mV+nZ=0, 'X4+m'Y+n'Z=0 
should be at right angles is 


a2 Il’ +2 mm! +c2nn’ —(mn' +m'n) be cos A — (nl +n'l) ca cos B 
— (lm'+l'm) ab cos C=0. 


[Transform to Cartesians with CB and C'A as axes. } 


6. The general equation of lines parallel to the side Y¥=0 of the 
triangle of reference is X= (X+Y+2Z). 


267. To find the length of the perpendicular from (Api, 2) 


on the line 
IX +mY+nZ=0. 


On transforming to Cartesian axes CB, CA the equation 
becomes 


U ¢ ~2_#)- 
1k +m= +n (1 el: 0. 


The perpendicular distance of (#,, y,) on this is (§ 109) 


sin Of +m S4n(1- 3-9); 


VX mo 
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cer gi i Datapeab ey: sealed nigel 
ab sin C P+ m2 en(I a | 


\ 


gp eT ak eal Geta 2 Eg Fane a 
Vb? (m— ny + a? (l — ny — (a + b?— c*) (m — 2) (l —n) 


af QA (LX,+ mY, + "Z,) 
~ Vae(b—n) (L—m) +B? (m —n)(m—1) + 2 (n=l) (n—m) 
i 2A (LX, + mY, +nZ;) 


NAO) ‘ 
where 


0 = Pa? + mb? + ne? — 2mnbe cos A — 2nlca cos B — 2lmab cos C. 


268. We see then that the lengths of the perpendiculars 
from the vertices A, B, C of the triangle of reference on the 
line 

IX+mY+nZ=0 

QAl 2Am 2An 

DTD er ele 
where D stands for the denominator 


are 


Va? (lL —n)(l— m) + 8 (m—n)(m—1) +2 (n—l)(n— m). 


Thus 1, m,n are proportional to the perpendiculars from the 
vertices of the triangle of reference on the line. 


If p, g, r be the perpendiculars from the vertices then 
Limn=p:q: 7. 

And the perpendicular from (X,, Y;, Z,) on the line becomes 

2A (pX,+q¥i+7Z,) 
Vai(p—q)(p—r) + BQ —r)qQ—p)ter—p)r—g) 
In particular the perpendicular from A is 

2Ap 

Va? (p—q)(p—7) + B(q—r)(q—p) +e (r—p)(r—9) 


But this =p. Hence we see that p,q, r must satisfy the 
identical relation 


a (p—q)(p—r)+h(q—r)q—p)+e(r —p)(r—q) = 44. 


) 
“ 
‘ 
z 
4 
ma 
7 
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269. These perpendiculars p, g, 7 from the vertices A, B, C 
on to the line are sometimes called the coordinates of the line, 
such coordinates satisfying this identical relation. 

We may however for all practical purposes speak of J, m, n 
which are proportional to p, g, r as the coordinates of the line, 
but there is no identical relation satisfied by J, m, n unless they 
are actually equal to p, q, r. 


270. Special form of the equation of a line. 
If (X, Y, Z) be any point on a line passing through 
(X,, Y;, 2) then 
X-X, Y-Y, 4-4,_ 
l m n 
where r is the algebraical distance of (X, Y, Z) from (X1, Yi, 4) 
and l, m, n are constants for the line which satisfy the relations 


l+m+n= 0, 


Yr, 


a@mn + bnl + elm = — 1. 
For let D be the point (X,, Yi, 4%) and let # (X2, Y2, 22) be 
some other definite point on the line. 
Then if P be the point (X, Y, Z) on the line and if 


DP: PE=k:k 
we know that 
kX,+h/X, _kY,+khY;, _kZ,+kZ, 
OS 9 oh ee a a Te 
k(X,— X;) 
BOD GE ak etc., 


36D Can a Cay Ae PE ANE 
Re ee Vy a, eh aD ie Toe 
' where ris the distance DP, and 7,,'the distance DE reckoned 
algebraically. 


Now write 
X,—*1 _ | Ve gabr Lu— Ly 


Vie Tie Vy. 
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and the equations of the line become 
xX —X, We Vi ines 
Dod ines ote) ee ‘ 


Xo+ Y,+ Z,—(4 + Ye 4)e 


where l+m+n=- 
Ti2 


0, 


and a?mn + b'nl + elm 
_ e(Y,— Y,)(Z,— Z,) +B? (Z,—Z,)(X,— Xo) +0(X,—X2)(Vi— Fa) 


2 
Vig 


=-1l. 
It is easy to see that if the line be parallel to the side BC 


of the triangle of reference 1=0 for X will be constant along 
the line, so that in this case 


m+n=0, 
a@mn=— 1. 
So that l:m:n=0:1:—1. 


The student will of course understand that the J, m, n used 
in this form of the equation of a line are not the same as the 
I, m, n used when the equation of the line is written 


IX +mY+nZ=0. 


271. General equation of the second degree. 


As the general equation of the second degree, which we will 
take to be 


AX?+ BY*+ CZ? + 2FYZ + 2GZX + 2HXV=0, 
transforms to an equation of the second degree, in a, y the 


corresponding Cartesian coordinates by means of § 258 or § 259, 
it is clear that this equation must represent a conic 


272. Condition for a pair of straight lines. 
If the equation represent a pair of straight lines then 
AX?+BY?+ C24 2FVZ + 2GZX + 2HXV 
must be the product of two linear factors such as 


(LX +MY+NZ)(UX+MY+ND, 


alt sl lt i 


ok 
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that is to say 
AX?4+2HXV+ BY?+2GX +2FY 
=(LX+MY+N)(I'X+ M'Y+N’), 


and the condition for this we have seen to be 


A, Yat. G =0, 
He ops F 
Gait IC. 


273. The nature of the conic represented by the general 
equation in the case where this is not two straight lines can be 
decided by transforming to Cartesians with CB, C'A as axes, 

Mimeriieey mei. Vet Sabo e 

b a a b 
and the equation becomes 
fa B ~*_¥) =( -£_¥) 
AR+BS+C( GeO aes : Gamo 
Ar at 
426% (1-2—$) + 2H =o, 

The terms of the highest degree, which determine the 
nature of the conic are 
B+C-—2F C+H-F-G C+A-2G4 , 
tat e+ 2 a Ce PS eee raat Fy 
274. Conditions for a circle. 


If the conic be a circle the terms of the highest degree 
must be of the form 


K (a + 2xy cos C+ y”). 
Therefore 
B+C-2F . C+A-2G C+H-F-G 
a? : b : ab 
2+bh—¢ 
Ste 2ab 
That is 


B+O-2F C+A-2@ 2(0+H-F- @) 


a? b? a? i b? — ¢? ? 


pace 
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and each of these 
(B+ C0-2F)4+(C +4 —2G)—-2(0C+ H- F-G) 
= a? + b?— (a? + B — Cc?) 
See DAS 


C 


Thus the conditions for a circle are 


B+C-2F C+A—2G A+B-2H 


a b? Cc; 


275. Discrimination of ellipse, parabola and hyper- 
bola. 

Reverting to § 273 we see that the general conic will repre- 
sent an ellipse, parabola, or hyperbola according as 

(C+H-—F-—G)y3(B+C-2F) (C+ A-2@), 
that is, according as 
F?+ G+ H?—-2FG —-2GH -—2HF+2AF 
+ 2BG + 20H — BC— CA —ABS0, 


that is, according as 


y Weed sik ROL Be WI 
boa igeld corn Hine 
Ges Eg ek 
bE aes died Wer 6 
This discrimination can be otherwise expressed : 
If we write B+C-2F=p, 
C+A-2G=q, 
A+B-2H =r, 


we see that 2(C+H-F-G=p+q-r. 
Thus the conic is an ellipse,parabola, or hyperbola according as 


(p+q—ry 5 4pg, 
that is pt+g@t+r—2pg —2qr —2rp = 0. 


that is + 
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276. Condition for rectangular hyperbola. 


Again we see that the conic will be a rectangular hyperbola if 


B+C-2F C+A-22G CH= i — ¢ 
ue ee 
a b? ab 


cos C = 0, 


Gs pirg=r ei eG 


oa. iO Faas Se 2.0 
that is 2pb? + 2qa?—(pt+q—r1r) (a+b? —c?) =0, 
that is p(+c—a@)+q(?+a?—b*) +r (a? +B —c*)=0, 
which we may write 


pow A  geosB reos’ _ 


a b c te 


277. Summary. 
We may then sum up these results for reference. 


The conic will be a circle if 


V ae Slee 


CD ec 

The conic will be an ellipse, parabola, or hyperbola according as 
A, MHS OG,01 26. 

ERED Sue be ok 
Gere 
esas rd 

or as this may be written 

pretr—2pq— 2gr —2rp = 0. 


The conic will be a rectangular hyperbola if 


. 


. 


1 
0 


- 


poosA | qcosB , reosC_ 4 
a b c 
Should the conditions for two straight lines and for a rect- 
angular hyperbola be both satisfied, then of course the equation 
represents a pair of straight lines at right angles, these being a 
particular case of a rectangular hyperbola. 
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278. We can discriminate the ellipse, parabola and hyper- 
bola without any transformation to Cartesians by making use of 
the line at infinity. For eliminating Z between 


AX? +BY? +024 2FYZ+2GZX + 2HXY=0...(1) 
and X4+ VtFZ=c(UX+MV4AMNZ) .......000- (2), 
we obtain on making e very small 
AX?4+ BY?4+0(X+ YP—2(FY+GX)(X + Y)+2HXV=0, 
that is 
(A +C-2G) X°4+2(C+H-F-G)XY 
+(B+C-2F)Y?=0...... (3). 
The left-hand side of this equation being the product of two 
linear factors of the form 7~.X + wY, XX +p’, (8) represents 
the pair of straight lines joining the vertex C of the triangle 
of reference to the points of intersection of (1) and (2), that is 
the points of intersection of the conic with the line at infinity. 
Now an ellipse meets the line at infinity in two imaginary 
points, a hyperbola meets it in two real points (§§ 183—185), 
and, as is known from Pure Geometry, a parabola touches it. 
Thus the conic will bean ellipse, parabola, or hyperbola 
according as 
(C+ H—-F- Gpe(A+C—2G4)(B4+ C0 -2F). 


It will be observed here again that as we make e very small 
after the elimination of Z the result is the same as if we had 
written X + Y+ Z=0 for the line at infinity. 


Examples. 1. The condition that the conic 
AX?+ BY*+CZ?=0 
BC+CA+AB=0. 


| should be a parabola is 


2. The condition that 


FYZ+GZX+HRY=0 
should be a parabola is 


tVF4NG4t/H=0. 
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3. Shew that the conic 
Y?/b? + Z2/c? = X2/a? 
is an ellipse, parabola, or hyperbola according as the angle 4 of the triangle 


of reference is obtuse, right, or acute, a, b, ¢ being the lengths of the sides 
of the triangle. 


4. Rationalise the equation 
NX +N up V4+n7Z=0 
and shew that the conic represented by it will be a parabola if 
At+pt+yv=0. 
5. Shew that the equation 
@YZ+0ZX +X VY=0 
represents a circle, as does also 
CYZ+0ZX+0E0X VY4+(X4+V+Z) (X+mY¥+nZ)=0. 
6. Shew that the equation 
p (wy — wz)? +9 (we — ua P?+r (ue — vy)? =0 
represents a pair of straight lines meeting in the point whose coordinates 


: oa a | 
are proportional to aXe: 


279. As throughout the rest of this chapter we shall not 
have occasion any more to transform our areal coordinates into 
Cartesian, it will be unnecessary to continue to use capital 
letters X, Y, Z for the areal coordinates of a point. We shall 
accordingly make use of «, y, 2 instead. We shall continue for 
the present to use capital letters A, B, C, ete., for the coefficients 
in the general equation of the conic so that there may be no 
fear of confusing these coefficients with the lengths of the sides 
of the triangle of reference. 


280. Intersection of line and conic. 
Let us find where the line 


re ON he) 
aan “ Pig ce Raclen sos ion (1) 


meets the conic 
f (@, y, 2) = Av? + By + C2 + 2Fyz + 2Gza + 2Haxy =0...(2). 
From (1) we have 
g2=HQ+lr, ySeytmry, 24+". 
re 19 
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Substituting in (2) we get 
A(a,+lrP+B(y+mryt+ O(a + unre t 2F (y+ mr) (2, + nr) 
+ 2G (2, + nr) (a, + lr) + 2H (x, + Ir) (y,+ mr) =0, 


that is 
F(L m, n)r? +2 (E+ mn +0) r+ f(a, Yrs 2) = 9...(3), 
where &,= Aa, + Hy, + Gz, 


m = Ha, +By, + FZ, 
& = Ga,+Fy,+ Cz. 
This quadratic equation in r gives the algebraical distances 
from (a, 4%, 2) of the points in which the line meets the conic. 
281. Equation of tangent at a given point. 


If (a, #1, %) be the given point, the line (1) of the preceding 
article will be a tangent to the conic if both of the roots of the 
quadratic equation (8) in r are zero. 


This requires (i); f(@y4i, 4%) =0, 
which is satisfied since the point is on the conic; 
and (ii) l&,+mn,+nf,=0. 
Thus the equation of the tangent is 
(a — a) E+ (y—) m+ (2-4) &=0, 
that is w+ ym+2h=f (a, yr, %)=0. 
Written at length the equation of the tangent is then 
(Aa, + Hy, + Ga) «+ (Ha, + By, + Fa) y 
+ (Ga, + Fy, + Cz,) z= 0. 
If the notation of the differential calculus be employed 
this is 
of 


af ~.. af 
” Oa, 2 Jay, Ta, aa 


0 akin) : 
where A means the partial differential coefficient of J (Giga) 


with respect to a, and go on. 


AREAL COORDINATES 291 


The quantities £,, 7,, &, are respectively 


eel 


yn ie . 
Uy oy, : ay 


282. Chord of Contact and Polar. 
It will be convenient to write 7’ for the expression 
(Ax, + Ay, + Gz,) «+ (Ha, + By, + Fa) y + (Ga, + Fy, + Ca) 2 


_ so that 7’=0 is the equation of the tangent if (a, 4, 2) be on 
the curve. 


If (a, %, %) be not on the curve, it can be proved exactly 
as in § 135 that 7’=0 represents the chord of contact of tangents 
from (a, %4, 2) and the polar of (a, 4, 2). 


It can also be proved as in § 141 that the equation of the 
chord whose middle point is (#, y:, 4) 18s 7=8,. 


283. Condition for tangency. 
We can at once find the condition that the line 
bt my NZ =O oc seeeeeveceseeseses (1) 


should be a tangent to the conic given by the general equation. 
For suppose it is a tangent at (%, %, %), then (1) must be 
identical with 
(Aa, + Hy, + Gz) «2 +(Ha,+ By, + Fa) y 
+(Ga,+ Fy, + Cz,)2=0, 


A+ Hy, + Ge, Ha,+ By + Pa _ Ga, + Py, + Cz, 
a l oe m = n 


=) (say). 
Thus Aa, + Hy, + Ga, —lIr=0, 
Ha, + By, + Fz, -mr=0, 
Ga, + Fy, + Cz, — nd =0. 
Also since (a, Y1, %) satisfies (1) 


la, + my, +nz =0. 
*..19—2 
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Eliminating a, #1, 21, % we get 

As: AVG te a0: 
LSB. epee 
G, F, Gyn 
bs eee 

which when multiplied out gives 

A,P + Bym? +On? + 2Fymn + 2Gynl + 2Hylm = 0, 
where A,, B, etc. are the minors with their proper signs of 
A, B, C etc. in the determinant 


Appell aG 
eae 
Giles oO 


We see from (1) that the condition that the conic should 
touch the line at infinity 7+ y+z=0 is 


Ay Ho Goarlee 
H, BF 1 
Geen Se 
je SIG 


which is also the condition that the conic should be a parabola. 


Thus all parabolas touch the line at infinity. 


284. Equation of pair of tangents. 

We can prove in exactly the same way as was done in the 
case of Cartesian coordinates (§ 214) that the equation of the 
pair of tangents from (a, y,, 2) to the conic is ; 


I (@, Y 2) f(x, ee 2,) = 1”. 

For we have the general equation of conics having double 
contact with the given conic where the chord of contact T= 0 
meets it, viz. 

TL CMRIB Ae os Be 

We now choose ) so that this passes through (a, y,, 2) and 

thus have the equation of the pair of tangents. 
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285. The equation of the director circle. 
The pair of tangents from (a, %, 2,) to the conic 
Ss Aa? + By +02 4+2Pyz+ 2Gzeu + Hay =0, 
is 
(Aa? + By + C24 2Fyz + 2Gear + 2Hay) S, =(#F& + ym + 26). 
Expressing the condition that these should be at right 
angles (§ 277) we find at once 


(B+ 0 —2F) 8 —(m—£)7 224 
(Os A 9G)8, (6 — bt ae 
+ {(4 + B- 2H) 8, —(& —m)} oe 


Thus the equation of the director circle is 


(? cos A perce Bur 08 “) 8 
a b c 


_ cos A = B cos C C 


Ce nag Cee) (E-n), 


where &, 7, € are ane Ei 61 ee when we suppress the 
suffixes of a, y, z, that 1s 
£=An+ Hy+ Ge, n=Ha+ Byt+ Fz, $=Gat Fy+ Cz. 


986. The centre. 
Tangents at the extremities of any chord through the centre 
are parallel. 
- Thus the polar of the centre must be the line at infinity. 
Hence if (#,, y1, 2:1) be the coordinates of the centre, the line 
(Aa, + Hy, + Ga) a+ (Ha, + By + Pa)y 
+ (Ga, + Fy, + Cz) 2=0 


must be the same as 
atytz=e(la+my+nz), 
when e¢ is very small. 
. Aa, + Hy, + Ga = Ha, + By, + Fa 
= Ga, + Fy, + Cz, =X (say). 
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We thus have 

Aa, + Hy, + Ga,-r=0, 

Ha, + By, + Fa —r=0, 

Ga,+ Fy, + 0z,—-rA=0, 


and also L+y,+%4—-1=0. 
Eliminating x, y,, 2, we get 
AR 2G esaie=0; 
Eh or Bade os 
EE ed eae BE 
Aig)? Aas” oAiee oa 
A Go Nao soo: Aaeuer Dats 1) Teen) 
fs bed oad READS Heeb or a 
Gin OE Che, Gat G0 
Pe eies bad tard erate Cae et Pen Sl TL 
that is 
Xe Aj ee Gee Val © 40 A eee 
TiO UB. ae e HH, (Bees 
Goel Coie e Go FS 
lew dba hand 


Thus the coordinates of the centre are given by 
Ax, + Hy, + Ga, = Ha, + By, + Fz, = Ga, + Fy, + Cy, 


=-—| 4, H, G\ +) A, BenGad 
1S RS jE ADS 

Go hone Gao Eat 

to 


287. The coordinates of the centre can also be found very 
simply by using § 280. For as every line through the centre 
(&,, Y1, 2) meets the curve in two points equidistant from the 
centre the two roots of the quadratic equation (3) in r must be 
equal in magnitude and opposite in sign. 

J. LE +mn, +nb,= 0, 
for all values of J, m, n. 
But L+m+n=0 (8 270), 
.&=m=h. 


— ee ee en | ee 
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288. The Foci. 
If (2, 4%, %) be a focus of 
S= Aa? + By + C2 + 2Pyz + 2G@za + 2Hay = 0, 
the pair of tangents from (a, y1, 21), VIZ. 
(Aa? + By? + C2+ 2Fyz + 2Gze+ 2Haxy) 8, 


— (@&, + ym + 26) = 9, 
satisfy the conditions for a circle. 


These are (§ 277), 
(B+ C-2F)8,—(m—-&) _ (C+ A-2@)8,- (4 - &P 
a? i. b? 


_(4+B-2H)8,-(&-n) 
Ge P 


The coordinates of the foci then are given by 


pS—(n—o) _qS—(6-£) _ rS8—(E-n) 
b his 


a? 


289. The Axes. 
The foci are by the last article given by 
p= =F 18 -E-B SEW 


whence we have 
pS —(n—fP — a= 0, 


gS—(6- EP -0=0, 
rS —(E—nY—-AP=0. 


Eliminating S and > we see that the foci lie on the conic 


Pp, (N— EP, BHO vicceeeceeeeeeeees (1), 
Ge \omee) ee 
r, (é 7, n), Ce 


which is satisfied by £=7=6, that is § 286) by the centre of 
the given conic. 
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Thus (1) is the equation of the axes, for only one conic can 
be drawn through five points of which not more than three are 
collinear. 


I am not aware that the equation of the axes has ever been 
given in so simple a form before. 


290. The Asymptotes. 
The equation of the asymptotes will be 
Aa? + By? + C22 + 2Fyz+ 2Gze+ 2Hay +k(x«+y+ zP=0O, 
where k is a constant (§ 186). 


But the asymptotes pass through the centre (%, %, %) 
given by 
Ax,+ Hy, + Ge, = Hx, + By, + Fz, = Ga, + Fy, + C2z,= 2, 
where \ has the value found in § 286. 
Thus 
k=— (Aa? + By? + C22 + 2F yz, + 2Gz,0, + 2Hxy,) 
=— 2, (Aa, + Hy, + Ga) — y, (Ha, + By, + Fa) 


— 2, (Ga, + Fy, + Cz) 
=—-A(q+y%4+4)=—%X. 


Thus the asymptotes of f(a, y, z) =0 are 


J(@y,2z)| A, H, G o1|+@tyt+z2z?|4, A G\=0. 
IB; hes A OB 
G FerCa el Gi AT eG 
Le LP eeRo 


291. The student can easily prove as in § 188 that the 
condition that the lines 


la+my+nz=0, 


~ 


Va+my +n'z=0, 
should be conjugate lines for the conic, 


Ax + By? + C2 + 2Fyz + 2Gzx + 2Hay =0, 
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is AMHR G.0 1 ie 
Fite BAERS an 
Ge he Cain, 


vl, om, 0 
and that the condition that the pair of lines 
wa? + vy" + wa? + Qu’ yz + 2v'zx + 2w'ay = 0, 
should be conjugate is 
Ayw+ But Cw t+ 2Fw + 2G,v + 2Hw’ = 0, 
where A,, B,, etc., are the minors with their proper signs of 
A, B, etce., in the determinant 


Ae HT, 
VE Vee 
Geak O. 


Examples. 1. Ifthe vertex A of the triangle of reference be a focus 
of the conic 422+ By?+ 02=0 then a2=b?+c¢? and Bb?=Cc?. 

2. Shew that the equation 

w+ y+ 22 — Qyz+22n + 2xy=0, 

represents a hyperbola touching the side v=0 of the triangle of reference 
at its middle point, and having for asymptotes the sides y=0, z=0. 

3. The condition that 

le+my+nze=0 and Ux+m'y+n'z=0, 
should be conjugate lines for the conic 
Un? + vy? + wz? =0, 


ST os LSE 


o u v w 
4. The coordinates of the centre of the conic 
Vra+/ py +V2=0 
are proportional to w+v, v+A, A+uy. 
292. Conics circumscribing the triangle of refer- 


ence. 
The equation of a conic circumscribing the triangle of 


reference is of the form 
Fyz + Gea + Hay =0. 
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For taking the conic 
Aa + By?+ C24 2Fyz + 2Gza + 2Hay = 0, 
and expressing the fact that this passes through (1, 0, 0) the 
vertex A of the triangle of reference we get A =0. 
Sunilarly B= = C 


293. Conic touching the sides of the triangle of 
reference. 


The general equation of such conics is of the form 
Vra + Vy + V2 = 9. 
For taking the general conic and putting z= 0, which is the 
equation of the side AB of the triangle of reference we obtain 
Aa? + By? + 2Hay = 0. 
The left-hand side of this must be a perfect square in # and y, 
otherwise the conic would meet z = 0 in two different points. 
; oo shd =e, 
Similarly F?= BC and G=CA, 
Thus the equation of the conic becomes 
Aa? + By? + C2? + 2V BO yz +2/CA 2a t+ 2VAB wy p44 
Now put A#Hx, B=, C=7% 
The equation. becomes 


Mae + wy? + v2? + Quvyz + Wwrzwe + 2pry = 0. 
But the left side is a perfect square if we take all the 


ambiguous signs positive or if we take two negative and one 
positive. 


We must then exclude these cases and we have left one of 
the two forms 


a? + pry? + v2? — Quvyz — Qvrza — 2rApaey = 0, 
a? + wy? + v2? + Quvyz + Wwrze — Wpay = 0. 
But if we write —v’ for vy in the second of these it becomes 


the same form as the first, which is then the most general 
form. 


—— 
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It can be written 
(Vrw + Vay + V v2) (—Vr0 + Vay + Vv2) (Vr0 — Vy +02) 
a) 
Thus Via + Vay + V2 = 0, 


which we may write 


Vra +V uy + V/v2 = 0, 
the ambiguous sign being understood before each of the 
radicals. 
294. The condition that 


la +my + nz=0 
should touch the conic 


Va + Vay + Vv2 =0 
as rth 42 no, 
min 


For if we eliminate z between the two equations we get 


(Wa + Vy)? =—v x EY, 
that is 

do + py + Way = 2 my), 
that is 


_ ly — vm 
«(r+2) + 2V pay + (w+) y=0. 
The left side must be a perfect square in /a# and 4/y, 


lv vm 
ote ru = (r+ ae) 


which reduces to 
Amn + pnl + vlm = 0, 


rd gdm 
that is ig oe Se ear 
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295. Conics for which the triangle of reference is 
self-polar. 

The general equation of conics for which the triangle of 
reference is self-polar, that is to say each vertex is the pole of 
the opposite side is 

Aa? + By? + C2? =0. 

For the pole of the vertex A (1, 0, 0) for 


Ax + By? + C2? + 2Fyz + 2Gzx + 2Hay = 0, 


is Ax + Hy+ Gz=0, 
and this has to reduce to «= 0; 
*, G=0 and 7 =0. 


Similarly # = 0. 
The condition that lz + my +nz = 0 should be a tangent is 
a mnt va 
a, ar B ar Cas 0. 
For the tangent at (a, 7%, %) 18 
Awa, + Byy, + Czz, = 0. 
Making the two lines identical we have 
An, ie by, a Ca, 
L mm n- 
But Aa?+ By? + Cz2=0, 
pela bee oc: 


Roch wpe 


0. 


296. Equation of the circumcircle of the triangle of 
reference. ; , 
The general equation of conics circumscribing the triangle 
of reference is 
Fyz+ Gea + Hay =0. 
The conditions for a circle become in this case 


Ee aGon 


“eae 
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Thus the circumcircle has for equation 
ayz + bz + xy =0, 
or, as it may be written, 


2 2 
ee Ee, 
Cy ke 


297. Equations of incircle and ecircles of the 
triangle of reference. 


The equation of a conic touching the sides of the triangle 
is given by 
Nia? + pty? + v2 — Quvyz — 2vrew — 2way = 0. 
Expressing the conditions for a circle we have 
wt y+ Quy ve+M+2Qr_ P+ p?+ 2A _ 
SOY ROE a 


§, 


that iseither | ——= = races 
a b c 
: : Xr Pe b - v 
pa ere b+c—a cta—b atb—c’ 


or wage Whe ee” 
wa ’ a be eae 
which give b=c=o aoc b- ot+beo? 
el afd sinc aaa ad 
a —b c 
te, r a ll ae ae ae 
which give paso olen seme bc. 
r 
a pia ome cE 
a —b ann 
an, r o be nee” 
which give (esa wl epaeee. WH Ott: 
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Whence we get as the equations of the four circles touching 
the sides of the triangle of reference 
V(s—a) a+ V(s —b) y+ V(s—c)2z=9, 
J(s—bya+v(s—a)y+v —sz=0, 
V(s—o)w+V —sytV(s—a)z=0, 
V—sa+v(s—c) y+ V(s—b)2=0. 
It is easy to see that the first of these gives the incircle, 
the second the ecircle opposite to C and so on, for the z 


coordinate of every point on this ecircle is negative, whereas 
the # and y coordinates are positive. 


We observe that the equation of the ecircle opposite to A 
is got from that of the incircle by writing —a for a. 


298. Equation of the nine points circle of the 
triangle of reference. 


This circle has to pass through the middle points of the 
sides and the coordinates of these points are (0, 3, 4), (4, 9, 4), 
4, $, 0). 
Taking the general equation 
Aa? + By? + Cz? + 2Fyz + 2Gza + 2Hay =0 


we have the conditions 


B+ C+2F=0, 
C+A+24G=0, 
A+B+2H=0. 


And the conditions for a circle are 


B+0-2F C+A-2G_A+B-2H 


a? s b2 C2 
A B+ Cal and ye +B 
Me REN ES Be 


a B 75 C 
ear er pebarerrmen) pec 
- OF =—(B+0)=—k (20); «. F=—ka® 


which give 


eo fy ee 
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Hence the equation of the nine points circle is 
(6? +c — a?) a+ (P+a?—b*)y? +(a?+ b? — ¢?) 2 


— 2a?yz — 2B°2a — 2Cxy = 0, 
that is : 


ay — 2) — at} + B (2 — a — y"} + 0 {(@ — y) — 2} =0, 
or a (y—2—2)(y—2+2)+0(¢-w—y)(z—ax+y) 


+0 (ey —2)(—~y+2)=0, 
which can be written 


a? b2 (ou 
fear ait aay ee 


0, 


299. On the form of the equation of the nine points 
circle. 


It may have already occurred to the reader that, as the 
equation of the circumcircle of the triangle of reference is 
2 2 2 
ai ues 0, 
Le ag fue} 
and that of the nine points circle is 
a b? C 
* + sai), 
Gre 2 ere YY BY =e 


there is some connection between the two. Such indeed is the , 
case. 

Let 4’, B’, O’ be the middle points of the sides of the: 
triangle of reference. .A’ being opposite to A, B’ to B and 
” to C. é 

Let (a, y, z) be the areal coordinates of a point P referred 
to the triangle ABC. And let (2, y’, 2’) be the areal coordinates 
of the same point referred to A’B’C’. 

Bers APEC. AAPBC 
AARC (KABCS 
But the coordinates of P, B’, C’ referred to ABC being 


respectively 
(*, y, 2), (4,0, 4), (4 4 9), 


Then 
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Ae 
we have Enis a, $ 4 =l(y+2-2%), 
ge OFF 
a. as ea 
_ a =ytez-e@. 


Similarly y’=zta-y and #=a«+y—z% 
Now the nine points circle of the original triangle ABC is 
the circumcircle of the triangle A’B’C’. 


If then the point P be on the nine points circle of ABC, it 
is on the circumcircle of A’B'C’. 


: a? b? C 
that 1s + + = 0. 
yt+e2—-“%@ 2+H-y Bry—-zZ 


Again the equation of the incircle of A’B’C’ referred to 
A'B'C’ would be 
V(s—a') a +V(s'—b) y+ V(s' —c) 2’ =0, 
where a’, b’, c' refer to A’B’C’. Anda’: b’:c =a:b:e. 
Therefore the incircle of A’B’C’ has for its equation referred 
to ABC 
Ve= a) yt2— 2) + Ne— DEF e-y)+VE—J@+y—#)=0. 
We see then how when we know the equation of some locus 


connected with the triangle ABC we can find the equation of ~ 
the corresponding locus connected with A’B’C’. 


300. Lhe Circular Points at infinity. 
We have seen that the equation 
Aa? + By + C2 + 2Fyz+ 2Gen+ 2Hay =0...... (1) 
represents a circle if 


B+C-2F 0+A-2@_A+B-2H 


a b2 (6m 
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Suppose these conditions fulfilled and equate each of these 
fractions to X. 
* 2F=B+C- a’, 
2G=C+A—-Dd, 
2H=A+B—de’. 
Thus the equation of the circle becomes 
Ax? + By + C2? +(B+ C— ra?) yz + (C +A —rb*) ca 


+ (A + B—e*) xy = 0, 
that is 


(Aa + By + Cz) (a@+y+2)—d(a’yz + bea + xy) =0...(2). 

Thus points common to this circle and the circumcircle of 
the triangle of reference satisfy 

(Ag+ By + Cz)(a+y+z2)=0. 

We see then that Aw + By + Cz =0 is the radical axis of (1) 
and the circumcircle; and further that (1) meets the line at 
infinity, <+y+2z=0, in the same points in which the circum- 
circle meets it. 

Thus all circles in a plane go through the same two points 
on the line at infinity, viz. the two points in which the line at 
infinity cuts the circumcircle of the triangle of reference. 

These points are called ‘the circular points at infinity. For 
their use see my Course of Pure Geometry, Chapter X1. 


300a. It seems desirable here again to justify our taking 
the equation of the line at infinity as 


a+y+z=0, 
instead of using its more accurate expression 
atyt+2e2=Lte(la+ myt nz)... (3). 
This line meets the circle (2) in points determined by 
e (le + my +nz)(Aat+ By + Cz)—rA(@yz + bea + cay) = 0, 


that is by 
r(a*yz + bea + xy) 


e (la + my + nz) = Wace bya Ge 
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Now the points satisfying this and (3) are at infinity, and so 
the numerator of the right-hand side unless it be zero will be 
large compared with the denominator, whereas the left-hand 
side is finite. Hence we must have 

a’yz + bza + ay = 0. 

Thus the circle meets the line at infinity in the same points 
in which the circumcircle meets it. 

Another way of regarding the matter is this. We see that 
2+y+z is always finite, being in fact equal to unity, and the 
equation (2) can be written 

Auv+ By + Cz—-—XA(ayz2+ 02a + Cay) =0, 
so that at infinity the terms of the higher order in 2, y, 2, 
namely 
r(a?yz + BDza + Cay), 
must overwhelm those of the lower order, namely 
Aaw+ By + Cz, 
unless indeed atyz + bza + Cay =0. 

This is just what we get when in (2) we put r+y+2=0. 

Thus when we write «+ y+2z=0 we are really expressing 
the fact that even when a, y and 2 have infinite values they 
assume these values consistently with «+y-+z being finite; 
and if #+y+z be finite it is the same as if we write 

o+y+z=0, 
for finite quantities are negligible in comparison with infinite 
ones. 

301. Radical axis of two circles. 

If S= Ax’ + By + C2 +2Fyz + 2Gea+2Hay =0...(1), 

S's A’a? + By + O22 + 2F’yz + 242m + 2H xy = 0...(2), 
be two circles, and if 
_B+C-2F C+A-2G A+B-2H 


‘ a b C 


and Np OM ete OLA cee A 
a? 62 C > 
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the equations can be written (§ 300) 
(Av + By + Cz) (@+y+2)—d(ayz + za + ery) =0, 
(A’a + Bly + Cz) (@+y+2z)— (yz + Dew + ery) = 0. 
Thus points common to the two circles satisfy 
(Axv+ By+ Cz) (a tyt+2)_(A'la+ By + Cz) (e@t+y+2) 
r V ; 
Thus the radical axis of the two circles is 
Ag+ By+Cz A’e+By+Cz 
Xr A ‘ 
The student will have no difficulty in proving for himself 


that the square of the tangent from (a, y, z) to the circle (1) 


is a 


Example. If, q,7 be the lengths of the tangents from the vertices 
A, B, C of the triangle of reference to a circle the equation of that circle is 


(p24 + g2y +72) (e@+yt+z2)—(ayz+ 20+ cxy)=0 [Wolstenholme]. 


302. Feuerbach’s theorem. 


Let us find the radical axis of the nine points circle of the 
triangle of reference, viz. 


(P+e-—a@)2+(P+e0—-P)yY+(7+-o)2 


— 2a*®yz — 2b’za — 2cxy =0 
and the incircle, viz. 


(s—ay a? +(s— by y?+(s—c)? 2 — 2 (s—b)(s—c) yz 
—2(s—c)(s—a) ze —2(s —a)(s—b) ay =0. 
_(@ +a? — 0) + (2 +B? cf) + 20? _ 


Here 2X a 4, 
— by —cy = — She O)e 
a pe a bP +(s Jee 2(s —b)(s—e¢) _ (2s zu c) ME 


Thus the radical axis of these circles is 


(B+ 0C—@)e#+(P+e—BP)yt+(W+h—c)z 
4 
=(s—aya+(s—bPy+(s—c) z, 
20—2 
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~ that is [(e+c—a*?) -(b+c—a)y] z+ ete. = 0, 
which reduces to 


(a—b)(c—a)a+(b—c)(a—b) y+ (c—a) (6-0) 2=9, 


that is ake hn ete oa (), 
b—c c—a a-—b 


Now this line touches the incircle; for the condition for 
this is (§ 294) 


1 1 I 

b—c c-—a a-—b 
that is (s—a)(b—c)+(s—6)(c—a) +(s —c) (a—b) = 9, 
which is satisfied. 


Hence the nine points circle touches the incircle. 


As the equation of the ecircle opposite to A can be derived 
from that of the incircle by writing — a for a, and the equation 
of the nine points circle is unaltered by this, it is clear that 
this ecircle must also touch the nine points circle, and similarly 
the other ecircles touch it too. 

This is Feuerbach’s well known theorem. 


303. The condition that the circle 
Aa? + By? + C2 + 2Fyz + 2Gza + 2Hay =2....(1) 


should cut orthogonally the circumcircle of the triangle of 
reference vs 

Aa cos a+ Bb cos 8 + Ce cos y — Aabe = 0, 
where a, 8, y are the angles of the triangle and 


Cro ake 
=2t°-"- 


2 


Xr ete. 


For if the circles cut orthogonally the pole, with respect to 
either circle, of their radical axis must be at the centre of the 
other circle. 


Now the radical axis of the two circles is (§ 300) 
Ate By Cz = 0... cc. sera tevs cme (2). 
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Let (%, Y:, 2) be the pole of this with regard to (1), 
a Ax, + Hy, + Gz, cS Ha,+ By,+ Fz, Ga,+ Py, + Cz, 
A B > C : 


And if the circles cut orthogonally (a, y;,, 2,) must be the 
centre of the circumcircle. 


*, %:4,:%,=acosa: beos 8: ccosy. 


_ Aacosa+ HbcosB+Gecosy _Hacosa+Bbcos8+Fc cosy 
<4 A S B 


_ Ga cos a+ Fb cos B+ Cecos y 
= Gi .. (3). 


Taking the first of these equalities we get 
Aacosa(B—H)+ Bbcos B(H — A)+ccosy(BG — AF) =0. 
We now make use of the relations 
B+O0-rAv=2F, 0+ A—AV=_24G, A+B-Ac? = 24H, 
and so obtain on elimination of F, G, 1 


Aa cos a(B—A+Ac*) + Bb cos 8(B— A —Ac’) 
+ccosy{B(C+ A —db*)— A (B+ C—a’)} = 0, 


that is 
Aa cos a(B—A)+Bbcos B(B— A) + Cc cosy (B- A) 
+ Aac(c cos a + acos y) — ABbe (c cos 8 + b cos y) = 0, 
which gives either B— A = 0 or 
Aa cos a+ Bb cos B+ Cccos y—dAabe= 0 ...... (4). 


Had we taken the second of the two equalities (3) we should 
have obtained either (4) or B=C. 


Thus either (4) holds or d= B=C. But in this latter case 
the radical axis becomes # + y+2=0, that is the line at infinity. 
In other words the two circles would be concentric. 


We see then that (4) is the condition that the circles should 
cut orthogonally. 
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EXAMPLES. 


1. Shew that every conic circumscribing the triangle of 
reference and passing through the orthocentre must be a rect- 
angular hyperbola. 


2. If a rectangular hyperbola circumscribe a triangle it passes 
through the orthocentre. 


3. The circle for which the triangle of reference is self-polar is 
coaxial with the circumcircle and the nine points circle. 


4. The centre of a rectangular hyperbola reuse a 
triangle lies on the nine points circle. 


5. The areal coordinates of the points of contact of the conic 


Ja + vy + Vvz=0 
with the sides of the triangle of reference are 


r r 
Gres? pe)? Gan Yaa) eg) eee 
CO erat pet)’ ced Ree N+ p? eer 


which become 


v pe Vv nN Xr 
(0, -5, -£), oe 0,-=), (-£,-+,0), 


where the conic is a parabola. 


The area of the triangle formed by three tangents to a parabola 
is half that of the triangle formed by their points of contact. 


6. The condition that the line lx + my+nz=0, should touch 
the conic Fyz + Gza+ Hay = 0 is 


JF + \m@ + Jn =0. 
7. If the conic Ax®?+By?+Cz2=0 be a parabola, the co- 
ordinates of its focus are proportional to 
BY? + Ce?, Cc? + Aa, Aa? + Bb, 
and the equation of its axis is 


x, Y; z — 0. 
Bv?+Ce?, Cc+Aa®, Aa?+ Bo 
1 1 1 


A’ B? C 


e 


si 


rs 
AREAL COORDINATES 311 


[ As in § 288 the coordinates of the foci are given by 
(B+ C) (Aa? + By? + C2) — (By — Czy 
a 
Using the fact that BC + 0A +AB=0 in our case we have 
BC (y+2—a)(w+y+2) CA(z+u—y)(et+yt+2) 
a — b? 


_AB (we +y—2) (ety t2) | 


2 


= two similar expressions. 


6) 
Dividing out by «+ y+ 2 we get 


Yr2-L Z+H-Y Lt+y—z 
pean eas? 
: ee Dee 
"Be +Ce Cet+ Aa? Aa? + Bo? 
If le+my+nz=0 be the axis, since this passes through the 
focus we have 
(Bb + Ce?) 1 + (Ce? + Aa®) m+ (Aa? + Bb’) n= 0. 
Also the axis goes through the centre the coordinates of which 
(2, 1) %) are infinite but are in a finite ratio to one another given 


by (§ 286) 


Ag, = By,=C24,: 
[Laente tt 
Thus eee aa jbuae 


On eliminating 7, m, n we have the equation of the axis. | 


8. Obtain the equation of the director circle of the conic 


Fyz + Gza + Hay =0, 


and deduce the equation of the directrix in the case where the 


conic is a parabola. 


9. The centre of the circle circumscribing a triangle which is 
self-conjugate with regard to a parabola lies on the directrix of the 
parabola. 


10. Prove Gaskin’s theorem, of which Ex. 9 is a special case ; 


The circle circumscribing a triangle which is self-conjugate for a 
conic is orthogonal to the director circle of the conic. 


[Use § 303.] 
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11. Obtain the equation of the parabola touching the three 
sides of the triangle of reference, the point of contact with a =0 
being the middle point of that side. ' 


[4a? + y? + 2° — 2y2+ den + day =0.] 


12. If in the last Example D, Z, F be the points of contact 
with the sides, prove that HF is parallel to BC, and that AD passes 
through the middle point of ZF. Prove further that the middle 
point of all chords parallel to BC lie on the line AD. 


13. Shew that the equation a?=2hyz represents a conic 
touching the sides 4B, AC of the triangle of reference in B and C. 
Prove that the straight line joining A to the middle point of BC 
cuts the conic in a point the tangent at which is parallel to BC. 
Further shew that this line passes through the centre of the conic. 


14. Prove that if the conic ./\u + /py + s/vz be a parabola, the 
equation of its directrix is 
A(B + —a@)a+p (+ a—B) y+v(2+0-c)2=0. 
Shew also that the coordinates of the focus are proportional to 


a b2 ce 
G ’ p? ) ’ 


that the focus lies on the circumcircle of the triangle of reference, 


and that the directrix passes through the orthocentre of the 
triangle. 


15. Shew that the equation of the axis of the parabola in the 
previous question is 


By ctu CX ay ay =P 
“ree eae eee 
16. The necessary and sufficient condition that the triangle 
A’B'C" whose vertices are (x,, y,, %) (®2y Yes %) (3, Ys, %) Should 


be in perspective with the triangle of reference ABC (A’ corre- 
sponding with A and so on) is 


Hy Ys % = Wz Yy 2. 


17. If two triangles ABO, A’B'C’ be reciprocal for a conic 


(that is A the pole of B’C’, B of C’A’, © of A’B’) they will be 
in perspective. 
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18. Shew that if the sides of the pedal triangle of the triangle 
ABC be produced to meet the opposite sides in D, H, F, the 
straight line DEY is the radical axis of the circumcircle of ABC 
and the circle with respect to which the triangle ABC is self- 
conjugate. 


19. The locus of the centre of a conic which touches the 
sides of a given triangle and passes through a given point is a conic 
inscribed in the triangle formed by the lines joining the middle 
points of the sides of the given triangle. 


20. A conic passes through the vertices of the triangle of 
reference and their centre of mean position. One of its axes is 
parallel to #=0, the coordinates being areal. Shew that its 
- equation is 
a coosB | bcos0 


x y z 


91. Shew that the locus of the centres of conics which circum- 
scribe a given triangle ABC and have a common tangent at A 
is a conic. 


22. O is a point whose areal coordinates are (x, y, %) with 
reference to the triangle ABC, whose sides are of lengths a, 6, c; 
if P be any other point prove 


xo. PA? +y. PB? +2. PC? = PO*+ a yz + Pen + ony 


ee 


and deduce the equation of a circle whose centre and radius are 


given. 


23. The general equation of conics passing through the middle 
points of the sides of the triangle of reference is 


F(z+u—y)(w+y—2)+G(a+y—%) (y+2—-2) 
+H(y+2—«) (2+"%—y)=0. 


24. The angular points A, B, C of a triangle are joined to any 
point O, and OA, OB, OC meet the opposite sides in a, B, y. Shew 
that if the conic through a, 8, y and the middle points of the sides» 
be a rectangular hyperbola, then 0 lies on the circle round ABC. 


a 
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25. A triangle circumscribes a conic and a, B, y are the points 
of contact, Shew that the intersections of the lines BC, By ; CA, ya; 
AB, af are collinear and that if the conic touches a fourth fixed 
line, this line of collinearity passes through a fixed point. 


26. The locus of the pole of the line Aw + py+vz=0 with 
respect to the system of parabolas which pass through the vertices 
of the triangle of reference is the curve 


Vax (wy + vz — Aa) + /y (vz + AB— py) + Vz (Aw + py — vz) = 0. 


27. Conics touch the sides of a triangle ABC; and the point 
of contact with the side BC is a fixed point. From another fixed 
point in BC tangents are drawn to the conics, Shew that their 
points of contact lie on a fixed line through A. 


28. The equation of the line containing the centroid, the 
orthocentre, the circumcentre and the nine points centre of the 
triangle of reference ABC is 

22 Ce 21 f2 
“cos A. +" “cos Bi y+ 5 


cos C .2=0. 


¢ 
Shew that this line contains the four corresponding points for 
the triangle joining the middle points of the sides. a, 


29. The areal coordinates of the centre of the conic 


Jra + py + »/v2 = 0 
inscribed in the triangle of reference ABC with respect to the 
triangle DHF joining the middle points of the sides are in the ratio 
NSP Sv, 


30. Shew that the common chord of the conic yz+2a+ ay=0 
and its circle of curvature at the vertex A of the triangle of 
reference is 

y (@—c) +2 (a —b*) =0, 
a, b, c being the lengths of the sides. 
31. The locus of the centre of the conic lyz + mzx + nay =0, 


which passes through (x'y’z’) is a conic whose centre is at the 
point 


HE l+y’ l+2 
or Arg 4 i 


al 
«a 
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32. The axis of a parabola is kx + wy + vz=0, and the tangent 
at the vertex is ax+p'y+v'2=0, shew that its equation is of 
the form 

(Av+ py t+vzP=k(eot+ytz2) (Not py +2). 


33. A conic circumscribes a triangle and its centre moves along 
a radian, prove that the asymptotes touch a conic which touches 
two of the sides of the triangle at the extremities of the remaining 
side. 


34. A conic is inscribed in a triangle ABC and one of its 
asymptotes passes through a fixed point. Find the locus of the 
centre, and prove that if the point coincides with A the locus 
becomes the sides 4B, AC and the straight line joining the middle 
points of these sides. 


35. Prove that if a parabola touch the sides of the triangle 
ABO, the polar with respect to the parabola of the centroid G of 
the triangle will touch the conic which passes through A, B, C and 
has its centre at G. 

36. Prove that if 

aa? + by? + cz? + 2fyaz + 2gza + Zhay = 0 
represent a circle in areal coordinates its radius is 
2RA4| {(2f—b —c) (29 —¢ —a) (2h —a—b)}4, 
where A is the discriminant, and 2 the radius of the circumcircle of 
the triangle of reference. 

37. Shew that one asymptote of the conic aa® + by? + cz?=0 
will be parallel to one asymptote of the conic a’a? + b'y? + cx? = 0, if 
M+ pp? +v?— Quy — QA 2Ap= 0, 

where Nz be’ —d'a, p=ca’—ca, v=ab'-a'b, 
the coordinates being areal. 
38. Shew that if 
f=vy—wz, n=we—ua, CSun—vry, 
the asymptotes of the conic wa + vy? + wz? = 0 are 
ue? + on? +wl=0, 
and that pé+ qn?+7r@=0 represents a pair of conjugate diameters 


provided that 
plvt+w)t+g(w+u) +r (utr) =0. 
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39. Shew that the equation of a pair of conjugate diameters of 

the conic yz + 2” +ay=0, may be written 
(q—7)(y—2)? + (rp) (2-2) +(p— 9) (@—y)*=0. 

40. Shew that the locus of the centres of all conics of given 
eccentricity which circumscribe a triangle is in general a curve 
of the fourth degree passing through the middle points of the sides 
of the triangle. 


41. The area of the ellipse whose areal equation is 
yz + pre + vey = 0, 
bears to the area of the triangle of reference the ratio 


Ady : (Quy + Wd + Bu —A = p2—v*)?, 


CHAPTER XV. 


HOMOGENEOUS COORDINATES IN GENERAL, 


304. Areal coordinates, which we have treated in the last 
chapter, are only a particular case of a general system of homo- 
geneous coordinates which we now proceed to explain. We 
transform the Cartesian coordinates (a, y) referred to any axes, 
rectangular or oblique, in the plane to new coordinates (X, Y, Z) 
by the relations 


WANK Hp Vt Zirccsceecccsevrsveces ah 
Y HX + pg Vt Veh. .cecerveeeceeererees (2), 

where X, Y, Z are connected by a linear relation 
. Peak BY FG, inc esoskceoyecsores (3). 


As yet no geometrical meaning is given to the new 
coordinates X, Y, Z. 
We can solve the above equations and express X, Y, Z in 
terms of # and y, provided the determinant 
i, -a, % | be not zero. 
Ae, Peo, Ye 
Cs ay 
We will write these results 
X=Aae+By+G, 
Y= Aye + By + C,, 
Z=Ayct+ By + C;. 
It is clear that the equation 1X +mY+nZ=0, being 
equivalent to 
1(A,o + By + C:)+ m (Awet By + C.) +n (Ax + By + C,)=0 
represents a straight line. 
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And in particular X=0, Y=0, Z=0 represent straight 
lines. 

These last three lines form a triangle ABO which we shall 
speak of as the triangle of reference. 

The vertex A of the triangle being given by Y=0, Z=0, 
we have from (3) X =1/a. 

Thus the coordinates of A are (1/a, 0, 0). Similarly, those 
of B and C are (0, 1/8 , 0) and (0, 0, 1/y) respectively. 

The Cartesian coordinates of A are thus (A,/a, d,/«), of B 
(14/8, 2/8), and of C (r4/y, %/7). 


All Cartesian equations of algebraical curves transform into 
homogeneous equations in X, Y, Z by reason of the relation (3). 
The general equation of the second degree may thus be written 

AX?*+ BY?+ 0277+ 2FYZ + 2GZX +2HXY=0, 
and this of course represents a conic. We shall later on 
discriminate the nature of the conic thus represented. 


305. Area of triangle. 


We proceed now to find an expression for te area of a 
triangle PQR the coordinates of whose vertices are (X,Y,4,), 
(X,Y,Z,), (X3¥3Z;) respectively. 

Let (a 41), (@2Y2), (@3y3) be the Cartesian coordinates of the 
vertices P, Q, R. 

The algebraical area of the triangle is then 

4 |, Wa, @y:{ SID 
YU, Yar Ys 
s Pan ee 
where w is the angle between the axes. And this 
=4$/,X414+mV14tZ,, WX.+mY.4+%Z, 4X3+uV3+Z, | sing 
AeA + Me Vi + 2H), NoX a+ Ma Vo+VZs, AeA s+ fy V34+ 1.45 
aX,+BY,+y4, aX,+BY,+yZ,, aX;+ BY; +yZ, 
=4 Aa ei tka Ag Mm, Poy sin @. 
lies iy Y; Ae, be, Ve 
Lis) hig) pool Cy sa asa ty 
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And in particular the algebraical area of the triangle of 
reference ABC is 


i 2 
4 a 0, O Nie pista Ban) BILE 
1 
0, B ? 0 Ae; Me, Vo 
OR 0) i Ge Hes 
’ ? Y ? ? fy 
Rr ; 

a 5 ‘ aay Ay ofan Py | SID a. 
re, P2, V2 
BS ty 


Denoting this by A we have that the algebraical area of the 
triangle PQR is 
aByA | Xi, X., X; 
Y,, 1a? Y; 
Ly, Z:, Zs } 


306. Geometrical interpretation of the new co- 
ordinates. 

The expression thus obtained for the area of a triangle gives 
us a geometrical meaning for our new coordinates. 

For if (X, Y, Z) be the coordinates of any point P, the area 
of the triangle PBC is 


aByA Xe 0, 0 > aAXx., 
1 
Ores, 0 
8 
es 
af 
PEDO Re ee me APOA APAB 
Thus aX =KABC’ Similarly BY= ABCA and yZ = ACAB’ 


Thus we learn that 
X is 1/a times the ratio of the area of A PBC to that of A ABC. 


VY is 1/8 » »” ” APCA ” ” » 
Z is 1/y » ” ” APAB ” ” : ” 
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We see then that areal coordinates are the special case 
where a=B=y=1. 


307. ‘Transformation to Cartesians. 


Now let (#71), (#2Y2), (ays) be the Cartesian coordinates 
of the vertices A, B, C of the triangle of reference. We there- 
fore have from the relations 


=X +p V+ V4 OS eX + bY + Vo 


x r v v 
that =~ tee m= By Yom Bs ae f= 
Therefore the general relations connecting together the 
Cartesian and the other coordinates can be written 


v= an,X + Bx, + y23Z, y= Aya + ByoY + yys4. 

By means of these relations we can pass from our new 
coordinates to Cartesian coordinates with any axes if. the 
vertices of the triangle of reference be known in relation to the 
Cartesian axes. 

In particular if we take as our Cartesian axes the sides CB, 


(A of the triangle of reference, the coordinates of the vertices 
of the triangle are (0, b), (a, 0), (0, 0). 


We thus get a=BaY, y=abX, 


whence A= 


y ~ 
b? Y= 
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308. By transformation to Cartesian axes CB, CA we can 
shew in exactly the same way as for areal coordinates (§§ 261, 
262, 270) that 

(i) The coordinates of a point dividing the line joining 
beuaaia, 4,)) (X,, Y,;-Z,) in. therratio-k : J are 

kKX,+1X, kY,+1Y, kZ,4+12Z, 
A os ON le alt Aa ae oa 

(ii) The square of the line joining (X,, Y,, 4) and 

(exo a, 25) 18 
— a?Bry (Y; — Y2)(Z, — 22) — bya (4, — Z,) (X1 — X2) 
—caB (X,—X,)(Y,- Y.). 

(i) The equations of a line through (X,, Y,, Z,) can be 
expressed in the form 

X&—-X, Y-Y,_ Z-Z, 
bo on nh 
where r is the algebraical distance of (X, Y, Z) from (Xj, Yi, Z), 
and lJ, m, n are constants for the line such that 
al + Bm+ yn=0, 
aBymn + Byanl + c?aBlm = —1, 

The student is recommended to work out these results for 
himself. He will observe too that the equation of the line at 
infinity is now 

aX +BY +yZ= ee (LX + mY +nZ), 


=f, 


which we may write aX +PY+7Z=0, 
this being interpreted to mean that aX + BY + yZ is finite . 
even when X, Y, Z are some or all of them infinite (see § 265, 
266, 278, 286, 300 a). 

809. General equation of the second degree. 

We come now to the general equation of the second degree, viz. 
f(&, Y, A= AX? + BY? + 0224+ 2FVYZ + 2GZX + 2HXV=0. 

We shall have exactly as before that the tangent at 
(X;, Y;, Z,) 1s 

T= (AX,+HY,+ GZ) X + (HX, 4+ BF, + FZ) Y 
+(GX,4+ FY, + CZ,) Z=0, 
A. 21 
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the form for the chord of contact and the polar of (X,, Yi, 4); 
when it is not on the curve, being the same as this. 

The condition that the line LX + mY + nZ=0 should touch 
the conic will be as before 


A; HH; Gy Us =. 
fl Bei 
Got Cea 
in Paeens VU 


The equation of the pair of tangents from (X,, Y;, 4) will be 
F(X, Y, 2) f (ki, Vi, A)= ths 


310. The centre and the asymptotes. . 
The centre being the pole of the line at infinity we have 
if (X,, Y;, Z) be its coordinates, 
AX,;+ HY, +@Z HX: +BY REG 


a B 
_ GX,+ FY, +04, 
wf 
whence AX,+HY,+GZ,-—a=0, 
HAX,+BY,+FZ,- Br=9, 
GX,+ FY, + CZ,—yr =9, 
and aX,+B8Y,+7Z,-1=09, 
from which we get on eliminating X,, i ee 
A, H, G, av |=0, 


=X (say), 


G F, CG, ya 
a fee at ee 8 
from which we find that 
X| Ae oH Ge atk aH, eG ae Us 
HB: ee Ho beer: 
Ge FAW LCF Genk. -C 
d, By h pO 
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The equation of the asymptotes can be shewn as in § 290 to be 
I (&, Y, 2) | A, A, G, a)4+ (eX + BY +yZ)| A, A, G|=0. 


H, B, F, B H, B, F 
G F, C; Of G, Es C 
a, Bs Y 0 


311. Discrimination of the nature of the conic. 

If we transform to Cartesian axes ('B, CA the terms of the 
highest order are Sis seen to be 
ATS ORD . Op Da Bd BE 
lat po By)" + ab ate +B Bye) 

lage a) 

From these we can at once obtain as in § 274 the conditions 

for a circle, viz. 


BET Fe REET ot Ce a 


Bry By _ fa ya _@ BB 
[0 CONE Can Sa 
which we may write £ =4 ae - : 


where p, g, r stand for the three numerators. 
If the conic be not a circle it will be an ellipse, parabola or 
hyperbola according as 
ee 8) 3 (Gain ae (ares 
Gti Be) Bt) G 
which we may easily get into the form 
Pret+r —2py —29qr — 2rp =0. 
Or the condition can be expressed in determinantal form 
Aime EL? 3G 


) SS 


CO aie! 


@? ap? a’ [> 
Ean ha, 
ae” B22 By’ 
CSnkain Gi 
ya? By?’ 


Tn alte * 18s 0 
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which can be written 


aa Ay Hy 1G, as) 0, 
GO: Bie fee 
Gi i ee Omey 
6 eae ye 

that is, for we are supposing 4, 8, ¥ all real, 

AST Ge an = OF 
Ya bed | peed Oizo 3} 
GC pede: Gm 
PAY ee 8 


The condition for a rectangular hyperbola can easily be 
proved as in § 276 to be 
poosA , gosB , reos C_o. 
a b c 
It must be clearly understood that this discrimination we 
have made is not applicable if the coordinates be imaginary. 
The need for this caution will be apparent at a later stage. 
The coordinates will be imaginary if some of the quantities 
r, wv, a B, y of § 804 be imaginary. 
312. Special conics. 
The student will be able to see for himself that the general 
equation of conics circumscribed to the triangle of reference, 


whatever system of homogeneous coordinates is used, is of the 
form 


Fyz+ Gzx+ Hay =0, 
that conics inscribed in the triangle of reference have for their 
equation 

Vr@ +V uy +V 2 =0, 
and that Aw + By? +C2=0 
is the equation of conics for which the triangle of reference is 
self-polar. 

The equation of the circle circumscribing the triangle of 

reference is 


b? 
ee %, 
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and in general it will be observed that when the equation of 
any conic related to the triangle of reference is known in areal 
coordinates, its equation in generalised homogeneous coordinates, 
for which the line at infinity is av+ By+yz=0, will be got 
from the areal equation by writing ax, By, yz for a, y, z 
respectively. 

313. The foci. 

To find the foci of the general conic in any system of 
homogeneous coordinates. 

Let S= Aa? + By? + C2 + 2F yz + 2Gza + 2Hay =0 be the 
conic. 

The pair of tangents from (a, y;, 2:) is 

S, (Ae + By + C2 + 2Fyz + 2Gza + 2Hy) = (Ea + my + &2), 
where £,= Av, + Hy, + Gz,, m= Ha,+ By,+ Fa, 
= Ga, + Fy, + Cz. 

That this may satisfy the conditions for a circle we must 

have 


Be Ont 2F me oP, 2m, 
=+5-%-)8-8-3+ 

\» x i) he ast bin similar expressions. 

a? 
That is baaeee : 
th _ &\" 1 £3 = (= & ny 
ET ae ee eT 
see CD a 
where P= ei By’ qg=ete., as before. 


These equations then determine the foci. 
314. The axes. 
To obtain the equation of the axes of the general conic in any 
system of homogeneous coordinates. 
We see from the last paragraph that the coordinates of the 
foci satisfy : A 
2 2 7 \2 
w-(-8) -G-) o-C-9 
SEEMS anon es 
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where £=Aev+ Hy+ Gz, n= Ha+ By+ Fz, 
f= Ga+ Fy+ Cz. 


The above equations give 


B 
(2-2) — gS +rb?= 0, 
(E-2) —rS +r? = 0. 
Eliminating S and we have 
@ = 2)’ part se, oert age (A). 
EN. ae 
daa) 42 


This then is a conic on which the four foci lie. But this 
conic passes through the centre of the given conic, for the centre 
is given by 

ees 
a By 
Hence (A) is the equation of the axes (comp. § 289). 
The director circle. 


It may be left as an exercise for the student to prove as in 
§ 285 that the equation of the director circle is 


cos A DhH to 008 B ‘@ : 
a {ps (3 =) + b {as -(=~£)} 
cos C £9 ale 
= C {rs—(E-2)b—0, 
315. Trilinear coordinates. 


Strictly speaking all homogeneous coordinates as we have 
defined them are trilinear in the sense that they are interpreted 
in reference to a triangle. 
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But the term ‘trilinear coordinates’ has been specially used 
for that system where the position of a point is determined by 
its perpendiculars upon the sides of the triangle of reference. 
Denoting these by X, Y, Z we have the identical relation, 

aX +bY+c4=2A, 


where A is the area of the triangle. 


B Cc 


So for this particular system we have 
a 
5A ot - Y+ 5A Z=1. 

The equation of the line at infinity is thus 

aX+bY+cZ=0. 

The letters a, 8, y are frequently used instead of X, Y, Zin 
this system. 

The student may practise himself by shewing that the 
condition that the general conic should be a rectangular 
hyperbola in this system is 
A+B+C-—2F cos a— 2G cos 8 — 2H cosy =9, 
where a, 8, y are the angles of the triangle of reference. 


316. Cartesian coordinates as a homogeneous system. 
_” Suppose we transform our Cartesian coordinates 2, y by 
~ writing 

c= X, a =N,, 1=aX+PBY+Z. 

The sides of the triangle of reference being X =0, Y = 0, 

Z=0, are in the Cartesians 
a2=0, y=0, and av+ By=1, 

that is to say, the axes of coordinates and the line aa + By =1. 
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Now when a and £ are very small this last line has very 
large intercepts on the axes, and in the limit when a and 8 
approach zero it becomes the line at infinity, we then have 

a=X, y=Y¥y, 1=Z, 
and we have a homogeneous system in which the triangle of 
reference is formed by the axes of Cartesian coordinates and 
the line at infinity. 

We may thus make all our Cartesian equations homogeneous 
by the insertion of appropriate powers of Z, which is unity. 

We can thus include Cartesians among homogeneous 
coordinates and write the general equation 

aa? + by? + c2?+ 2fyz + 2gzx + 2Zhay =0, 
z being unity. 

It will be remembered that the equation of a central conic 
referred to two conjugate diameters as Cartesian axes was 
found to be 

a 2 
ot 
where a and @ are the lengths of the semidiameters. 

Making this homogeneous by means of z we have 


=1, 


Thus we see that the equation of a conic referred to two 
conjugate diameters is really only a particular case of a conic 
for which the triangle of reference is a self-polar triangle. In 
this case the triangle of reference is formed by the two con- 


jugate diameters and the line at infinity, which is of course the 
polar of the centre. 


317. Transformation from one set of homogeneous 
coordinates to another. 
We can transform from one set of homogeneous coordinates 


X, Y, Z to other coordinates X’, Y’, Z’ by substitutions, 
such as 


X =1hX'+mY' +77’, 
Y=1,X'+m,Y’ +n7,Z’, 
Z=1,X' +m;Y' +n,Z’, 
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then X’, Y’, Z’ form a homogeneous system, and as 
aX +BY +yZ=1, 
there is a relation between X’, Y’, Z’, such as 
aX + BV +'Z=1. 
We see now that by a proper transformation we can reduce 
the equation of a conic to a simple form. For in any system of 


homogeneous coordinates the equation of a conic for which the 
triangle of reference is self-conjugate is 


AX?+BY?+CZ?=0. 
Thus by taking such a triangle for the triangle of reference 


we can express the equation of a conic in this form, and we 
can then write 


X VA=za, YV/B=y, LIC= z 
and we have a new set of homogeneous coordinates a, y, 2 in 
which the equation of the conic is 
P+y+2=0. 
Clearly x, y, z cannot be all real here if the conic be real, 
and the test for discriminating the conic cannot be applied. 


318. Polar reciprocals. 


Let us make use of homogeneous coordinates to prove that 
the polar reciprocal of a conic S with respect to a conic T is 
a conic. 

The polar reciprocal of S with respect to T means the locus 
of the poles of tangents to S with respect to I. 


We may take as the equation of I’, 


ee ee er (1), 
and represent S by the general equation 
aa? + by? + cz? + 2fyz + 2gze+ Zhay =0......... (2). 


Let (m, 41, %) be the pole with respect to (1) of some 
tangent to (2). 
The equation of the polar being 
LL, + YY, + 22, =0, 
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we see that this must satisfy the condition for being a tangent 


to (2), 
a, h, g, &% |=0. 


h, b, Mp YN 
9; if C, Ay 
X), Yu 21, 0 


Thus the polar reciprocal of S with respect to I’ is 
a, h, g, © |=9, 


heme fey 
Onerl ede Oriat 
avs Bs be, a0 


which we may write 
Aa? + By? + C2 + 2Fyz + 2Gza + 2Hay=0 «..+. (3), 
where A, B, C, etc. are the minors, with their proper signs, of 
a, b, c, etc. in the determinant 
a, h, g |\=A. 
he Eps Al, 
9 fr © 
Thus the polar reciprocal of S with respect to I’ is the conic 
(3) which we will call 8”. 
319. It is now easy to see that if we take the polar 
reciprocal of S’ with respect to [ we get the conic S. 
For the polar reciprocal will be 
A’a? + By? + O'2 + QF" yz + 2G’ 2a + 2H’ay=0 ...(4), 
where A’, B’, etc. are the minors of A, B, etc. in the 
determinant 


Am NG 
Hey Be 
Ge NEG 


+, Al =(BO— P*) = (cag) (ab — ht) = (gh — af =a. 
Similarly B’=bA,. C =chy Fi =7A, 
and so on, so that the conic (4) is the same as 
auc? + by? + 02? + 2fyz + 2gza+ 2hay =0. 


ZZ 
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320. The following special cases should be verified : 
The polar reciprocal with pelea to #+y? +2=0 of 
G) Aa?+ By?+ C2 is < “- ee + 7 =0, 
(ii) Fyz+G@ea+ Hay is VFa+VGy+VHz=0. 
321. Conics expressed in terms of a single para- 
meter. 
The homogeneous coordinates (x, y, z) of any point on a conic 
are in an infinite number of ways given by the ratios 
e:y:z=al+bt+c:v7P+bt+e:dF4+0'%+c", 
where the a’s, b’s, and cs are all constants, and t is a variable 
parameter. 
For if we have a pair of tangents of the conic whose 
equations are 
La+ my +nmz= 0, Loe + Moy + Noe = 0, 
and if the equation of their chord of contact be 
le + msy + N32 = 0, 
the equation of the conic will be of the form 
(Lae + my + 42) (let + may + eZ) =r (1,0 + My + N32), 
=(le+ my +nz) (say). 
Let myt+nuze  la+my+nz 
la + my + nz Ot + Mey + Ne” 
Putting each of these ratios equal to ¢ we have 
(1, — It) + (m,— mt) y + (m — nt) z=, 
(1 —I,t) @ + (m— me) y + (nm — Not) z= 0. 
Whence 


Thus 


x y us zZ 
a@+bt+o af+bt+ce at+b't+ec"’ 
where a, a’, etc. are constants, being functions of J, m, ete. 

As we can express the conic in an infinite number of ways 
by taking different pairs of tangents and their chord of contact, 
we see that this mode of representing the points on the conic 
can be effected in an infinite number of ways. 
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322. On the equations of two conics. 

We have seen that the equation of a single conic can be 
written in the simple form a+y?+2=0. The question we 
have now to consider is, how best to choose our coordinates so 
as to have the equations of ¢wo conics in as simple a form as 
possible. 

Now we know that if P, Q, R, S be four distinct points on 
a conic and if PQ and RS meet in A, PR and QS meet in B, 
and PS and QR in O, the triangle ABC is self-polar for the 
conic (Course of Pure Geometry, § 82). 

Now two conics in general cut in four points. We see then 
that if the fowr points of intersection of two conics be distinct, 
that is if no two of them coincide, the conics have a common 
self-polar triangle. 

Thus the equations of the two conics can, if we take this 
self-polar triangle for the triangle of reference, be expressed in 
the form 

aa? + by?+c2*=0, aa? + b’y? + c'2? =0. 
We may now write 
ane xen heey! Vane er 
and so get the equations of the two conics in the form 
AXM4+ Y24+77=0, AX?+ BY?+CZ2=0. 

323. The common self-polar triangle. 

It must not however be supposed that the common self- 
polar triangle of two conics intersecting in four distinct points 
is always real. It is clearly real if the four points of intersection 
be real; we shall shew that it is also real if the four points of 
intersection be all imaginary, but that if two of the four points 
be real and two imaginary the self-polar triangle has one real 
and two imaginary vertices. 

For taking the case where the four points of intersection 
P, Q, R, S are all imaginary, their Cartesian coordinates 
referred to any axes will be of the form 

(% +7B,, n+ 06,), (a — 781, "1 — 261), (@_ + 7Bs, Yo+ 02), 
(a, — 482, Y2 — 262), 
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since the imaginary points of intersection of two real conics 
must occur in pairs. It will easily be seen that the lines 
PQ and RS are real and so their intersection is real. The 
equation of the line P& will be of the form 
Ag+ By+C+1(A’e+ By + 0’) =0 
where A, B, C, A’, etc. are all real. 

The equations of QS will be obtained from this by writing 
— 7 for 2, that is the equation of QS will be 

Ag+ By+O0-1i(A’e+ By+O)=0. 

Thus the point of intersection of PR and QS will be that of 

the lines 
Ag+ By+C=0 and A’x+ By + C' =0, 

which is real. 

Similarly the intersection of PS and QA is real. 

Thus the self-polar triangle is’real. 

But if the conics have two real points of intersection P (a, 7), 
Q (a, y2) and two imaginary points R (a,;+ 73, ys +7%5;) and 
S (a; —%83, ys — 183). It will be seen that PQ and RS are both 
real and therefore their intersection is real. But the inter- 
sections of PR and QS and of PS and QR are both imaginary, 
for an imaginary line (and PA, PS are such) cannot contain 
more than one real point; for the line through two real points 
is real. 

Thus the common self-polar triangle is imaginary. 


324. Double contact. 

- We now proceed to consider the cases where the four points 
of intersection of the two conics which we will denote by S and 
S’ are not all distinct *. 

Consider first the case where the conics have double contact ; 
that is touch at two points. We consider this case first because 
the conics have a common self-polar triangle. Let the conics 
touch at P and Q. Let their common tangents at P and Q 
meet in 0. 


* T have made use of the Cambridge Tract on Quadratic Forms by T. J. PA. 
Bromwich, M.A. 
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Take any two points A and B on PQ which are conjugate 
points with regard to S. 


Take ABC for the triangle of reference. 
Thus the equation of 8 will be of the form 
ax + by? + c= 0, 

Now S’ is a conic having double contact with S at the 
points where it is cut by 2=0; thus its equation will be of 
the form 

aa? + by? + 02° = r2?, 
which we may write 
aa? + by? +c'22=0. 
These then can be reduced to 
X?4+ ¥°7+77=0, AX?4+ V?+CZ2=0, 

We see then that ABC is self-polar for S’ as well as for S, 
and as we have an infinite number of possible positions for A 
and B on the line PQ the two conics have an infinite number 
of self-polar triangles. 

Moreover we have an infinite number of real self-polar 
triangles. This is clearly the case if P and Q are real. If P 
and Q are imaginary their Cartesian coordinates can be expressed 
(a+iB, y+ 28), (2-178, y—1%8). The tangents at these points 
will intersect in a real point. Therefore C is real, and more- 
over the line PQ is real and so an infinite number of pairs of 
real conjugate points can be taken. 
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325. Single contact. 


Let the conics S and S’ touch at A and cut in B and D. 


Draw the common tangent at A and let the chord BD meet 
this in C. 


From C draw CB’ tangent to S. 
Take ACB’ for triangle of reference. 
The equation of S will thus be of the form 2xy + rz? =0. 


Also the common chords of S’ with S are y =O and a line 
through C whose equation will be of the form ka + ly = 0. 


Thus the equation of S’ will take the form 
Qvy + rz? + y (ka + ly) = 0, 
that is the form by? + Az? + 2hay = 0. 

Writing zVx = Z we see that two conics with single contact 

can be expressed in the form 
2+ 2xy = 0, 
by? + 2? + 2hay = 0. 

Or again if we draw the tangent to S at B to meet the 
tangent at A in CO’ and take C’AB for triangle of reference, the 
equation of S will take the form 2*+ 2ey=0, and S’ will be of 
the form 2?+ 2ay + y (kw + 1z) =0, that is 2° + 2fyz + 2hay = 0. 

Again we might take ABD for triangle of reference, in 
which case the conics would be of the form 

fyzt+ geet hay=0, f’yzt+g'2at+ hay =0. 
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The tangents at A being 
gethy=90, gzth’'y=0, 
and being the same line, we have 
= Z =) (say). 
*, the conics will be 
Syz+geat hay=9, Ly +X (gze + hay) =0. 
There is no common self-conjugate triangle in this case. 


326. Three point contact. 

Let the conics have three point contact at A and cut in B. 
Let the tangent to S at B cut the common tangent at A in C. 
Take ABC for the triangle of reference. 

The equation of S is of form 2vy =rz*. 

And §’ has with S the pair of common chords y = 0, z= 0. 
Hence its equation is of the form 2ay — rz? = pyz. 


CG 


In this case then the equations of the conics can! be written 
2hay +c2=0, 2fyz + 2Zhay + cz? =0, 
which again might be reduced as before to 
2XY+77=0, 2FYZ+2XY4+7=0. 
There is no common self-conjugate triangle. 
327. Four point contact. 
Let the conics S and S’ have four point contact at A. 


Let C be any point on the tangent at A. Draw CB the 
other tangent to S, and take ABC for the triangle of reference. 
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The equation of S is of the form 2ay= Xz, and the pair 
of common chords of S’ with S being y=0 twice over, the 
equation of S’ will be 2ay—2z*?= py’. 


A 


Thus the equations this time are of the form 
2hay + cz*= 0, b'y? + 2hay + cz? =0, 
which we can reduce to . 
WXY+Z*=0,  BY?+2XV+Z°=0. 


Here again there is no common self-conjugate triangle. 


EXAMPLES. 


1. Ifax+By+yz=0 be the equation of the line at infinity in 
any system of homogeneous coordinates and a, 6, c the lengths of the 
sides and A, B, C the angles of the triangle of reference, prove that 
the condition that the two lines 

la+my+nz=0, UVae+myt+n'z=0 
should be at right angles to one another is 
2 2 2 
_ i+ m mm’ — = nn — 5 (mn' + m'n) cos A 
- a (nl’ + n'l) cos B — “ (im' + Um) cos C = 0. 


Simplify this in the special case of ‘ trilinear coordinates.’ 
A. 22 
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9. Prove that the necessary and sufficient condition that the 


pair of lines 
le+myt+nz=0, Va+m'y+n2z=0 


should be conjugate lines for the general conic 
as? + by? + cz? + Ifyz + 2gza + Zhay = 0 
in any homogeneous system is 
a Rs Gree 
h; Of feo 
9h % 
Vi inns 0 
3. If the lines 
Lo + my +2 = 0, Lc+ my t+ nzx=0, Ie + my +73 = 0 
form a triangle self-polar with respect to a conic for which the 
triangle of reference is self-polar, then 


lige: 1 1 
i? mm = \=o 
1 ik il 
i, ma” Ns 
1 1 1 
I,’ ty? 


v4 The line le + my +nz= 0 meets in # and F the sides AC, AB 
© of the triangle of reference for any system of homogeneous coordinates. 
The equation of the line at infinity being known and.the-lengths.of 
the sides-of-the-triangle, obtain the equation of the line joining A to 

the middle point of EF, 


5. In any system of homogeneous coordinates if (2%, y%, %), 
(aa, Yay 22), (31 Ys» %3) be the vertices of a triangle inscribed in the 
conic 

1 om 
Se: By Se 0, 
os Aer ae 


the sides of the triangle will touch the conic 


x 
i oy + m/ Y +n a= 0. 
XL Lo XL3 NY2Ys & BoB 


Shew also that the triangle will be self-polar for the conic 


lac? ig my? ne 
Hy HX, YiY2Y3 %1 22% 


Bee 
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6. Shew that if abc =/gh, any one of the three conics 
ax? + 2fyz=0, by? +2gze=0, c2?+ 2hay=0 


is the polar reciprocal of a second with regard to the third. 


7. Prove that the four points of intersection of the conic 


yz t+2e+ay=0 
with the conic 


a(b +c) a? +b(c +a) ¥2+¢(a+ 6) 2 — 2beyz — 2cazu — 2abay = 0 


are concyclic, and find the equation of the circle through the four 
points, the coordinates being trilinear. 


Transpose this problem into one with the notation of areal 
coordinates. 


8. Two conics pass through the angular points of a given 
equilateral triangle and cut each other at right angles at these 
points ; shew that the locus of their remaining intersection is 


QoryPa? — aye (yx + za + wy) (w+ Yy +2) + (Yet 2E+ DY)’, 


the coordinates being trilinear and the equilateral triangle the 
triangle of reference. 


State the corresponding equation if the coordinates were areal. 


9, Prove that the locus of the centre of a conic which circum- 
scribes the triangle of reference and touches the line 


la + mB +nz=0 


is le (— aa + by + cz) + my (ax — by + cz) + NV nz (ax + by — cz) =0, 
a, 6, c being the sides of the triangle of reference, the coordinates 
being ‘trilinear.’ 

Give the corresponding equation when the coordinates are 
(i) areal, (ii) homogeneous coordinates for which the line at infinity 
is ax+ By+ye=1. 

10. A parabola is inscribed in a triangle and the trilinear 


coordinates of its focus with respect to this triangle are (a', y', @); 
prove that its axis is the line 


aa! (y'? —2'*) e yy’ (2'2 — a") ae ae (x? —y'*) =O: 
22—2 
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11. Prove that in trilinear coordinates 


— a Na«sin(B—C)+6 Vy sin (C — A) +eNzsin (A — B) =0 
is a parabola touching the sides of the triangle of reference, and 
having for its directrix the line through the centre of gravity and 
the orthocentre of the triangle. 


Generalise this for any homogeneous coordinates. 


12. Shew that the equation in trilinear coordinates (x, y, 2) of 
a conic circumscribing the triangle of reference is 
CeO ee 
—+—+ 
pe gy T% 
where a, 6, c are the sides of the triangle, and p, g, r are the focal 
chords parallel to these sides. 


’ 


13. The coordinates being trilinear and referred to the triangle 
ABC, the equation of the directrix of the parabola 
Ayz + pee + vay = 0 
is (yw? +v?— Quy cos A) bew + (v? + A? — 2vd cos B) cay 
+ (A? +p? — 2Apu cos C) abz = 0. 


14. Shew that two triangles whose sides pass through A, B, C 
respectively (the vertices of the triangle of reference) can be inscribed 


in the conic rar 
Jia +Jmy + Jnz=0, 


and that the equations of the lines joining corresponding vertices of 
the triangles are 
lx + my — 3nz=0, ete. 


y 15. S is a conic inscribed in a given triangle OMN, S’ is a 
“ conic touching OM, ON at M and WN and intersecting S in P and Q. 
Prove that tangents to S at P and Q will intersect on 8’. 


; 16. Prove that if two conics have four point contact at O, and 
Q be the pole with respect to the second of the tangent at P on the 
first O, P, Q are collinear, 


HOMOGENEOUS COORDINATES IN GENERAL 341 


epee 17. The polar reciprocal of y? — 4ca=0 with respect to 


2 2 


= ~ aa 1 is avcy? + btx = 0. 
nd 2 
Also the polar reciprocal of =, + a =1 with respect to y’— 4cx =0 is 


by? = 4c? (a? — a’). 


18. A conic having (a, ¥;) (2, ys) for foci is reciprocated with 
respect to the circle 2?+y?=c’, shew that the equation of the 
reciprocal is of the form 

he (a? + y?) + (aay + yy — ©) (22 + YY2 — 6°) = 0. 
If the given conic pass through the origin determine & and shew 
that the latera recta of the two possible reciprocals are 
ee ae Lita t 
2c! (= ~. ) sin} (0,~0,), 20° (< + ) cos (6, ~ 0), 
where (r,, 6,) and (7, 6,) are the polar coordinates of the given foci. 

19. Shew that the polar reciprocal of a? + y? — 2xa, —2yy,=0 

with reference to xy —1=0 is given either by 

(arg? + yp?) (2? + y?) — (@Yo + Ye — 2)° = 0, 
or N (yo — iat») (a + iy) + (yo + ra) (@—ty) + 2=0 
and account for both of these forms. 


20. If the reciprocal of one parabola with respect to another be 
a parabola, the three curves have their axes parallel or coincident. 


2 2 
21. The conic =; + ri =1 is reciprocated with respect to a point. 


Shew that if the reciprocal be always similar to the original curve 
the point must lie on the curve 
ab? (a? x yy a (a4 =e b‘) (b?a? a ay), 
whereas if its area be constant, the point must lie on a conic similar 
to the original one. 
92. The triangle formed by the polars of the middle points of 
the sides of a given triangle with respect to any inscribed conic is of 


constant area. 


[The conic may be taken to be Jat Vy + Vz=0.] 


CHAPTER XVI. 
CROSS RATIOS, HARMONIC SECTION, INVOLUTION. 


328. Analytical representation of cross ratios. 

It is assumed, as is explained in the preface to this work, 
that the reader is already familiar with the principles of cross 
ratios, harmonic section and involution. We are now concerned 
with the bearing of analytical geometry on this branch of the 
subject. 

Prop. The cross ratio of the pencil formed by the lines 
whose Cartesian equations are 

Y=Me, YFHML, Y=MLX, YMC 
(m, — M2) (ms — M4) 
(m = mM) (ms == Mz) i 
Draw a line parallel to the y-axis to cut the four lines, taken 
in order, in P, Q, R, S. Let this line cut the z-axis in Z, and 
let OL=a. Then 
LP=me, [Q=m se, LR=m ez, RS=mg. 
The cross ratio required = (PQRS) 
_PQ.RS_(LQ— LP) (LS — LR) 
~ PS.RQ> (LS—LP)(LQ-LR) 
(me — mx) (me — mx) _ (mM, — My) (mM; — M4) 
~ (ange — mye) (tags = mg) (im — 4) (7725 — Ms)” 
__ It is easy to see that the cross ratio of the pencil formed by 
the lines 


18 


L= My, L= MY, r= MY, c= My 
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has this same value. This could be proved by drawing a line 
parallel to the x-axis. It is clear too from the fact that 

(m, — Mz») (ms — Ms) 

(7m — 1) (mM; — Mz) 


is unchanged when we write for M;, M,, M3, m, their reciprocals. 


Oo L Xx 


Cor. The cross ratio of the pencil formed by the lines 
ee Yee AY) USHA XEN, 
drawn through the vertex O of the triangle of reference in any 
system of homogeneous coordinates iS 
Ou a Ae) (As _ a) 
(Aa — Da) (As Ao) 
For if we transform to Cartesian coordinates («, y) with 
CB and C/A as axes we have 
x 


a qx (say), 


elt _i 
hae — hy (say), Y=5 


so that the Cartesian equations of the lines are 
q q qg eel 
= = Vif, = = dW, == V3, ==). 
y D 1%, Y p Awl, Y Pp 8 ¥ D zt 
Whence, from the proposition, the cross ratio of the pencil is 


Qu 7 Ao) (As oo a) 
Ou a7 Du) (As oi No) : 
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Example. The cross ratio of the pencil formed by lines through 

a point parallel to the four lines whose equations in any homogeneous 
system are 

hae t+imy+n2=0, 

lo + Moy +292 =0, 

30 + My +2 =0, 

Uy + mgy +242=0, 
is 
hy, My 4 + 
lz, Mg, Neg U4, M4, Mg 
a —P ¥Y Gy Buk y a, 8, Vf 
the line at infinity being axz+ By +yz=0. 


[3, Mz, Mg 
lq, ™g, 4 


Ly, ™, “| 


329. Pairs of lines harmonically conjugate. 
Prop. The necessary and sufficient condition that the pair 
of lines whose Cartesian equations are 
Y= M0, Y= ML 
should be harmonically conjugate with the lines 
Y=Me, Y=M« 
as (m, + Mz) (my + my’) = 2 (MyM, + mm). 
For the lines being harmonically conjugate the cross ratio 
of them in the order 
Y=M2Z, Y=M2, Y=mMe, Y= Me 
must be — 1, 
(my — my’) (Mg — M4’) = — (mM, — My’) (Mz — m’), 
and this reduces to 
(m, + mz) (my' + Mg ) = 2 (MMy+ mm). 
This condition then is necessary and it can be shewn to be 
sufficient by working the algebra backwards. 


Cor. 1. The necessary and sufficient conditions that the lines 
xX => AY, xX — mY, 


m any homogeneous system, should be harmonically conjugate 
with the lines 


Xah"Y, sXe rsV 
ds (Aa + Ae) (Ay! + Ao’) = 2 (Ayre + A’Ay’). 
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This condition holds equally well too if the lines be 
Vier Ny, Y= AeA, Yad, .Y = rg dX, 


Cor. 2. The necessary and sufficient condition that the pair 
of Vines aa? + 2hay + by?=0 should be harmonically conjugate 
with ax + 2h’ay + b’y?=0 in Cartesians or any other system of 
homogeneous coordinates is ab’ + a’b = 2hh’. 


For let aa? + 2hay + by? = b(y — mx) (y — m2), 
so that m+ m,=— =, and mim=", 


and let a'‘a?+ 2h'ay + by =0' (y — mx) (y — m2), 
so that my + My = — by and m,'m = Be 
The condition that the first pair should be harmonically 
conjugate with the second pair is thus 
Paes SS thay 
that is ab’ + ab = 2hh’. 
Example. The necessary and sufficient condition that the two pairs 


of points on the z-axis given by ax®+2hv+6=0 should be harmonically 
conjugate with the pair given by a’a®+2h'x+0'=0 is ab’+a'b=2hh’. 


330. If the pair of lines y= ma, y = m'a be harmonically 
conjugate with the axes of coordinates in Cartesians then m'=—m. 

This can be deduced from § 329 by considering the pairs 
of lines y2—(m+m’)ay+mm'e=0, xy=0 as harmonically 
conjugate. Or we may proceed as follows: 

Let a line parallel to the y-axis cut the given lines in 
P and Q and the axes of coordinates in R and S, the last point 
being at infinity. 

The condition for the harmonic relation is 


(PQ, BS) == 1, 
“, (PQRS) =—1, 
PR: QS _ 


— 1, 


that 1s PS.QR~ 
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~, PR=— QR, 
QS : Lp Oa, 
for Pat 1, S being at infinity, 
~. RP=— RQ, .m=—m, 
6 Seo 
Q 
P 
Oo R Xx 


Cor. The pair of lines « =ry, x =— dy in any homogeneous 
system is harmonically conjugate with the sides x =0, y=0 of 
the triangle of reference. 


This is at once seen by transforming to Cartesian axes 
CB, CA. 


331. On the representation of four points in a plane. 


If the triangle of reference be properly chosen four points in 
a plane (no three of which are collinear) can be represented in 
homogeneous coordinates by 


(F, 9 h), (ah 9; h), (f 9; h), S 9; —h). 

Let P, Q, R, S be the four points. Let ABC be the diagonal 
points of the quadrangle PQRS (Pure Geometry, § 81). Take 
ABC for the triangle of reference. Let (f, g, h) be the co- 
ordinates of P. Then the equation of CP is 

Ce 


ioe 
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But CQ and CP are harmonically conjugate with CA and 
CB. Therefore the equation of CQ is 


os, pat A 
7: ai (§ 330 Cor.) 


uN 
EROS 


ea 


Also the equation of AP is 


eee 
g he 


Therefore, the point Q, being the intersection of AP and 
CQ, is given by 


Ds pal yd 

=F de gaohi 
that is fo :Yqiz¥q=u Sigh. 
Similarly Bp iYpitgati—gih, 
and ByiYgi2gHfiginh. 


Thus the four points can be represented by 


Ci g; h), (-f, 9; h), ‘GA —-9; h), Cis 9, - 
But it must be noticed that if (fg, h) be the actual 
coordinates of P, then (—f,g,h) will not be the actual co- 
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ordinates of Q but only proportional to them. The actual 
coordinates of Q will be (—Af, Ag, AA) where 

X(— af + Bg + yh)=1. 
A similar remark applies to the coordinates of R and S. 


332. Conics through four points. 


By a proper choice of the triangle of reference all conics 
through four given points (no three collinear) have their equation 


of the form 
Ag? + By? + C02 =0, 


where A, B, O are connected by a linear relation. 


For we choose the triangle of reference as in the last 
paragraph and the coordinates of the four points are then 


represented by 
(9.8), (-£.9h), (f-9,), (fg —)). 
Now take the general conic 
Ax? + By + C2? + 2Fyz + 2Gze + 2Hay =0, 
and make it pass through these four points. We then get 
K=G=H=0 
and Af? + Bg? + Ch? = 0. 


Thus the equations of all conics through the four points are 
included in 


Az + By? + C2=0, 
where the constants A,B,C which are different for the different 
conics are connected by the linear relation 


Af? + Bo? + Ch? =0. 


We see then that the conics through P, Q, R, S all have 
the diagonal triangle ABO, which is the triangle of reference, 
for a self-polar triangle. 


This can be proved otherwise from the harmonic properties 


of the quadrangle and of the pole and polar of a conic (Pure 
Geometry, § 82). 
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333. Prop. The locus of the centres of all conics through 
Jour given points is a conic circumscribing the diagonal triangle 
of the quadrangle. 

For taking as the typical equation of one of the conics, 


Aa? + By? + C2*=0, 
with the relation 
Af? + Bg? + Ch? =0, 


we see that the coordinates of the centre are given by 


Agar Byer Oeoy 

Ta pee aed (§ 310) 
eee te Gs 

a y z 


Thus the centre satisfies 
2 2 j2 
af + Be + the = 0, 
oo ¥ Zz 
that is to say, the locus of the centre is a conic circumscribing 


the triangle of reference which is the diagonal triangle (compare 
Pure Geometry, § 126). 


334. Representation of four lines in a plane. 

By a proper choice of the triangle of reference the equations 
of four lines in a plane, no three of which are concurrent, can be 
expressed in the form 

la + my +nz=0, —lx+my+nz=0, 
le —my + nz=0, la + my —nz =0. 

Let the four lines form the quadrilateral PQRS. Let ABC, 
the triangle formed by its three diagonals PR, QR, DE, be 
taken as the triangle of reference. Let the equation of PQ 
be le + my +nz=0. 

The line (la + my + nz) — lx =0 passes through the inter- 
section of PQ and BC. Moreover it passes through A (1, 0, 0). 

Therefore my + nz =0 is the equation of AD. 

Therefore since A (DE, BC) =—1, the equation of AZ must 
be my —nz= 0. 
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Now the line PS passes through P the intersection of PQ 
and AQ, Therefore its equation is of the form 


la + my +nz+ry =0. 


Moreover the line PS passes through HF the intersection of . 
AE and BO. Therefore its equation is of the form 


my —nzZ+ pa =0. 
Whence, since these are the same line, 


aha leaiets c EET h 
lLiinesn Ie wee 
you = 0. 


Therefore the equation of PS is le— my+nz=0. 
By similar reasoning, which the student can effect for 
himself, it can be shewn that the equation of SR is 
—la+my+nz=0, 
and that that of QR is la + my —nz=0. 


335. It is easy to see that the proposition of the preceding 
paragraph and that of § 331 are reciprocal to each other. For 
if we reciprocate the point (f, g, h) with respect to the imaginary 
conic 2? + y?+2?=0, we shall obtain the line f+ gy +hz=0. 

And the reciprocals of the points 


lads 9; h), S, writ h), CS, g; —h) 
are —fetgyt+thz=0, fe-gythz=0, fe+gy—hz=0. 
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336. Conics touching four lines. 

By a proper choice of the triangle of reference all conics 
touching four given lines (no three concurrent) will have their 
equation of the form Aaz?+ By?+Cz2=0, where the constants 
A, B, C are connected by a relation which is linear in the 
reciprocals of A, B, C. 

This may be proved by taking the four lines to be 

le+my+nz=0 
—la+my+nz=0 
le—my +nz=0 
le + my —nz=0 
and expressing the conditions that the conic 
Ax + By? + 02+ 2Fyz + 2Gze+ 2Hary =0 
should touch these lines. 
It will be found that these lead to the relations 


F=G=H=0 
PO m= 
and Teena 


But we can get the same result very easily from § 332 by 
reciprocation. For as the conic touches the lines (1) its 
reciprocal with respect to 2?+y?+2?=0 must pass through 
the points (1, m,n), (—J, m,n), (1, —m, n), (1, m, —n). 

But the general equation of conics through these points is 


(§ 332) 


where —+5+7,=0. 


And the reciprocal of (2) is (§ 320) Aa’+ By? + C2 =0. 
Thus the general equation of conics touching the lines (1) is 
Aw + By? + C2 =0, 
where the constants A, B, C, different for the different conics, 
are connected by the relation 
2 2 2 


4 


352 CROSS RATIOS, HARMONIC SECTION, INVOLUTION 


Example. The locus of the centres of conics touching four given lines 
is a straight line. 

337. Constant cross ratio property of conics. 

If A, B, OC, D be four fixed points on a conic, and P 
a variable point on it, then P (ABCD) 1s constant. 

We have seen (§ 321) that a conic can be expressed in terms 
of a single parameter ¢ in the form 

a:y:c=al+bite:vP+bt+e ae + b’t +c". 

Now let t, t, ts, & be the values of the parameter ¢ for the 
four points A, B, C, D on the conic; and let + be the value of 
the parameter for any point P on the conic. 

Take any two lines through P, 

X =la+my+nz=9, Y=elVa+m'y+nz=0. 
Then any line through P will have its equation of the form 
X —rAY=0. 

Now let 2, be the special value of X for the line AP. 

Then we must have 

L(at? + bt, +c) +m(at?+ bt,+¢)+n(a’t?+ oh + ce’) 
=, {I (at? + bt, +c) +m (at? +0 +0) +0 (at? + O°4, + e”)} 
and 

L(ar?+br+c)+m(a't?+ b’r +0) +n(a"r? + b’7 +0") 
=A, {I (ar? + br +0) +m’ (a'r? + b'r +0) +0 (a"7? + b’r +c"). 

On subtraction, and division by ¢— 7 we get 

L{a(h+r)+b}+m{a (+7) +0}+n fa" Gtr) +64 
=A, [I fa(h+7) +b} +m’ {a t+7)+d}+n (a’ G+ 7) +64]. 


From which we get 
At, +B 


Se A Ds 
where A, B, C, D are independent of ¢,. 
Now P(ABCD __ Aa = As) (As = Aa) D) 
_At+B At+B_(AD-BC)(i-t) 
Che D | Ce De (OD) (CRD 


and 


Mi - 
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Thus we see that 


= (t = ty) (t, a t,) 
P (ABCD) = a ean) 


which is independent of r. 
Thus P (ABCD) is constant. 


338. Special case. 

The following is a special case of the preceding article. 

The cross ratios of the pencil formed by joining any point P 
on the conic Aa®+ By? + Cz? =0 to the four points (+ f, +9, +h) 
through which it passes are 

= ao Se iil et 
Ch ea? mae PPG 
and their reciprocals. 
Since the conic passes through the four points we have 
Af? + Bg? + Ch? =0. 
Now the equation of the conic can be written 
(aVA+yV —B)(aVvA—yV—B)=(2V —CY. 

Thus (§ 321) we may take as our parameter ¢ either of the 

equal ratios 


ON AYN = Bo zV—O 
2v—-O pNA RYN SB 
Whence : 
pea NA g N= B pon IN GS EB 
SS es es ears 
,_fVA-gN—B ,_fVA+gV—B 
ee ye Et oe 
_ (t= ty) (ts — te) _ (2fV A) (2f VA) 
 (-(h—-t) 2° fVvVA+gv —B)2(fvA-—gVB) 
Aft ov Af? 


—Aft+ Bg ~~ Oh° 
This then is one of the cross ratios and the others follow 
from symmetry. 
A. 23 


354 CROSS RATIOS, HARMONIC SECTION, INVOLUTION 


Examples. 1. Prove analytically that if A, B, @, D be four co- 
planar points of which no three are collinear, then the locus of a point P 
such that P (ABCD) is constant is a conic through 4, B, GD: 

2, Prove that the constant cross ratio of the pencil formed by joining 


ol Ae: 
any point on the ellipse 5 + zi =1 to the four fixed points upon it (2, 1), 


(a5 Yo), (83) Ys), (%4y Ya) 18 equal to 
a -4—") (4? 4”) 
ay Xe ag oF. 
(2-4) Y3—b  Y2—b 
vy XM 43 Xv 


3. Prove that one of the cross ratios of the pencil formed by joining 
any point on an ellipse to the extremities of the latera recta is ¢. 


4. Prove that the extremities of any diameter of an ellipse are 
harmonically conjugate with the extremities of the diameter conjugate 
to it. 

[It is here to be proved that if Q be any point on the ellipse and 
PCP’, DCD’ be a pair of conjugate diameters Q(PP', DD')=—1.] 

5. Prove that the cross ratio of the pencil formed by joining any 
point on the parabola y?=4a# to the points (ap,’, 2ap), (apg", 2ap2), 
(aps*, Laps), (apea”, Zoypg) 18 

(44 — Ha) (Hs — Ba) i 
(141 — Ha) (43 — Ba) 

339. Involution. 

We know that two pairs of lines through a point completely 
determine an involution (Pure Geometry, § 113). We shall now 
establish an analytical test that a pair of lines through a point 
should belong to an involution determined by two other pairs of 
lines through the point. 


Tf an involution be determined by the pairs of lines through 
the origin, or through a vertex of the triangle of reference, viz. 


a+ Qhyuy + by? = 0-4. ccs ceseue eee (1), 
Ogi Bhery: +b? == acne Boca eaeee (2), 
the necessary and sufficient condition that the pair of lines 
gt" + Dheety +P Oy OWL aches eon ones (3) 
should belong to this involution is 
Gi, hesboyo? 
2, he, by 
ds, hs, dg 
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For let Ba OH AVA BYOCEO SINS... aP (4) 
be the double lines of the involution. 


Then (1) and (2) are both harmonically conjugate with (4) 
(Pure Geometry, § 118). 


*, Ba, + Ab, — 2Hh, =0, 
Ba, + Ab, —2Hh, =0. 
Now if (3) belong to the involution determined by (1) and 
(2), then (8) must also be harmonically conjugate with (4), 
. Bas+ Ab, —2Hh; =. 
On elimination of A, B, H we get 
TAS ue tiple) 
Gh alta. Ds 
dis, Gigi 0; 
as a necessary condition. 


It is also sufficient, for supposing it to hold it will be possible 
to determine A, B, H to satisfy the equations 


a,B +b,A — 2Hh,=0, 

a,B +6,A —2Hh,= 0, 

a,b +b,A —2Hh,=0, 
that is to say there will be a pair of lines 

Aa? + 2Hay+ By =0 
harmonically conjugate with all three of the pairs of lines, 
which must therefore belong to an involution. 


Cor. By similar reasoning we can shew that the above is 
also the necessary and sufficient condition that three pairs of 
points on the #-axis given by 

av? + Qhw + b, =9, 
dot? + Qhyx + b, =0, 
asx? + 2hex + b, =0, 
should belong to the same involution. 
23—2 
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340. Double lines. 


The equation of the double lines of the involution determined 
by 


aya? + Qhyry + dy? =O ..reeeveeceseverer (1), 
Ag? + Dhory + dy? =O crrceceeeseeeveeer (2), 
as ye, —ay, x \=0. 
ee eee 
ea e* OG, 


For let az+ Py =O0 be one of the double lines. Then (1), 
(2) and 
aa? + 2aBay + By? = 0 
are three pairs of lines belonging to the same involution, 


Os ap, fae = 0. 
h, bh, 
| Ap, hg, b, 
Writing print we get the equation of the double lines 
y, —zy, @ |=0. 
am, bh, b 
A, he, bs 


341. Involution properties of conics. 


Conjugate lines through a point to a conic form an involution 
of which the tangents from the point are the double lines. 


B 


Let A be the point, AB and AC the tangents from it. 
Take ABC as the triangle of reference. Thus the equation of 
the conic is of the form | a*— 2kyz =O ....... cs cscrteoseewes (1). 
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Take any line through A 


Let (a, y:, 2) be the pole of this. 

. Then the equation ax, —k (yz’ +y,z)=0 must be identical 
with (2), 

*, a,=0 and OZ, 


Thus y + \z=0 is the equation of the line joining A to the 
pole of (2), that is y+Az=0 is the conjugate line to (2) 
through A. 

And these two conjugate lines are harmonically conjugate 
with y =0, z=0, that is with AC and AB. 

Therefore they belong to the involution of which AB and 
AC are the double lines. 


Cor. Conjugate diameters of a conic form an involution 


system, the asymptotes being the double lines. 


342. Test for conjugate diameters. 


By means of the proposition just established we can prove 
that the condition that the pair of lines (in Cartesian coordinates) 


a? + hay + by? =O ....ccecsseesesees (1) 
should be conjugate diameters of the conic 

Ase -- 2p Diy | iss teass ues (2) 
as Ab + Ba—2Hh=0. 


For if (1) be conjugate diameters of (2) they must belong to 
the involution of which the asymptotes (ve. the tangents from 
the centre) are the double lines. 

But the equation of the asymptotes is 

Ate + 2H ay +BY? =0 cccccivcecsvencens (3). 

Thus (1) and (3) must be harmonically conjugate, 

“, Ab+ Ba—2Hh=0. 

This condition then is necessary, and it is easily seen to 

be sufficient. 
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343. If we reciprocate the theorem of § 341 we get: 


Conjugate points on a line with respect to a conic form an 
involution range the double points of which are the points in 
which the line cuts the conic. 


This is proved in Pure Geometry, §121. We will give an 
independent analytical proof of it as follows. 


Let the line on which the points lie cut the conic in A and 
B (these points may be imaginary). Take the middle point O 
of AB for origin, OA for the axis of # and a line perpendicular 
to it for the y-axis. 


The equation of the conic will therefore be of the form 
ax? + 2hay + by? + 2fy +c=0, 
there being no term of the first order in # since the values of # 
when y = 0 have to be equal in magnitude and opposite in sign. 


Let P and P’ be a pair of conjugate points situated on the 
given line, (#,, 0) (#,’, 0) their coordinates. Then the polar of 
each goes through the other. Now the polar of (a, 0) is 


ant, + hay +fy +c =9, 
2 AON Byotcle: O; 
. 00) = — 2 ) 
a 
which is constant and = OA?= OB?. 


Therefore P and P’ belong to an involution of which O is 
the centre and A, B are the double points. 


344. Proposition. A system of conics through four fixed 


points is cut by any transversal in pairs of points which form 
an involution. 


Take the line of the transversal for the axis of a. 

Let S= aa + 2hay + by? + 29a4+ 2fy+c=0 
S'S aa? + Qh’ay + Vy? + 2g'a + 2fy te =0 ...... (2) 

be two conics through the four points, then any other conic 
through these points will be of the form S+2AS’=0 ...... (3). 
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Now the pair of points in which the transversal (which we 
have taken for the w#-axis) cuts (1) is given by 
an? +2ge+c=0. 
So the pairs of points in which the transversal cuts (2) and 
(3) are given by 
ax + 2¢'a+ ce =0 
and (a+ra’) a+ 2 (9 +rq’) a+ (e+ Ac’) =0, 
and all these belong to the same involution since 
a, bre Cc ==(), 
a’, oh c 
a+rAa’, gtrAg’, c+re’ 
Thus the proposition is proved. 


/ 


345. Homographic ranges. 


If «and «’ be the «-coordinates of two points P and P’ on 
the x-axis, and x, a’ be connected by the relation 


Aue + Ha+ H’c' + B=0, 

where A, B, H, H’ are any constants, then a range of points 
typified by P will be homographic with a range typified by P’. 

For lei P,, P., P;, P,; be any four points of the P series of 
points, and let a, #, 23, , be their w-coordinates. 

Let P/, P.’, Pj, P; be the corresponding points in the P’ 
series, and let ,’, etc. be their x-coordinates. 

Then GPaBsP EP) ae (a, — X, ) (ag — X54 ) 


(a — 4) (@3 — Xo ) 


Ha,+B Ha,+B He +B. Hat 2) 
ee ae) ae Aaw,+ H’ 
Poteet nox, b\/. Bate ie Ha, +B ay 
(=F + tee) (~ dee Fang 2 


a (@ — Hq) (3 — a4) =(P, P,P;P,). 


ie (a, — 4) (ss — WX) 


Thus the proposition is proved. 
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346. The above relation gives 


Now suppose that P (a) and Q (#’) are any two points on 
the line connected by this relation. 
Then to P, regarded as belonging to the first series of points, 
corresponds Q in the second series. 
But the point Q regarded as belonging to the first series 
will correspond with some other point in the other series, 
But in the special case where H = H’ we have 
i. Hee DB 
- Ag+ HH 
Hz'+B 
- Aa’ + H’ 
so that P considered as belonging to the first series will cor- 
respond with Q in the second series, and at the same time Q 
considered as belonging to the first series will correspond with 
P in the second series. 
Thus if P, P’; Q,Q'; R, BR’, be three pairs of corresponding 
points in the two series, 
(PORP)) = (2 Ooh). 
That is these three pairs of points belong to an mvolution 
(Pure Geometry, § 116). 
This we can see analytically thus: 
We have Ags’ + H(x+2')+B=0. 
If then the pair of points P (7), P’(a’) be given by 
aX*?+2hX +b=0, 


and C= 


we have pon me Rag 6 
and a 
a 
“. Ab+ Ba = 24Hh, 


that is to say the pair of points P, P’ is harmonically conjugate 
with the pair given by AX2+ 2HX + B=0. 
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Therefore all the pairs P, P’; Q, Q’; etc. being harmonically 
conjugate with the same two points in the line, form an invo- 
lution with these two points as the double points. 


_ 347. We can also see that pairs of points connected by the 
relation 
Awa’ + H(24+e')+B=0 
form an involution in the following way : 
Transform the origin to the point (%, 0). Let the new 
x-coordinates of the two points be X, X’ so that 
a=X+kh, « =X'+k, 
A(X +k) (X'+h) 4+ A(X 4+ X'4+ 2k) 4+ B=0, 
“. AXX'’+(Ak+ H)(X +X’) + A? +2Hk+ B=0. 
Now choose k so that Ak+ H=0. 


Then we have 
H? 


aXe, = 7 te B, 
ie xx Ab 


Thus the pairs of points belong to an involution whose 
centre is the new origin and whose radius is VH?—AB/A. 
Hence the double points of the involution will be real or 
imaginary according as H? is > or < AB. 


348. Double points. 
Now let us return to the more general relation 
Axa’ + Hx+ H’x' + B=), 
defining two homographic ranges which do not make an invo- 
lution. 

It is clear that there will be two points which will cor- 
respond to themselves in the two series. For putting «=a 
we have 

Av’?+ (H+ H’)x#+B=0. 

The points so given are called the double points of the 

homographic ranges. 
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If we denote the double points by © and 0’, and Pe pee 
any pair of corresponding points (Q.0/PP’) is constant. 
For if Q and Q’ be another pair of corresponding points, 


(Q.0' PQ) =(00'P'Q’, 
&, (00’PP’)= (0.0/0), 
that is (0.Q’ PP’) is constant. 
In proving this we have made use of the theorem that if 
(ABCD) =(ABC'D’), then (ABCC") = (ABDD’). 
This is easily seen to be the case; for if 
(ABCD) = (ABC"D’), 
then (ACBD) =(AC’BD’), 
by interchanging the second and third letters in both. 
ACSED™ AC™. BD 
SA DEBO AD SBCR 
AG BO AD BD 
eA CUBO A Daas: 
. (ACBC’) =(ADBD’), 
. (ABCO’) =(ABDD’). 
349. The constancy of (00,'’PP’) may be made use of to 
find the point corresponding to a point Q, when the double 
points 0, 0’ and a pair of points P and P’ are known. 


8&8 Qa P’ few 


For let the line be turned round © through any angle and 
let P,, Q:, Pi’, Q,’, be the new positions of P,, Q,, ete. 
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Nowe) 0) == (OOUPP’) = (OONPP,’). 

Therefore since Q.0’'QQ’ and QQ,’ P,P, are homographic 
and have a common point ©, 0/0,’, P,Q, P,Q’ are concurrent 
(Pure Geometry, § 66). 

Hence to find Q’ corresponding to Q, we let }’O,’, and P,Q 
meet in A and then join P,’A to meet the given line in Q’. 


350. We have seen that points in a line connected by the 

relation 

Aga’ + Hx+ H’x’'+B=0 
give two homographic ranges. We shall now shew that if 
there be two homographic ranges in a line corresponding points 
are connected by a relation of the above form. 

For let a, b, c be the distances from the origin of three 
points A, B, C in the line and let a’, b’, c’ be the distances of 
the corresponding points A’, B’, C’. 

Let « and «’ be the distances of any other pair of corre- 
sponding points. 

Then since CRABO) =P Al RC’), 

_ (@—a)(b—0)_ (a —a')(6' =) 
* (a@—0)(b-a) (a —c) (0 —ay’ 
and this reduces to the form 
Ace’ + H+ H's’ + B=0. 


351. Next let it be observed that it is not necessary that 


the points P, Q, etc. of the one series be measured from the 


same point O as that from which the corresponding points 
P’, Q’, etc. are measured. 

Say that the P series is measured from 0, and the P’ series 
from O’, and OP =a, O'P’ =<’, then « and «’ are still connected 
by a similar relation. 

For let C0 =k, 

2. OP =00+0P =h+e. 
Now Ac.OP +H«+H'.OP’+ B=0, 
v. Aa(h+a)+Ho+ H’ (h+a’)+ B=9, 


364 CROSS RATIOS, HARMONIC SECTION, INVOLUTION 


and this is still of the form 
Aga + Ha+ H’a’ + B=0 


with changed constants. 


352. Again, we can see that it is not necessary that the 
system of points P’, etc. should be collinear with the P system. 

If # and 2 be the distances of P and P’ measured from 
points O and O’ in the respective lines of the ranges, the 
system P will be homographic with the system P’ provided 
a relation of the form 

Aax + Ha+ H's’ + B=0 

obtains, and conversely. 

We can derive at once the property referred to in § 349 that 
if two homographic ranges lie on lines which meet, and the point 
of intersection of the lines correspond to itself in the two ranges, 
the lines joining corresponding points are all concurrent. 


Y 


Oi ae P X 


For take the two lines OX, OY on which the ranges lie as 
axes of coordinates. : 


Let x and y be the distances of corresponding points 
from O, 
“. Avy+ Ha+ H’y+ B=0, 
and as O is a corresponding point in the two by hypothesis, this 
relation must be satisfied by «=0, y=0, ... B=0, and the 
relation is 


Aay+ Ha + H’'y =0. 
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Now let pand p’ be the distances from O of two corresponding 
points P and P’, 

“. App’+ Hp+ H’p' =0, 
sare =e + a cess A, 
ES 

Thus the line PP’ whose equation is EE passes 
through the fixed point (— H’/A, — H/A). 

We shall prove in a later chapter that the lines joining 
corresponding points of two homographic ranges on intersecting 
lines, the point of intersection of which does not correspond to 
itself in the two ranges, all touch a conic. 


EXAMPLES. 


1. Prove that the middle points of the three diagonals of the 


- quadrilateral formed by the lines 


+let+mytnz=0 
lie on the line 
Pa+ my + n®z= 0. 

2. Prove analytically that the locus of the poles of a given line 
with respect to conics passing through four fixed points is a conic 
which passes through the diagonal points of the quadrangle formed 
by the given points. 

3. State and give an analytical proof of the reciprocal of the 
theorem of Ex. 2. 


4. The director circles of all conics touching four given straight 
lines form a coaxial system. 


5. Ifa system of conics have a common self-conjugate triangle, 
any line through one of the vertices is cut by the system in pairs of 
points which form an involution. 


6. Shew that two of the family of conics drawn through four 
fixed points, no three of which are collinear, are parabolas; and 
that the necessary and sufficient condition that these parabolas 
should be real is that the triangle formed by joining any three of 
the points should not enclose the fourth. 
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7. A system of four point conics can be reciprocated into 
concentric conics. 


8. Prove that the four common tangents to the conics 


ae 

ye ha a=? 

2 2 2 
and a+ it =O 


are 2 JBC —BO+y NCA —-CA +2 NAB — A'B=0, 
and that all conics which touch these four lines are included in 
hea 2 ra 


y * 
Terr aE 


9. Prove that the locus of points from which the pair of 


nd 2 

tangents to the hyperbola - - - —1 are harmonic conjugates to the 
pair of parallels to the asymptotes is the hyperbola 

ead Bees 
a BF - 
‘ d ls 
10. The tangents from a point P to the ellipse ei t=9 
are harmonic conjugates with respect to the tangents from P to the 
2 2 
hyperbola 5 —S+ 1=0; shew that the locus of P consists of a 


pair of parallel lines. 


11. From a point P on a parabola two normals are drawn to 
the curve. Prove that the bisectors of the angles between these, 
with the diameter through P and the normal at P form a harmonic 
pencil. 


12. Prove that the four points on an ellipse whose eccentric 
angles are a, B, y, 6 subtend at any point on the ellipse a pencil 
whose cross ratio is 
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13. The double points of the involution determined by the 
- two pairs of points given by the quadratics 


ax? +2be+c=0, Aa?+2Bue+C =0, 
are given by 


(aB — bA) x? — (cA —aC) a+ (bC —cB) =0. 

PP’, QQ’, RR are six points on a straight line. Prove that the 
six double points of the three involutions determined by QV, RR; 
Lk’, PP’; and PP’, QQ’ cannot be in involution unless PP’, QO, 
FF’ are in involution, when the double points coincide in three. 


14. Shew that the complete condition that the pairs of lines 
ax? + 2baey + cy? =0 and aa? + 26'ay + cy? =0 
should form a harmonic pencil is 
(a’c + ac’ — 260’) {(a'c + ac’ — 2b’)? — 36 (ac — 6?) (a’c’ — 5”) = 0. 
15. Through the angular point A of the triangle of reference a 
straight line AD is drawn, cutting the conic 
S = ax? + by?” + cz? + Afyz + 2gzu + 2hay=0 
in the points P and P’, and also cutting the line 
Le le+my+nz=0 
in the point QY. If a point QY’ be taken on AD such that the range 


(PP’, QQ’) is harmonic, shew that as the line 4D moves, the locus 


of Y is the conic 
I=L (ax + hy + gz). 


16. Four points A, &, C, D are taken on <= 1+ecos6, and 


the corresponding values of @ are a, 8, y, 6. Shew that the cross 
ratio of the pencil subtended by 4, B, C, D at any point of the 
conic is the ratio with the sign changed of some two of the three 


quantities 
B-y. a—9d Os x B-35 . a-fB 
7 sin—-, sn“) sin -, sin-> 5 


sin 


17. A square is inscribed in an ellipse whose semi-axes are a 
and 6, and any point on the ellipse is joined to the corners of the 
square. Prove that one of the cross ratios of the pencil so formed 


18 — =3* 
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18. The locus of points from which the two pairs of tangents 
to the circles 
(w-aP+ y=, (at+aPr+y=e 
form conjugate pairs of a harmonic pencil is 


(2a? — c*) y? — ca? = 0 (a? — o): 


19. If two complete quadrilaterals have the same lines for 
diagonals their eight sides touch a conic. 


20. Given four points on a conic section, its chord of inter- 
section with a fixed conic passing through two of these points will 
pass through a fixed point. 


91. Ifd, tbe the lines ax* + 2hay + by? = 0, and J,, 7, the lines 
a'x? + Lh’ny + b'y?=0, and 2X be the cross ratio of the pencil 1, 3, 4, 
l,, then 


(> + =a 2 (ab’ + a/b — 2hh')? 
rN-1/ 4 (ab—h*) (ad — h'?)* 
29. Shew that the three lines each of which forms a harmonic 
pencil with the lines 
y=0, ax? + 2hay + by? =0 


are ax +hy=9, 


an? + Zhoy + (9 - =) =O. 
a 


23. If (a, b, ¢, fg, 2) (a, y, 1)P?=1 be the Cartesian equation 
of a conic and if X=ax+hy+g, Y=hu+by+/f, prove that the 
equation of the asymptotes is 

bX?—-2hXY+aY?=0. 


Hence shew that the lines 0’X?-2h’'XY+a’Y?=0 will be a 
pair of conjugate diameters if ab’ + a'b — 2hh’ =0. 


CHAPTER XVII. 
INVARIANTS. 


353. It follows from what has been proved in § 106 that if 
(a, y) be the Cartesian coordinates of a point referred to axes 
including an angle w and if 

ax? + hay + by? + 2ga + 2fy +c 
transforms into 
a’? + Qh’a'y’ + by"? + 2g'a2 + 2f'y +c, 
where (a’, 7’) are the coordinates of the same point referred to 
any other axes in the plane, 
a+b—2hcos w ab — h? 
sin? @ sin? 


are invariant, for by a change of origin the coefficients of the 
terms ax? + 2hay + by? are unchanged, and by a change in the 
direction of the ames the invariant relation has been shewn to 
be true. There is another invariant relation between the 
coefficients a, b, c, f, g, h which we have not yet given. We 
shall before proving it establish the following proposition. 


Proposition. If the homogeneous coordinates x, y, 2 be 
transformed to new coordinates a’, y’, 2’ by the substitutions 


v= la’ + my! + m2’ } 


= Lee MY S Nee Ff vsurrerccetncevsee (1), 
z= [sx' + msy’ + ge’ J 
and ax® + by? + cz? + 2fyz + 2gzu + Whay ......... (2) 


be transformed to 
a’a!? + Dy’? + c'2/? + Of'y'e’ + 2q'z'a' + 2h’a'y’...... (3), 
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then a, h’, g |\=@|a, hy og 
WoO aad aaa S 
bed ie sqage ee 
where cal, mes 


le; May ia tes 
Leta als 
On making the substitutions* (1) we see that (2) becomes 
a (Le! + my! + nyo’) + b (laa + my +72) + ¢ (Lsac’ + mgy! + 132’)? 
+ Of (Len’ + may’ + Nga’) (Lge + my! + nye’) + 2g (Iga + may’ + N32’) 
x (La + my! + mz’) + 2h (Le + my +2’) (Loa + may’ + Noe ). 
Comparing this with (3) we have 
a’ = al? + bl? + cle + 2f lols + Qglsh + BZhhle, 
b’ =am;? + bm? + ete., 
c = an? + bn? + etc., 
f’ =amn, + bmn, + CmyNs + f (MaMs + MgNs) + g (MgNy + MMs) 
, + h(myngt+ Mn); 
g =anl, + Drala + CNgly + f (Meals + slo) + h (nly + Mls) 
+h (ml, + Nl), 
h’ =alym, + blyms + clsmz +f (lms +13m.) + h (lym, + lms) 
/ + h (lym, + lym). 
If now we write 
L,= al, + hly + gle | M, =am,+ hm, + gms 
L,=hh, + bl, + fls + , ge hm, =f 
L,= gh + flo+ cl, | M, = 9m, + fm, + ems 
N, =an, + hn. + girs 
N,= hn, + bn, in| ‘ 
Ny = gm t+ fms + ens 
we have 


a’ =f, + LoL + LL, 
b’ = mM, + mM, + m;M,, 
cf =n,N, + nN. +n Ns, 


* See the Cambridge Tract on Quadratic Forms by T. J. A. Bromwich, M.A. 
(Camb. University Press). 
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J’ = m,N,+m,N,+m,N,=7,M, + nM, +n,M,, 
Gg =n; + Nolin + N3Ls = LNy+ 1+ 15, 
h =1,M, + 1,M, +1,M, = mL, + mL, + MeL. 


Coe GNU. eT bes 1 Anes fe 
e, b, fe bs Mz, Ng Lh M,, Ny 
Se ay erat re Ly ong is La OM Se haive 
=|, -m, |x|, m, n |x|] a, h, g 
Lani Ny Pe OSNaS hs He on Aes b 
ls, Ms, Mz ls, M3, Ng g; As Cc 
=@la, h, g 
Ase b F 


ECE Raat 


354. We can use the proposition of the preceding para- 
graph to prove that if 
ax? + Zhay + by? + 2gu+ 2fy +c, 
where «, y refer to some Cartesian axes inclined at an angle o, 
be transformed to 
aa’? + 2h'x'y’ + by? + 2q'a@ + 2f’y’ +e’, 
where x’, y’ refer to Cartesian axes inclined at an angle w’ with 
the same or a different origin, then 
Cage elt eh, Ce hag 
eR GE | SRE IM 
SONAR OO Wy 
sin? w’ sin? 
For we make our expressions homogeneous by the insertion 
of z and 2’ which are unity, then 
ax® + by? + cz? + 2fyz + 2gzx + 2hay 
transforms into av? + b’y? + ¢'22 + 2f’y'2’ + 29/2'a' + 2h’a'y’ by 
substitutions of the form 
c= la’ + my’ +2’, 
y = la! + may’ + 2’, 
ge z, 


24—2 
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so in this case 
e=1 b,. my me |= (1m, — lm). 
dos 1b Cy ean ths 
O.a/a One 
Now we know that the area of the triangle whose vertices 
are (&,, Yr); (#2, Yo)» (#s; Ys) 18 
dsinw| %, @, 2s 
Yi, Yo Ys 
Zi Glee tase 
=tsino | La +m yi + Ar» Las + Myo + M22, Las +imys +25, 
Loaty! + MoYyy +No21'» Leite’ + Maffo! + Nok, Las +Moys + NeZ3_ 


, / rh 


2 ) cP) ) 23 
° / t / 
= $ s1n @ or My, , My ot ’ Nn 5) ay 
ij , , / 
29 Mey Ng XH ? Yo ? Zo, 


ae, tL (ells Me ge 24 

But the area of the triangle is 
tsinw’| a, YW, A 
Bs , OPE 2) 


, fi 
Xs ? Ys ? 23 


fe sin @ 
n : 

‘1? 1) ny sin @ 

iN Ma, Ng 

O80 2k 

NAN’ 
FG where 
sin’ sin 
=|a, h, g 
Ag 6, 


gage, © 


py : : 
We thus see that aro 8 om invariant for the general 


equation of the second degree in Cartesian axes for any changes 
of origin and axes. 
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Examples. 1. If ax*+2hay+by?+2ga+2fy+c=0 be a parabola in 
oblique Cartesian coordinates, prove that the semi-latus rectum is 
sin? @ (— A)?-+(a+b—2hcos w)* 
where A is the discriminant abc+2fgh — af? — bg? — ch?. 


[We know that when we transform to the axis and tangent at the 
vertex as axes of coordinates the equation of the parabola becomes 


— 21a’ =0, 
where / is the semi-latus rectum. 
Thus we must have 
an + Qhay + by? +292 + fy + c= Vy"? + 29/2" 


/ 12 
where /= -£,, that is Pat. 
Now A’= —b'g”? 
A’ sin? 
Oe A sin?@ = sare ($ 354), 
. A=—0'9? sin? o= — 268 sin? 
a+b—2h cos w b ; 
But sin? ~ gin? tn” 
—A — Asin‘ 


~b3sint?@ (a+b—2h C08)?’ 


rhe (=A)? sin? ] 
(a+b —2h cos w)* 


2. If av?+2hay+by?+2ga+2fy+c=0 be a parabola the length of the 
focal chord which makes an angle 6 with the axis of the parebow is 


2 sin? o(— A)? +sin? 6(a+6—2h cos @)*. 


3. If S=ax?+2hay+by?+2qv+2fy+c=0 represent an ellipse, prove 
that the difference of the eccentric angles of the points of contact of 
tangents from (, y) to the curve is 


2tan-1 {2 —— : ie ; 


4. If the general equation in rectangular axes represent a rectangular 
hyperbola its equation referred to its asymptotes is 


2.(h2— ab)? ay=A. 
Investigate also the corresponding equation when the original axes of 
coordinates are oblique. 
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355. Invariants of two conics. 
Let S = aa? + by? + 02? + 2fyz + 2gzu + 2hay =0 oe Es» 
Va aart by + ca + 2f'yz + 2g'2u + 2h'ay =0 ...(2), 
be the equations of two conics in any system of homogeneous 
coordinates. Then 
S+kS' s(atka’) a+ (b+ kb’) y + (e+ ke’) 2 
Aft hf) yz+2(gt kg’) eo +2(h+ kh’) za=0 ...(8) 
represents for different constant values of k a conic passing 
through the four points of intersection of (1) and (2). 
Now let & be so chosen that (3) is a pair of straight lines, 
that is & satisfies 
atka’, h+kh’, g+kg |\=9, 
h+kh’, b+kb', f+kf 


gtk’, f+ kf’, o+ke’ 
that is 


(w+ ha’) (b+ hb’) (c+ ke) +2 F + kf’) (g + kg’) (ht kh’) 
— (a+ ha!) (f+ kf’? —(b + kb) (g + hg’y 
—(¢ tke’) (h + kh’)? = 0, 


that is Ake + O'? + Ok + A=0, 
where 
A =abe+ 2fgh—af?—bg—ch?=| a, h, g |, 
OE are 
9 fre 
A’ = a'b'ce +2f'g'h' —af'*+bg'*-—ch?=| a’, hi, g % 
h’, 0’, , 
J, fe c’ 


© =(be—f?) a’ + (ca —g*) b' + (ab—h’)c 
+2 (gh —af)f' +2 (hf — bg) 9’ +2 (fg — ch) h’ 
= Aa’ + Bb’ + Cc’ + 2Ff’ + 2Gig’ + 2Hh', 
0’ =(U'c —f)a+ (ca —g")b+(ab —h”)c 
+2(gh' af’ \f+2(hf' -Ve)g+2( fg —ch)h 
=A’a+ Bb+C'c+2F'f + 269 +2Hh, 
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where A, B, C, F, G, H are the minors taken with their proper 
sign of a, b,c, f, g, h in the determinant A, and A’, B’, etc. are 
the corresponding minors in 4’. 

There will thus be three values of k for which the conic (8) 
will represent a pair of straight lines. We can see that this 
must be so, for if the conics (1) and (2) intersect in P, Q, R, 8S, 
we can have three pairs of lines through these points, viz. PQ, 
RS; PR, QS; PS, QR; and each of these pairs of lines will be 
a conic through the four points. 

Now suppose we transform to any other homogeneous system ; 
let S become S, and S’ become 9’, then S+kS’ will become 
S +k’, and exactly the same values of & will make 8+ %8’=0 
a pair of straight lines as will make S+kS’=0 a pair of 
straight lines. 

It follows then that 

e 6 © © A_A 
OD VR ONE IAIN 

In other words the ratio of each of the quantities A, A’, ©, ©’ 
to any one of the four is invariant. 

These four quantities are called invariants of the two conics. 
But it must be clearly understood that they are not invariant 
individually, but only in ratios. 


We have already seen (§ 353) that 


A=ée@A, A’=&A’. 
As then 9 a, 9 } 
jig yak 
we must have 0 = 20, 
and similarly also @’= 20’. 


356. Invariants and projection. 

Suppose now that we transform the equations of two conics 
S = aa® + by? + cz? + 2fyz + 2gza + 2hay = 0, 
Saat byte t 2f'yz + 29'zu + 2h'xy = 0, 
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by the substitutions 
2 aX +BY 49% 
VX + pV + 02’ 
aX +B V+ 74 
La Nit py eee’ 

es 4.€ + BUY + y Z 

~ VX + pV +vZ 
the denominator being the same in all of these. 


x 


On substitution we find 
SOX + wY+vZ/P 
=a(aX+BY +yZ)y+b(a'X+B'V+yZyt+e(a'X+ BV ty" SP 
+2f(aX + BV +Z)(a"X+B'V +94) 
+29 (aX + B’V +9"Z) (aX + BY + yZ) 
+ 2h (aX + BY +yZ)(aAX+PB'V +72) 
= (say) AX?+ BY? + C0Z2?+2FYZ + 2GZX + 2HX Y. 
And 8S’ (AX + #Y + vZ/) will be of a similar form 
A’X?4 BY? +022 4+2F'VZ4+ 24 ZX + 2H'XY. 
Now if P be the point (a, y, z), and P’ the point whose 


coordinates referred to some triangle or other be (X, Y, Z), 
then as P describes the locus 


S5bS 0.4 ee ee (1), 


P’ will describe the locus 
AX? + BY? +0724 2FVYZ+2GZX +2HXV 
+h(A'X? +BY? + 42+ 2F'VZ + 2G’/ZX + 2H’XV)=0 (2). 
And if (1) be two lines, viz. 
(la + my + nz) (la + m’y +n’z) = 0, 
(2) will be 
{aX +BY +yZ)+m(vX + BV +yZ)+n(a’X +BY +y"Z)} 
x {(V(aX +BY +yZ)+m' (VX 4+ PY +7'Z) 
+n (a"X + B"Y +y"Z)} =0, 
which is a pair of straight lines too. 
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That is to say, the same values of & will make both (1) and 
(2) represent a pair of straight lines. Hence the invariant 
character of the ratios of A, A’, ©, ©’ to each other is still 
preserved for transformations of the form we are considering. 


357. Now the transformation we have made in the 
preceding article is just that which occurs in the case where 
we project conically from one plane p on to another 7 (see 
Pure Geometry, Chap. Iv.). 

This we shall now proceed to shew, making use of the 
elements of analytical Solid Geometry. 

Let O be the vertex of projection. Take three mutually 
perpendicular lines OX, OY, OZ cutting the p plane in A, B, C 
and cutting the 7 plane in A’, BY, C’. Let P be any point in 
the p plane, and let OP cut the w plane in P’, so that P’ is the 
projection of P. 

Let (a, y, z) be the areal coordinates of P referred to the 
triangle ABC, and let (X, Y, Z) be those of P’ referred to 
A’BC". 

Let OA =a, OB=b, OC =c; and let OA’=a’, OB’ =, 
OC’ =c’. 


Let (&, 7, €) and (£’, 7’, &”) be the Cartesian coordinates of 
P and P’ respectively referred to OX, OY, OZ. 
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APBC _ projection of APBC on plane YOZ 


Now @= AABC projection of A ABC on plane YOZ 
. hg lle fg 
=| 9, b, 0 |= 0, b, 0 |=1—- b Cc a a’ 
Gs 0, C 0, 0, ¢ 
Reha sa | a 
Thus &= az, n = by, C= cz, 
BP=aX, W=VY, SF =CcZ. 
Ey ass, eee, OF 
But 2 ee for each of these ratios = OP” 
i OY G2 
ME PEIN EE: 
a ia EB é 
BS ENT ee ee 
a b b 


358. It follows from the two preceding articles that if 
S=0, S’=0 be two conics in a plane whose equations are 
expressed in terms of any homogeneous coordinates referred to 
a triangle in the plane, and if these conics be projected on to 
another plane and the equations of the new conics be S=0, 
S’=0 referred to any triangle in the new plane, the ratios of the 
quantities A, A’, ®, ©’ are unaltered. 

For we can pass from the homogeneous coordinates in terms 
of which S and S’ are expressed to areal coordinates referred 
to the triangle ABC of § 357, still preserving the invariant 
character of our ratios. We now project and get two new 
conics expressed in areal coordinates referred to the triangle 
A’B’C’; and by the two preceding articles the invariants still 
hold good, nor are they disturbed when we pass to any other 
homogeneous coordinates referred to any triangle in the 7 plane. 


359. It seems desirable to give a word of caution at this 
point. We know that two conics can be simultaneously projected 
into circles by projecting two of their points of intersection into 
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the circular points at infinity (Pure Geometry,§ 131). It might 
then seem that we could take 


Ssarty?+ 2g,0+ Ayt ca 
and 8’ =a2+ yt 29.8 + Wey + co. 


But this would be incorrect and would lead to serious error. 
What we may do is to write 


S=a (a+ y)+2na+2Bhyta, 
S’ = A, (a? +’) ate 2goX UF fry + Cy. 
We may then write aVa,=X, y Va, = Y, and so get 
S= X24 Y?4+29,X + 2 +a, 
S’ =a,(X2+ Y%) + 29,X + 2f,Y + c. 
The point to be made clear is that when we pass from 
Sand 98’ to S and 8’ by an algebraical substitution of the form 
given in § 356 we are not entitled to divide out any factor in 


either S or S’ unless indeed we divide it out of both of them. 
To this last there can be no objection. 


Just in the same way if we have two conics S and S' which 
have double contact we cannot, because two conics with double 
contact can have their equations (§ 324) expressed 


e+y+2=0, a+ y?+c2?=0, 
write S=e+ yp tz, S’ =a + y? + c2’. 
We may however write 


S=#2+y74+2, S’ =a(a# + y?) + 02". 


360. Illustrations of invariants. 
To find the condition that the conics 
S = aw? + by? + 02? + 2fyz + 2gew + Zhay =O... 000 (1), 
Vado tv ytoe t+ fyst 29/20 + Qh’ay =0 «..(2), 
should be such that it is possible to inscribe a triangle in S’ whose 
three sides shall touch S. 
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Let ABC be such a triangle. If we transform our co- 
ordinates so that ABC becomes the triangle of reference we 


shall have 
S=r2X24 wWV?4 PZ? — QwvVZ — 2WAZX — WX, 
S’ = 2F’VZ + 2G’ZX +2H'XY. 
If now we write X’=2X, Y’ =XY, Z’ =dZ we shall get 
S= X24 Y'24+Z%—2V’Z’—27'X'’—Ax'Y’ ...(3), 
So =2FY 2 +2GZ Xo OTN V  sree caine ae (4). 
If now A, A’, O, ©’ refer to (3) and (4), we have 
A=—4, 
Ale FCH, 
@=4(F+G+H), 
@ =— F?- G?— H? + 2GH (— 1) + 2HF (-1)+ 2FG (-1) 
=—(F+G+H). 
From these we derive the homogeneous relation, viz. 
@? = 400’, 
As this is homogeneous it holds when A, ©, @’ refer to (1) 
and (2). 
This then is the necessary condition if the conics S and S’ 
are such that a triangle can be inscribed in S’ so that its sides 


touch S, or, as we may put it, circumscribed to S and inscribed 
to 8’. 


361. We now proceed to enquire whether the condition 
@ = 4A0’ is sufficient to ensure that S and S’ are such that 
a triangle circumscribed to S will be inscribed to 9S’. 


Let A and B be two points on 8’ such that AB is a tangent 
to S. Draw the other tangents from A and B to S, and let 
them meet in C. 


Taking ABC for triangle of reference we may write 
SSe+ y+ 2— 2yz—2ze — Quy, 
S'S cz? + 2fyz + 2gza + Lhay. 
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Whence we have 
@=4(figt+h), A=-4, 
O’ =—(ftg +h) + 2ch, 
therefore the condition ©? — 440’ = 0 becomes 
16(f+gt+hy—-16(f+gt+h)+32ch =0, 
se = Ort 0: 


Si 


B 


But if h = 0, S’ becomes two straight lines 
z(cz+2fy + 2ga) =0. 
Excluding this case we see that 
SS’ = 2fyz + 2gzu + 2hay, 

that is C lies on S’. 

Thus if § and 8’ be two non-degenerate conics satisfying the 

‘relation ©? =4A@’, they are such that some triangle circum- 

scribed to § is inscribed to S’. And we shall now shew that 
when there is one such triangle there is an infinite number. 


362. Proposition. Jf one triangle can be inscribed in 
a conic S’ and circumscribed to another conic S, then an infinite 
number of such triangles can be drawn. 

Let ABC be such a triangle. 

Let A’ be any other point on 8’. 

Draw A’B’ to touch S and to cut S’ in B’. 
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Draw B’O’ and A’C’ to touch S and to meet in O”. 
Then the six vertices A, B, C, A’, B’, CO’ all lie on a conic 
(Pure Geometry, § 139). 


But the conic through the five points A, B, C, A’, B’ is 8”. 

Therefore C’ must lie on S’ also. 

Thus the triangle A’B’C” satisfies the conditions. 

Thus we see that an infinite number of these triangles can 
be drawn if one can. 


363. We proceed now to a further problem in which we 
shall make use of projections. 
To find the condition that the two conics 
S= aa? + by® + cz*+ 2fyz + 2gzu + Ahay =0......(1), 
SB! Sala Anak Saag og AC eee eas = 0: x09 (2), 
should be such that the sides of a quadrilateral having its vertices 
on S’ should touch S. 
Let AB, BC, CD, DA be the sides touching S of the 
quadrilateral whose vertices A, B, C, D lie on 9’. 
Let PQR be the diagonal triangle for the quadeanes 
A, B,C, D. Then PQR is a self-polar triangle for 9’. 
Now project S’ into a circle with P projected into the 
centre. Then QF goes to infinity, and ABCD becomes a paral- 
lelogram, and being inscribed in a circle it must be a rectangle, 


Thus, using small letters in the projection, a, b, c, d are 
points on the director circle of 8. 
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Thus S and NS’ are a conic and its director circle. 


So then we may take 


S=aa’+ by? +c, 
SU APS 7 ae e 
Sea (e’t+y)+a ane ) 


As our & equation arises from the condition that S +k’ 
should be the product of two linear factors, we may omit the 


1 
common factor 5 and take 


yee ee 
Sal @ty)+a (=+5)- 
We now write «Va =VvcX, yNa' =NVe Y, and get 


Ga 2x14 5V41 20k? +AV'+1 (say), 


‘— 2 3 a’ a’ = x2 2 1 ;) 
oxy y +(@45)=x +2+(5 +3). 
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Now form A, A’, @, ©’ for these; we have 
ars 1 
+B 
ene Ayah e _ (a+ fy 
@=2(a+ 8), OR y Sgt +1. 


A=as, N= 


These give AA’=a+ 8, .. @=2AA’, and O’= AA” +1, 
. OO’ = 2AA’ + 207A", 
. AOO’ = 2A7A’ + 2A2A", 
*, 4A00’ = 802A’ + 5, 
“. 88 — 4400’ + 8A°A’ = 0. 

This, being a homogeneous relation, holds when A, A’, ©, ©’ 
refer to the original conics S and 8’. 

The above relation is necessary that the conics (1) and (2) 
should be such that a quadrilateral circumscribed to (1) should 
be inscribed in (2). It must not however be assumed that it is 
sufficient (see Ex. 10 at end of chapter). 


It is clear from the projection effected above that if one 
quadrilateral can be inscribed in 8’ and circumscribed to S, 
there is an infinite number of such quadrilaterals. 


364. Condition for single contact. 
To find the condition that the conics S=0, S’=0 should 
touch. 
In general the conics cut in four points and we have three 
possible pairs of lines through their points of intersection, viz. 
S+kS’ = 0, 
where k is given by 
A'S + O72 + Ok + A=0.......6ceseee eens (1): 
If the conics touch, these three pairs of lines reduce to two. 
That is, this equation giving k has a pair of equal roots. 
Now a double root of (1) is also a root of 
3A + 20% + @ SQ sat iaccsevenuee (2). 
The condition that the conics should touch is then the 
result of eliminating k between (1) and (2). 
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This can be effected thus: (1) x 3—(2) x k gives 
O'k? + 20k + BA =0 oo... eee eceee ees (3). 
From (2) and (3) we have 
ke a k Sf Al 
2 (8A0’— @?) @@/—-9AN’ 2. (3A’0 — 8”)’ 

Whence (00’— 9AA’) = 4 (3A0’ — 6?) (3A’0 — 6”), 

which becomes on multiplying out 
@°O”? + 18AA’OO’ — 27A7A”? — 4A0” — 44/0? = 0. 

This condition is also sufficient that the conics should touch ; 
for by the theory of equations we know that the expression on 
the left side is a multiple of the square of the product of the 
roots of the equation (1). If then it is zero, two roots of (1) 
must be equal. 


365. Equation of common pair of chords of two 
conics which touch. 

Suppose that A, B, C, D are the four points of intersection 
of two conics S and 8’. The three pairs of common chords are 
AC BD AD. BO AB, CD. 

Now if B coincide with A so that the conics touch at A, it 
is the first two of these pairs that become the same, thus the 
duplicate root & in the last paragraph will be that which gives 
the pair of chords AC, AD when the conics touch at A and cut 
in C and D. 

But from the work of § 364, we see that this value of k is 

@0’ — 9AA’ 
2 (840 — 0”) " 

Hence the equation of the common pair of chords through 
the point of contact of two conics S=0, S’=0 which touch is 

2 (3A’0 — 8”) S + (@0’ — 9AA’) S’ = 0. 


366. Double contact. 
We naturally seek next to discover the condition that two 


conics S and S’ should have double contact. 
‘A, 25 
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We know (§ 324) that we can reduce these so that 
S=a(#+y’) + 02, 
S=e4+Y74+2, 
so that we have 


@ = 2a + a?......++. (3), Q/ = 2a +C...--.++. (4). 

We should then have to eliminate c and a between (1), (8) 
and (4) and make our resulting relation homogeneous by means 
of (2). It will be found however that the result obtained is the 
same as that which we had for single contact. This relation 
then is necessary for double contact but not sufficient. There 
must be other conditions satisfied if the conics are to have 
double contact. These will be set forth in a subsequent 
chapter. 


367. Condition for three point contact. 


In this case three of the points A, B, C, D must coincide, 
say A, B, C; then we have only one pair of common chords, viz. 
the tangent at A, and AD. 


Thus the equation giving & must have three roots equal, i.e. 


Q’ (3) A 
@/ ,_9 A 
BT oN A ee 
©’ ® 3A 
Whence 3h @ @” 


each of these being equal to 2. 


368. Pair of tangents. 
To find the equation of the pair of tangents to 
S=(a, b,c, f, 9, h)(a, y, zP =9, 
the chord of contact being la + my + nz = 0. 
Here we take S’ = (la + my + nz), 
so that we have A’ =0, 0’ =0. 
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The pair of tangents is a pair of common chords of S=0, 
S’=0. 
And the pairs of common chords are given by 
S+ kS’ =0, 
where A}? + OF? + Ok +A=0. 


in / / A 
Putting A’= 0, @’=0 we have k=— 6° 
Thus the pair of tangents is 
OS =A (la + my + nz), 
where 
@ = (bc — f?) 1? + (ca — 9?) m? + (ab — h?) n? + 2 (gh —af) mn 
+2 (hf — bg) nl +2 (fg —ch) lm 
= A+ Bm? + Cn? 4+ 2F'mn + 2Gnl + 2HIm. 
Writing this =, we have as the equation of the pair of 
tangents 
TS=A (la + my +nzy, 
which is the same as 
a h, g, b |Stla, hb, g | (lo+my-+nz)=0. 


Pore f. ee Os 
Oui 6, 2 PN hee 
ant, 9,0 


As a particular case of the above, we see that the equation 
of the asymptotes of 
ax? + by? + cz + 2fyz + 2gzu + 2hay =0 
in areal coordinates is 
ooh g, 1| + \a, hb, g | (@+y+z7=0. 


i ie fam ESE 
9; ‘A Cc, 1 g, Te C 
Dal Lo 


And the equation of the asymptotes of the conic represented 
by the general equation in any system of homogeneous coordi- 


nates is 
202 
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aiathy FO Modi hl Gon eg (aa + By + y2)? =9, 
hive vet ae b lay ae 

I; fc. g, Ts C 

a8; y, 9 


where ax -+ By +yz=0 is the equation of the line at infinity. 


369. Invariants and reciprocation. 


If the condition that a geometrical relation should east 
between two conics S and S’ is determined by a homogeneous 
function of nrg ae 
equal to zero, the reciprocal relation is determined by the same 
function of 

A?, A@’, A’O, A” 
equal to zero. 
For suppose the two conics S and S’ reduced to 
S = ax + by? + 2’, 
S20 4+Y7+2. 

Then A=abce, O=be+ca+ab, W=a+b+e, V=1. 

If we reciprocate with respect to S’, the conics become 

S, = bea? + cay? + abz*, 


and Vset+yt 2, 

and 

A, =ab'c?, @,=abe(a+b+c), O/ =be+cat+ab, A’=1=A® 
= aN =e AG’, a OA’. 
Now let (A,, 8,, @,', A’) =0 


be the homogeneous equation that must hold if a certain 
geometrical relation holds between S, and 8’; then the re- 
ciprocal relation holds between S and 8’; and the condition is 
equivalent to 
¢ (A’, AO’, A’O, A”) =0. 

Thus the proposition is proved. 

Illustration. The condition that triangles inscribed in S’ 
should be circumscribed to S is as we have seen @?=4AQ’, 
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hence the condition that triangles circumscribed to S’ should 
be inscribed in S is 

A?0’? = 4A2A’O, that is @’? =4A’0, 
which is obviously correct. 


370. Geometrical interpretation of © =0. 
It can be seen that @=0 for two non-degenerate conics 
. S and S’ in the two following cases: 
(i) Ifsome triangle self-conjugate to S is inscribed to 8’; 
for then we can take . 
S=2+y +2, 
S’ = 2fyz + 2gzx + Zhay. 
(ii) If some triangle circumscribed to S is self-conjugate 
for S’; for then we can take 
S=e2+ y+ 2— 2yz—2za— Any, 
S’ = ax? + by? + cz’. 

We will now shew that if @=0 both the geometrical 
properties (i) and (ii) hold. ; 

For let A be any point on 8’. Let the polar of A with 
respect to S cut S’in B. Take C' the polar of AB with respect 
to S. Then ABC is a self-conjugate triangle for 8S. Taking 
it for the triangle of reference, we may write 

S=27+y74+ 2, 
. S’ = cz? + 2fyz + 2gzu + 2Zhay, 
since S’ goes through B and C., 

For these @=c, .. c=0, 
that is O lies on 8S’. Thus ABO,a triangle self-conjugate for S, 
is inscribed in 8’. 

Hence @=0 is the necessary and sufficient condition that 
some triangle self-conjugate for S should be inscribed in S’. 

Reciprocating we have A@’=0; ie. 8’ = 0 (for A #0) is the 
necessary and sufficient condition that a triangle self-conjugate 
for S should be circumscribed to S’. 
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That is @ = 0 is the necessary and sufficient condition that 
a triangle self-conjugate for S’ should be circumscribed to S. 

Thus if @=0 both the geometrical properties (4) and (ii) 
hold simultaneously. 

It is further clear that there is an infinite number of triangles 
satisfying the conditions. 


EXAMPLES, 


1. Two circles S and S’ of radii r and r’ and with centres at 
distance d apart are such that the sides of a triangle circumscribed 
to S touch S’, prove d?=r? + 2rr’. 


[Take centre of S for origin and line joining the centres for 
x-axis so that the circles are 


See+y-r=0, 
S'’= («-d)y+y—-r?=0, 


that is SB +y?—-7°2’, 
Slece+y+ (—r?) 2 —2dza. 
Then use @? — 4A0' = 0.] 


2. If S=0 be a non-degenerate conic and S’ a pair of straight 
lines, then : 


(i) If @’=0 the point of intersection of the lines S’ lies on $ 
and conversely. 


(ii) If @©=0 the lines S’ are conjugate lines for S and 
conversely. 


[Take S = (a, b, ¢, f, g, h) (x, y, %)? and S’ = 2yz. | 


3. Prove that if ®@=0 for the conics S§ and 8S’, then S and 8’ 
can be projected into a circle and a rectangular hyperbola, the latter 
passing through the centre of the circle. 


Prove also that S and S’ can be projected into a parabola and a 
circle, the centre of which lies on the directrix of the parabola. 
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4, Deduce from § 370 that the circle circumscribing a triangle 
self-conjugate for a conic S cuts the director circle of the conic at 
right angles. 


2 


eer 
[Take the conic <a fi = 1 and the circle (x —h)? + (y—hk) =?" 
and express that @=0.] 


5. Prove that @=0 if S be a hyperbola and S’ the director 
circle of its conjugate. 


6. Prove that if 8’ is a given conic, the locus of the centre of a 
variable conic S such that (i) @=0 and (ii) a given triangle is self- 
conjugate for S, is a straight line. 


7. The condition that it should be possible to inscribe triangles 
F 2 2 
a = 1 whose sides touch = He i = lis 
6’ 
ets 3 Np 


é : oo 
in the ellipse ant 


al 


ais 


8. If the tangents to S at two of its points of intersection with 
S’ intersect on S’, then 


@? — 4A@0’ + 8A7A’ = 0. 


9, If the line joining the points of contact with the conic S’ of 
two common tangents to S and S’ touches S, prove that 
©? — 4A@0' + 8A?A’ = 0. 
Shew how this result could have been inferred from Example 8. 


10. If S and S’ be two conics which have a common self- 
conjugate triangle and if 

@ — 4A@0’ + 8A2A' = 0, 
then either (i) quadrilaterals can be circumscribed to S which are 
inscribed to S’, or (ii) the tangents to S at two of its points of 
intersection with S’ intersect on S’. 


[The conics have a common self-conjugate triangle ABC. 
Project S’ into a circle and BC to infinity. We shall then have a 
conic S and a circle 8’ concentric with it. Ifr be the radius of the 
circle and a2, $8? the squares of the semi-axes of the conic, it will be 
found that the condition leads to either 7?= a? + B* or r°=+ (a? — f°). 
The first gives (i) and the second (ii). ] 


392 INVARIANTS 


11. If two conics S and §’ have double contact and if in 
addition an n-sided polygon can be drawn whose sides touch one of 
the conics and whose vertices lie on the other, then 


@0' =AA' Q +2 cos? =) @ + 2 sec? =), 
n ” 


where r is an integer prime to n. 


Prove that if one such polygon can be drawn, there is an infinite 
number that can be drawn. 


[Conics with double contact can be projected into concentric 
circles by projecting the points of contact into the circular points 
(Pure Geometry, § 134).] 


12. Prove that the same relation holds as in Ex. 10 when the 
conics have single contact. 


13. I£ two parabolas with the same focus are inscribed and 
circumscribed respectively to a triangle, prove that the angle between 


3 . L ; 
their axes is 2 cos“? $ af T where Z and / are their latera recta. 


14. Shew that the ratio of the curvatures at the point of 
contact of the conics S= 0, S’=0 which touch, is the ratio of the two 
unequal roots of the equation 

A‘? + OF? + Ok + A=0. 


[Refer the conics to their common tangent and normal as axes 


(§ 237, Ex. 2).] 


15. If A, B, O, D are the points of intersection of the conics 
S=0, S'=0 and P be any point on S'=0, the cross ratio A of the 
pencil P (ABCD) is given by 

COR ee {@ — 3A0'8 
(A+ 1) (24? - 524 2)? {203 — 9A (OO — 3AA’)}?" 
[Take S= ax? + by? + cz, and S’ = a? + y? + 2, and see § 338. | 


16. The condition that the pencil formed by joining any point 


on the conic S with its four points of intersection with 9’ m3y be 
harmonic is 


27A?A’ — 9A@O + 20? = 0. 
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17. The conic S+AS’=0 degenerates into a pair of lines for 
the values A,, A,, A; of A; prove that the cross ratio of the pencil 
joining any point on S+AS’=0 to the four common points of the 
system is 

(A = Ay) (As = As) 
(A — Xs) (Ag — An)” 

Shew also that for the pair of conics S + p,S’=0, S+ pS’ =0, 

the condition © = 0 becomes 


A= Pa, Aa Ps, Ae _ io, 
Pa—Ay  flg— Ag a — Az 


18. ABCDEF is a hexagon inscribed in a conic S so that 
any two consecutive vertices are conjugate points with respect to 
another conic S’, prove that 


@— 4A (90! —2AA’)=0. 


19. I£S and 8’ be two conics such that a pair of their common 
chords are conjugate lines with regard to S, then 


20? — 900'A + 27A?7A’ = 0. 


20. If S and S’ be two conics such that a pair of their common 
chords are conjugate lines for both conics, then @’A’=0°A and 
either @0' = 9AA’ or 400’ = 9AA’. 


21. If the four points of contact with S=0 of the common 
tangents to S=0, S’=0 be joined to any point of S and the lines so 
formed determine a harmonic pencil, shew that 

203 — 9@0'A’ + 27AA”? =0. 


CHAPTER XVII. 


TANGENTIAL EQUATIONS.—ENVELOPES. 


371. Tangential equations defined. 
We have seen that the condition that the line 


bar Pany + 12 = 0 oo sicecae pataanencees (1) 
should touch the conic 
(a, 6, 6 f,.Gs 0) (EL, 2) =O eee (2) 
1s Gd tilang, asthe ten O} 
fee Ee i 
Cy RC were 
leading aie 


which we write 

AP + Bm? + Cn? + 2Fmn + 2Gnl+2Hlm=0 ...(8), 
A, B,C, F, G, H being the minors with their proper signs of 
‘a, b, c in the determinant 


Az=|\a, h, g 
| ee Pl 
he 


The relation (3) giving the condition that the line (1) 
should touch (2) is called the tangential equation of the conic (2). 


372. Reciprocal relation between point and tan- 
gential equations. 


We now proceed to shew that when the tangential equation 
of a conic is given, the ordinary equation of the conic, which we 
shall call the point equation, can be found from it exactly as 
the tangential equation is formed from the point equation. 
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That is to say: 
ah. al? + bm? + cn? + 2fmn + 2gnl + 2hlm= 0 
be the tangential equation, then 
Aa + By + 02 + 2Fyz + 2Gza + 2Hay = 0 
is the point equation. 
For let the point equation be 
Va + Vy + 2+ 2f’ys + 2g'2u + 2h'ny = 0. 
Therefore the tangential equation is 
('e — f”) P+ (¢a’ —g”) m+ (a’b! — h?) n?+ 2(g/h'— aff’) mn 
+2 (hf —V 9’) nl +2(f’¢ —ch’)lm=0. 
Therefore we must have 


- Ee 2 
bef? da—g? ab —h? gh'-af’ 


h 
“KP 07 “77 
+. bo fam (lal — 9?) (ad! 2) —(g' — af) 
=r’ ja'b'ce! + Of gh’ — af? —b'9? — ch} = wa’, 
So ca—g=NV'A’ and ab—W=NVCA. 
Also gh—af=™ (vf —09') fy — eh) 
=e f) (fh — af aM Pe. 
So hf—bg =9'A' and fg —ch= whl’. 
Wherefore the point equation of the conic is 
(be — f) a2 + (ca — g*) y? + (ab — hi’) 22 + 2(gh—af) yz 
+ 2 (hf —bg) 2x + 2 (fg — ch) ay = 9, 
thatis  Aa?+ By?+ C2? + 2Fyz+ 2Gza + 2Hay = 0. 


373. Connection with reciprocation. 

This relation of reciprocity between the point equation and 
the tangential equation of a conic is easily seen to be connected 
with that of polar reciprocation. 


For if (a, b, 6, f, 9, h) (@, Ys ZP HO vrerrreeerceees (1) 
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be the point equation, then 


(A, B, Oy Ff, G, 2) (Gm, nf sO. (2) 

is the tangential equation. 
But (As B, OT Gg FENG, Cyne)? a3 (O ates eeenanes (3) 
is (§ 318) the polar reciprocal of (1) with respect to the conic 
a? +4 p28 Qo sncscontane ae sfenicawbes (4). 


And, as we have seen, (1) is the polar reciprocal of (8) with 
respect to (4). 

Thus if (a, b, 6, f,g,-h) (l, m, nP = 0 
be the tangential equation of a conic, the conic is the polar 
reciprocal with respect to (4) of 

(a, bo fg, h) (a, y, 2 = 9, 
that is, its pot equation is 
(A, B,C, FG, H) (ary, 27=0. 

We observe too that equation (2) expresses the fact that the 
point (J, m, n) lies on (8). 

Also the point (J, m, 7) is the pole of the line 

la+ my + nz=0 
with respect to (4). 

Hence the tangential equation of a conic merely expresses 
the fact that the pole with respect to (4) of a line touching the 
conic lies on the polar reciprocal of the conic with respect to (4). 

Example. Find the point equations corresponding to the tangential 
equations 

(1) a?+bm?+cn?=0, 
@ Pr iezaa 
374. Tangential equation of the first degree. 
The general tangential equation of the first degree is 
Al+ Bn+Cn=0. 
This tells us nothing about the line lz + my + nz=0 except 


that it passes through the point (A, B, C). The tangential 
equation of the first degree then represents a point. As we 
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have seen, the tangential equation of the second degree repre- 
sents a conic. There is however a special case where it 
represents two points. This is when it reduces to the form 


(Al + Bm + Cn) (AT + B’m + O'n) = 0. 


For this equation is only satisfied if Al + Bm+Cn=0 or 
A’l+ Bm+ OCn=0. 


375. Envelope of lines joining corresponding points 
of two homographic ranges. 


We will now prove the proposition which we stated without 
proof at the end of § 352. 


The lines joining corresponding points of two homographic 
ranges on two intercepting lines, the point of intersection of the 
lines not corresponding to itself in the two ranges, all touch a 
conic, which touches the two lines of the ranges. 


Let OX, OY be the lines of the ranges. These we will 
take for axes of coordinates. 


Let P and P’ be corresponding points in the two ranges. 
Let OP=p, OP =p’. 
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Let la+my+nz=0, 
which is the same as la+ my+n=0, 
be the equation of PP’. 


nt ee eee 
| eles ee 
But App’ + Hp+ H’p'+B=0, 
where A, B, H and H’ are constants. 
Teens: A eaters mln 
lm L m 
*, An? — Hmn — H’nl + Blm=0.........4-- (1). 


Therefore the line la+my-+nz=0 touches a conic whose 
tangential equation is (1). 

Moreover as (1) is satisfied for the values (1, 0, 0), (0, 1, 0) 
of (J, m, n) it is clear that the conic touches 

x=0 and y=0, 

that is the two lines of the ranges. 

Thus the proposition is proved. Another proof will be 
given in § 377. 

In the special case where A =0 the conic also touches the 
line z= 0, that is the line at infinity. In this case, and in this 
case only, the conic is a parabola. 


376. Envelopes. 

The line le+my +nz=0, 
when the relation 

al? + bm? + on? + 2fmn + 2gnl + 2hlm =0 
holds, touches (or ‘ envelops’) the conic 
Ax? + By? + 02 + 2Fyz + 2Gzx + 2Hay = 0. 

The conic then is called the envelope of the line. 

The coefficients J, m, n in the equation of the line are called 
the coordinates of the line. If then the coordinates of a line 
are connected by a homogeneous relation of the second order 
the envelope of the line is a conic. 
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Suppose now that we have the equation of a line in the form 
(La + my +2) + ke (lee + my + 12) + ? Lye + my + n;Z) = 0, 
and we want the envelope of this line due to changes in k, the 

I’s, m’s and n’s not changing with &. 

Now suppose that AB is the position of this line for some 
particular value of & which we will denote by fy. 

And let A’B’ be the consecutive position of the line, differ- 
ing but slightly from AB, for a particular value of k differing 
but slightly from &,. We will denote this particular value by 
k, + 8k, where 8h, is very small. 

Let AB and A’B’ intersect in P. 

Let A”B” be the consecutive position of the line related to 
A'B’ as A’B’ was to AB, and let A” B” cut A’B’ in Q. 


Then the locus of these points P, Q for the various positions 
of the line will be the envelope. 

For as we see, P and Q being near points common both to 
A’B’ and the locus of P, the line A’B’ must touch the locus of P. 
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Similarly all the other lines must touch the locus of P. The 
locus of P gives then the envelope required. 

This is expressed by saying that the envelope of the line is 
the locus of the ultimate intersections of consecutive lines of the 
system. 

We will now write the equation of the line for short 

L+kM+PhN=0. 
The equation of the line AB is then 
L+khM+k?N =0 
andof A’B’ L+(k,+ 8k, M+ (ky + 6k,)2N = 0. 
For points common to these we have 
L+khM+k2N=0 
dk (M+ 2Nk,) + (6k, V = A ; 
that is L+khM+k2N=0 
(M + 2Nk,) + dN = of Z 

Now 6h, is very small, and becomes smaller and smaller the 
more A’B’ approximates to AB. 

The locus of ultimate intersection of consecutive lines then 
is given by 

L+khM+k2N = a 


M+ 2Nk,=0 
3 M VM? 
that is L+M(-5y)+ gp =0. 
that is M?=4LN, 


or (Lav + may + Nz) = 4 (he + my +12) (Lye + mgy + 52), 
which is a conic. 

It will be observed that the envelope is the condition that 

L+Mk+Nk=0 

should have equal roots in k. This fact is easy to remember 
and enables us quickly to write down the envelope of a line of 
this form. 

But it will be observed that the above argument holds 


exactly the same for a curve whose equation can be expressed 
_ in the form P+kQ4+2R=0. 
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The envelope of such curves for variations of k is 
Paar Rk. 
That is to say this curve touches all the curves belonging to 
the family of curves P+ kQ+ R= 0. 
It will be seen from this paragraph that if 
At=DAYZ 
be the equation of a conic, then the lines 
AY + 2kX+hZ=0, 
for the different values of k are all tangents to the conic. 


It can be proved in exactly the same way that the envelope 
of the curves whose equation is 


P+Qk+ Rk? + Sk? = 0, 
for variations in x is the result of eliminating k between 
P+ Qk+ Rk? + EAR 
Q + 2Rk + 88k? = 0) ° 
And the envelope of the curves whose equation is 
P+Qk+ Ri + Sk + Tk*=0 
is the result of eliminating k& between this and 
Q+2Rk+ 38k? + 47k = 0. 
But all these are but special cases of a general theorem of 


the Differential Calculus that the envelope of curves ¢(k)=0 
for variations of & is the result of eliminating & between 


p (k)= ' 
d 
ag ¢ \#) = 
By the same reasoning as that of § 375, we can see that if 
P+Qk+ Ri? =0 
be the tangential equation of a curve the tangential equation of 
the envelope is Q?= 4PR. 
377. Prop. The envelope of the line la+ my + nz = 0 where 
l:m:n=at+bit+e:d#+bt+e: a+) t+" 
(a, b, ¢, etc. being constants) is @ conic. 


re 26 
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This proposition is the reciprocal of that of § 337. By that 
article the locus of (J, m, n) when /, m, n are connected by the 
given relation is a conic; and as the point (J, m, 7) reciprocates 
into the line le + my +nz=0_with respect to the conic 
a +y?+2?=0, the proposition follows at once. 


We can make use of this proposition to prove the property 
given in § 375. For if P and P’ be corresponding points in the 
two homographic ranges the lines of which intersect in O, then if 


,_at+b 
where a, b, c, d are constants. 
Thus the equation of PP’ is 
“ay (ct+d) _ 1 
t a+b 
that is (at + b) a + (ct? +. dt) y — (at? + bt) z =0. 


Therefore the envelope of PP’ is a conic. 


378. Conics touching the common tangent of two 
given conics. 


Suppose now we have two conics whose tangential equa- 
tions are 
Y= al? + bm? + cn? + 2fmn + 2gnl + Zhim=0 ...... (1), 
Wed2+ bm? + cn? + 2f'mn + 29'nl + 2h'lm =0...(2). 
We seek to interpret the tangential equation 
St a 0 Per ae eee (3). 


It is the equation of a conic, for it is homogeneous of the 
second degree in 1, m, n. 

Moreover we can see that (3) touches all tangents which (1) 
and (2) have in common. 

For if la + my +nz=0 be a tangent to (1) and (2) they are 
simultaneously satisfied, and therefore (3) is satisfied too. 

Thus as if S=0, S’=0 are the equations of two conics, 
S+kS’ =0 is the equation of a conic passing through their 
common points of intersection, so if 2=0, 2’=0 are the 


TANGENTIAL EQUATIONS.—ENVELOPES 403 


tangential equations of two conics, = + kd’ =0 is the tangential 
equation of a conic touching their common tangents. 

Consider now some special cases, 

The equation 


~+h(Ll+ Mm + Nn) (Ll + Mm + Nn) =0, 
where L, M, N, L’, M’, N’ are constant, is the tangential 
equation of a conic touching the common tangents of } =0, and 
(Li+ Mm + Nn) (£1 + M’m + Nn) = 0, 


and thus it is the tangential equation of a conic touching the 
common tangents of © =0, and L/ + Mm + Nn=0 and also the 
common tangents of >=0, and L7+ M’m+ N’n=0. That is 
to say it is the tangential equation of a conic touching the 
two pairs of tangents to the conic S=0 drawn from the points 
(L, M, N) and (L’, M’, N’). 
In a similar way we can see that the equation 
(Li + Mm + Nn) (£1 + M’'m+ Nn) 
= (1/1 + M’m+ Nn) (LT 4+ Mm + Nn) 

is the tangential equation of a conic touching the lines joining 
(L, M, N) to (L”, M’, N”) and to (L’”, M’”, N””) and the lines 
joining (L’, M’, NV’) to (L”, M”, N”) and to (L”, M”, N”), 


379. Equation of points of intersection of two 
conics. 
To find the tangential equation of the four points of inter- ' 
section of the conics 
S = aa + by? +02? + 2fyz + 2gzu + 2hay = 0, 
Sedat Vytcet 2f’yz + 2g'zu + 2h'ay =0, 
that is, to find the condition that the line l«+my+nz=0 
should pass through one of these four points. 
The tangential equations of these conics are 
> = AP + Bm? 4+ On? + 2Fmn + 2Gnl + 2Him=0, 
y= Al? + Bm? + O'n? + 2F’mn + 2G’nl + 2H’Im = 0 
26—2 
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And the equation of any conic through their points of 
intersection 1s I 


S+kS’=0, 
whose tangential equation is 
atka, h+kh’, gtkg’, 
h+kh', b+kb’, f+kf, 
gtk, frkf, ¢ tke’, 


E mM, n, 


a2 = = 


This on being multiplied out gives 
T+ kO+ PS’ =0, 
where 
® = (be + U'c — 2ff/) P+ (ca’ +a — 299") m4 
+ (ab! + a’b — 2hh’) n? + 2 (gh' + gh — fe af) mn 
+2 (hf + Wf —bg’ —¥'g) nl + 2 (fo +f/g —ch’ — ch) lm. 
Thus the tangential equation of the envelope of the system 
of conics through the four points of intersection of S and S" is 
D3 = 45 3/. 
But the envelope or locus of ultimate intersection of the 
consecutive curves of the family S+kS’ =0 is the four points of 
intersection of S and 9’, for no two conics can cut in more than 


four points, and all the curves of the family S + kS" already pass 
through the same four points. 


*, D3 = 455 


is the tangential equation of the four points of intersection of S 
and 8’. 


380. The student will have understood that 6?— 433’ in the last article 
must be the product of four linear factors in J, m, n of the form 
(A il + Bym + Cin) (A of + Bom + Cyn) (Azl + Bym+ Cn) (Al + Bym + Cyn) 


and then (A,B,C;) (A,BeC2) (A3B;C;) (A4BaCs) give the coordinates of the 
four points of intersection. 


Let us illustrate this by taking the conics 
S= ax? + by?-1=0, 
S'=a'x? + d'y*-1=0. 
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By actual solving we find that these intersect in the points 


b’—b a-—a 
( Elam * J an): 
Now let us verify that the same result is obtained from ?— 433'=0. 
We have >= — bl? —am? + abn’, 
>= —0?—a'm?—a'b'n?, 
and = — (b6+0') 2-(a+a’) m?+(ab'+a’b) n?. 
&2— 453/=/! {(b +b’)? 4b}. +- mi {(a+-a')* —4aa’} 
+n! {(ab' +a'b)? — 4aa'bb’} 
—2m?n? {(a +a’) (ab! +a'b) — 4aa'b — 4aa’b’; 
— 2n2l? {(b +b’) (ab! +.a'b) — 4a'bb' — 4abb*} 
+2)m? {(a+a’) (b+0') — 4a'b — 4ab’} 
=(b—b')?l44(a—a’)? m! + (ab! — a'b) nt— 2 (a— a’) (ab! — ab) mn? 
—2 (b' —b) (ab! —a'b) n7l? — 2 (a— a’) (6 —b) Pm? 
=(lh/b'—b+mVa—a' +nVab' —a'b) (- in/b'— b+ mi/a—al +nv/ab' — a’) 
x(IV 0 —b—mVa—a +nVab' — ab) (IVY —b+m a—a'—n Jab’ —a’b). 
Thus the four points of intersection have their coordinates proportional to 
(Vb —6, Va—a’, Vab’—a’b), (- Vb, Va-a’, \/ ab! —a’b), 
(/b'—b, —Va-a’, Nab’ —a'b, (/b'—b), Va—a’, — ab’ —a’'b). 
But as the z coordinate is unity, the actual w and y coordinates are 
( Vv-b6 Na-a’ (- Ve—-b Va-a' ) 
Vab'—a'b’ s/abl— =A) i Nabl—a'b? fab’—a'b/” 
( Ji=b ana’ me N58 one! 
Vab—a’b’ ~ abl —a'b . Vab’—a'b’ er 
These agree with what we get by actual solving of the equations. 


381. Equation of four common tangents of two 


conics. 
We pass now to the reciprocal of the problem of § 379, viz. 


To find the equation of the four common tangents of two 
given conics 
S = aa? + by? + cz? + 2fye + 2gzx + 2hay = 0, 
Vedet+Vypt oe + frye + 29’2u + 2h'cy =0. 
The tangential equations of these are 
S= AP + Bm? + On? + 2F'imn + 2Gnl + 2Him= 0, 
= AL + Bom? + Cn? + 2F’mn + 2f'nl + 2H’lm = 0. 
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Thus the tangential equation of a conic having as tangents 
the common tangents of the given conics is 


y+ kd’ =0. 
And the point equation of this conic is (§ 372) 


A+kA’, H+khH’, G+kG@’, «x |=0, 
H+kH’, B+kB’, F+kF’, y 
Y GQAEG ROLE GAkC), 2 
@, Y, Zi 0) 
which is 


(BO — F°) «2+ (CA — G2) y+ (AB— H?) 2 4 2(GH — AF) yz 
4+ 2(HF — BG) 20+ 2 (FG — CH) ay + kF*+ ke [(B’C — F”) a 
+ (0’A! — @?) yf + (A'B — H) 2 42(QH! — A’P’) yz 

+2(H’F’ — BG’) zx + 2 (FG — CH’) ay] =9, 


where 
F = (BC’ + BC- 2FF’) a+ (CA'+ O'A - 246) ¥ 
+(AB’+ A’B-2HH') 2+2(GH'+ @H —- AF’ —A’F) yz 
+2(HF’ + H’F — BG’ — BG) zx 
+ 2(FG' + F’G — CH’ — (’H) xy. 
Now BC—F?=(ca— 4g’) (ab—h’) —(gh—af P=aA. 
So CA—G?=bA and AB— H?=cA. 
Also 
GH — AF =(hf-bg) (fg — ch) — (be — f?) (gh— af) =fA, 
and similarly 
HF-—BG=gA, and FG-—CH=hA. 
Thus the above equation becomes 
AS + kF + k°A’S8’ = 0. 
Hence F? = 4AA’SS’ is the envelope of the system of conics 
touching the common tangents of the two given conics. 
But the envelope is the four common tangents themselves. 


Therefore, F? = 44 A’S§8’ is the equation of the four common 
tangents of S=0 and S’= 0. 
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382. Reciprocal relation. 


Let us notice that we could have deduced the equation of 
the four common tangents of 


BEG, 0, Ch, 9, h(a: Ye zy =O (1), 
(0b Ce od dt) (&) ae) se OL nae (2); 
from the result of § 379. 
For if we reciprocate these two conics with respect to 


e+y+2=0, 
we get (A, B, O, F, G, H) (a, y, 2)? =O... eee (3), 
(A’, BY, 0’, FY, G, 1) (a, y, 22 H=9 weeeeeees (4). 


The tangential equation of the four common points of these 
two is, by § 379, 
Ce oN pat aan Ret ae eeetebee” (5) 


where ®, is the same function of the capital letters A, B, Cus 
A’, B’, C’ ete., as B was of a, ), Gata. b Cs ate 

>, = A,P+ By? + Cyn? + 2Fymn + 2G,nl + 2Hylm, 
where A,, B,, C;, ete. are the minors with their proper signs of 
A, B, C, ete. in 


Anta or |; 
Ee Se 
Ga ie C 
that is A,=aA, B,=bA, C,=cA, F,=fA and so on, where 
Ne Gaehwe dl; 
Jigen Des. F- 
9 fr ¢ 
that is >, =A(a, b, 6, fg, bh), m ny 


and 3, is similarly A’ (a’, UY, ¢, f', 9; h’) (1, m, 2). 

Now if in the equation (5) we write #, y, 2 for J, m, n 
respectively we shall obtain the reciprocal with respect to 
o+y+2=0 of the four common points of (3) and (4), that is 
we shall obtain the four common tangents of (1) and (2), viz. 

F? = 4AA'SS’, 
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where F stands for what ® of § 379 becomes when we change 
l,m, n to a, y, 2 respectively and write capital letters in the 
coefficients. 

This result agrees with what we have obtained independently 
in § 381. 

383. Circular points at infinity in generalised co- 
ordinates. 


To find the tangential equation of the circular points at 
infinity in general homogeneous coordinates. 


Here we want to find the condition that the line 
ber 4: my hj10, ==, 0), sc sinad oeetes agus eee sae (1) 


should pass through one or other of the two circular points. 
The circular points are given by 


an BY tye a OF coreastecseroeeeee (2), 
2 2 Cc 0 3 
Ye chee AS ges cue Phe dy censeees (3), 


for these give the intersection of the line at infinity with the 
circumcircle of the triangle of reference. 


Treating these three equations as simultaneous, we have 
from (1) and (2) 


Substituting in (3) we get 


(2-2) G-8)+& (b-8) (2-2) 


SONG 


ee nl 
hae aH 2 ey) aay eC} 
ane B ws (e+e «3 (c? + a? — b?) a 


that is 


pee 
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which we may write 


a3 b? Gtr tN ADb6 
eu 8". By mn cos A 
ASLO | 756g fea a Ng 
a aB 


This then is the tangential equation required. 
It will be seen that 


pe : 
= (i gem —S en) (Ft-gerem—< etn), 


So that the coordinates of the circular points are propor- 
tional to 


\*, — 5 (cos C+ isin 0), = (cos B— isin BY}, 


a 
(a b sh c De 
and la’ = (cos C —t sin C), — £ (cos B+ isin Bh. 


These coordinates are not however of any serious importance. 
It is the expression © that will be used hereafter. 


384. Circular points in areal and trilinear coordi- 
nates. 


(i) If the point coordinates be areal, a= @=y=1, and we 

get 
Q= el + b’m? + cn? — 2bemn cos A 
—2canl cos B— 2ablm cos C= 0. 

(i) If the point coordinates be trilinear, a: 8: y=a:b:¢, 
and the equation simplifies down to 

0 =P +m? +n? — 2mn cos A — 2nl cos B— 2lm cos C= 0. 

It is thus a special advantage which the system of trilinear 
coordinates has, that the equation of the circular points reduces 
to so simple a form. 


Example. Shew that the length of the perpendicular distance of the 
point (”, y, 2) from the line L=lr+my+nz=0 in generalised homogeneous 


coordinates is a where A is the area of the triangle of reference. 


Ja 
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385. Circular points in Cartesian coordinates. 

To find the tangential equation of the circular pownts at 
infinity in Cartesian coordinates. 

The equation of the circle of radius a having its centre at 
the origin is 


a? + Qey cos @ + y?— 2? =O ..eereeeeeeees (1). 

The line at infinity is =O) vacevdsederesepas ye teenes (2). 
We require the condition that the line 

lar + my + NZ =O cereceveveseeserenees (3) 


should pass through a point of intersection of (1) and (2). 
Using (2) in (1) and (3) we have 
e+ 2ey cosot+ y=, 


le +my=0, 
*, P—Qm cosat+M?=0 22.2... eee eee (4). 
This then is the equation required. It reduces to 
2+ m=0, 


when the axes are rectangular. 
Expressing (4) in factors we have 


(L — me) (U— me—**) = 0. 


That is the two circular points at infinity have for their 
separate equations 


t—me"*+0.n=0, l—me-** +0 .n=0. 

Their coordinates are therefore (¢,— et) and (t,—e-*4t) 
where ¢ is infinitely large. When the axes are rectangular 
these are (t,—1%t), (t, + 2). 

386. Confocal conics. 


We will make use of the tangential equation of the circular 


points at infinity to find the equation of the system of conics 
confocal with 


S = aa? + by? + 02? + 2fyz + 2gzu+ 2hay=0 ...... (iy 
supposed referred to rectangular Cartesian aaes (so that z= 1). 
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The lines joining the foci of a conic to the circular points 
touch the conic (Pure Geometry, § 136). 
Therefore the conics confocal with (1) touch the tangents 


drawn from the circular points to (1). 
Thus if 


>= AP+ Bm? + On? + 2Fmn + 2Gnl + 2Hlm =0 


be the tangential equation of the conic, since the tangential 
equation of the circular points is 


2?+m=0, 
the tangential equation of the conics confocal with the given 
conic is 
A+ Bm? + On? + 2Fimn + 2Gnl + 2Hlm + r(? +m’) = 0, 
Le. (A +2) 2+ (B+ 2) m?+ Cn? + 2Fmn + 2Gnl + 2Hlm =. 


Thus their Cartesian equation is 


A +X, Jak G. 2 (=U; 
Hf, Bees YU 
G, F, C2 
x, Y, Ziel) 
that is 
Avi. G, ead iva, ASG, ie 
oteD ood, .9 ORs. 2, gf 
eS SW AE 7 OnE OG, Beg 
CPt. 2, 0 Ones. at. 
mia O0- G, «| +1r 0,. G, # |=0, 
ime oP Jy Oe I ea), 
Gi—0,. -C,. -2 One Oma CU.) 2 
x, 0, Z, 0 0, 0, Gi @) 
that is 
—-AS+2r| B, Fy y|+r~| 4, G w/+/C, 2\=90, 
Bailie Gaze? lz, 0 
le aa bears). 0 
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that is 

— AS +r (2Fyz — Cy? — Bae + 2IGza — Cx? — Az?)—- v2 =0, 
that is 

AS +2 (O(a? + y)— 28 yz —2Gen + (A +B) 2} +2 =0. 


387. The foci. 
To find the foci of the contre 
S = aa? + by? + cz? + 2fyz + 2gzu + hay = 0, 

referred to rectangular Cartesian ames. 

Form the tangential equation 

> = A+ Bm? + On? +2Fmn + 2Gnl + 2HIm = 0. 

Then L+k(P+m)=0 
represents the conics touching the tangents from the circular 
points to the given conic, which tangents intersect in the foci. 

Determine k so that this is the product of two linear factors 
in l, m, n and the two points thus determined will be the foci. 

The equation giving & is 

A+k, H, G|=0, 
eh B+k, F 


G, F, C 
that is 
: A, HO Gil = fire eG 
Hes aay LW ewin : Beaer 
G, F O OO: 
q\Al. QO, GY oe tek, Oa Gata ts 
Ln hee Of Rane: 
Ge ek ae Or Oa 
that is he+k(BC- F?+ AC— G*)+hC=0, 
that is A?+ kA (at+b)+ k (ab—h?)=0. 


In the case where the conic is a parabola this reduces to 
k(a+b)+A=0. 
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Examples, 1. Find all the foci of the conic whose equation referred 
to rectangular axes is 
2a? — 8xy—4y?—4y +1. 
[Here a=2, b= —4, c=1, f=—2, g=0, h= —4. 
A=—8, B=2, C=-24, F=4, G@=a8, H=4 and A= ~-32. 
The equation giving & is 
— 24k? —2kA+ A?=0, 


that is (6k — A) (444+ A) =0, 
- : A 16 A 
which gives ee a or Da ee! 


Taking 4= —8, we have 
>+hQ= — 812+ 2m? =24n? + 8mn-+ 16nl + 8lin + 8 (+m?) 
= 10m? —24n? + 8mn+ 16nl + 8lm 
=2 (m+ 2n) (40+ 5m—6n). 
Thus we have the two foci whose coordinates are proportional to 
(0; 182) 2-4; %, —6). 
Hence as z=1, the coordinates of the foci are (0, 4), (—#, — @)- 
Next taking 4= — 18, we have 
3 (3+h0) = — 241? + 6m? —72n? + 24mn + 48nl + 241m — 16 (7? +m”) 
= — 40/?— 10m? — 72n? + 24mn+ 48nl+24lm 
= — 2 (201? + 5m? + 36n? — 12mn — 24nl — 121m). 
The imaginary foci are then given by 
- 2012+ 5m? + 36n? — 12mn — 24nl — 12lm=0, 
that is 200? — 2 (6m +12n) 1+ 5m? — 12mn+ 36n?=0. 
_ 6m+12nt / (6m + 12n)* — 20 (5m? — 12mn+36n*) 
m= 20 
_ 6m+12n+ J — 64m? + 384mn — 576n? ae 6m +12n +2 (8m — 24n) 
ic 20 20 : 
10/=(3 +42) m+ (6F 122) n=0, 


t 


that is 
101—(3 +41) m—(6 -12%) n=0, or 100 -(3—4¢) m- (6 +121) n=0; 
thus the coordinates of the foci are 
10 3440 } and { 10 3-40 i 
{-sqsa5 6 (1 — 21) 6 (1+2%)’ 6(1—2)J’ 
: 142% 1427 1-2 1427 
that is ets al and {— ae re 
Tt can be verified that the line joining these two foci and that joining 
the two real ones bisect one another at right angles.] 
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9. Find the focus of the parabola 
w+ Qay +y? — 40+ 8y —6=0. 


3. Find all the foci of the conic 
8x2 — ay + 5y?— 16x —14y+17=0. 


388. Condition for a rectangular hyperbola. 

To find by means of the circular points at infinity the 
condition that the general equation of the second degree in 
generalised homogeneous coordinates may be a rectangular 
hyperbola. 

We will take as the general equation 

Aa + By + Of + 2Fyz + 2Gze + 2Hay=0...... (1); 

The pair of points (a, Yi, 41) (a2, Yo, 22) will be conjugate for 

this if 
Aaa, + Byyys + CayZ,+ F (yieo+ Yo21) + G (2:2 + Zell) 


5 : ; + H (ayy. + ey) =9, 
and thus the pair of points given by 


ul + um? + wn? + 2u'mn + Qv'nl + 2w'lm = 0 
in tangential coordinates will be conjugate for (1) if 
Au + Bu + Cw + 2Fu' + 2G0' + 2Hw’ =0. 
Now the circular points at infinity are given by 


2 2 2 
= 2+ OF nt ont — 2 mn cos A — 2% nb cos B 
a B Y By ya 
abs 
= 2 og eee 


Therefore the circular points will be conjugate for (1), that 
is the conic will be a rectangular hyperbola if (see Pure 
Geometry, § 135) 


This agrees with our previously obtained condition (§ 311). 
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389. Perpendicular lines. 
To find the condition that two lines 
la+my+tnz=0, Ue+m'y+n’/z=0, 
_ should be perpendicular. 
We require the condition that 
(la + my + nz) (Va + m'y + n’z)=0 


should satisfy the condition fora rectangular hyperbola obtained 
in the last paragraph. 
This condition gives 


ih Rid oe 
Ul’ Pa mm —+ nn’ os (mn’ +m on — cos A 


oh By 
= (all + n'D ~ cos B - (lm’ + U'm) cos 6 = 0. 


And this can be written 


aah bn nh tise Oh M 
or its equivalent 
0’ 00/ 60’ 
ai hae ua =O: 
EXAMPLES. 


1. Obtain the coordinates of the centre of the conic whose tan- 
gential equation for Cartesian coordinates is (a, 6, ¢, f, 9g, h) (1, m, n)? 
and shew that the conic is a parabola if ¢ =0. 


2. The line lx +my+n=0 satisfies the relation 
(a, 6, ¢, f, g, 2) (2, m, n)? =9, 
shew that its envelope is an ellipse, parabola, or hyperbola accord- 
ing as 
cla, h, g 
b f 
en ot 
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3. The envelope of chords of an ellipse which subtend a right 
angle at the centre is a concentric circle. 


4. Obtain in generalised homogeneous coordinates the tangential 
equation of a circle whose centre is-(f, g, h) and whose radius is 7 in 
the form 


a b? e be 
A2 ; an pe) ag Spite Pa) 
4A? (If + mg + nh) =7 {50 + mm ee rosa 
= 2 nt cos B~2% tm cos Cl, 
ya af 


A being the area of the triangle of reference. 


5. Prove that the conics 
ye + xe + ay =0 


and sin 4 Jorsin? Jy+ sing Jz=0 


in trilinears are confocal. 
[Use the method of § 386. Form the tangential equations == 0, 
3’ = 0 and shew that 3’ = 3+ 40.] 


6. The condition that the line lv+my+n=0 should be a 

normal to the conic 
ac? + Qhay + by? + 2gu+ 2fy +e=0, 
the axes being rectangular, is 
(al? + 2him + bm?) (AP + Bm? + On? + 2Fmn + 2Gnl + 2H) 
=A(P? +m’). 

[Write down the equation of the pair of tangents at the points 
where the line cuts the conic (§ 368). Then get equation of pair of 
lines through the origin parallel to these, and express the fact that 
la + my = 0 is perpendicular to one of these. ]. 


7. If the homogeneous coordinates (a, y, 2) of a point be such 


that 

ery:z=O42t+2:404 5t+1:4¢-t4+1, 
find the tangential equation of the conic, and prove that the curve 
is a parabola if the coordinates are areal. 


8. The conics confocal with ax? + 2hay + by? =1 are given by 
(a +A) a% + Qhay+ (b+ A Y=1+AA+a+b)+(ab—h’), 
the axes being rectangular. 
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9. Tangents are drawn at ee feet of the normals from a 


point (f, g) to the ellipse = ae a= =1. Shew that the equation of 


the parabola which touches ane four tangents is 
J fa + J —gy+Ve—-8 =0 
[The tangent at (a, y,) is le +my+n=0 where 


Ys 
a :— 1, 
The normal at this point goes through (f, g) if 
Tuna 
%y n 
2_ 72 
a baer ae 
‘om 


” 


2 
l:m:n=—: 
a 


Hence the tangent touches the conic whose point equation is 


J fa + = gy + JV(@ —6%) 2=0, 
but this conic is inscribed in the triangle of reference and therefore 
touches =0 which in this case is the line at infinity. Thus the 
four tangents touch the parabola 


JVfy+/-gy+Ne—8 = 0 


This parabola moreover touches the coordinate axes, } 


10. If two conics have three point contact at O, and Q be the 
pole with respect to the second of the tangent at P on the first, then 
the envelope of PQ is a third conic having three point contact with 
the other two at O. 

11. From (@, y) four normals are drawn to = a +h —-1=0; 
shew that the four corresponding tangents satisfy the tangential 
equation 

Lypev —YvrA+c’Au=O0 where c?=a?— 67, 
Thence by considering the point equation of 
ke (a? + Bu? — v”) + 2 [amy — yovd + c’Ap] =0 
shew that the equation of the four tangents is 
(cay — aay + bye)? — (b?a? + ay? — a7”) [ (2%) — yyy — ©)? + 4aryaryyo] =0, 
A. 27 
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12. Shew that the envelope of polars of a point with respect to 
a series of confocal conics is a parabola which touches the axes; and 
prove that if normals be drawn from the point to the conics, the 
tangents at their feet touch this parabola. 


13. Shew that the asymptotes of the hyperbolas which touch 
the axes where /x + my —1=0 cuts them envelope the parabola 


(la — my)? + 4 (la + my +1) =0. 


14. From a point 7’ (a, B) tangents 7'P, 7Q are drawn to the 
2 
anh 
has double contact with the ellipse at P and Q is 
(aB — ya)? + 2Bam + 2a?By = ba? + a? 6? + a7b°. 
Shew also that if (a, 8) is on the line Jx + my=1 the directrix of 
the parabola envelopes the parabola whose equation is 


max — ly)? +2 (la+ my) =1+ (2? + m?) (a? + 67). 
1] y 


2 
ellipse “+ Shew that the equation of the parabola which 


15. The sides of a triangle inscribed in an ellipse touch a 
confocal ellipse. Shew that the points of contact are the points at 
which they touch the corresponding ecircles. 


16. A straight line meets one of a system of confocal conics in 
P and Q, and RS is the line joining the feet of the other two 
normals drawn from the point of intersection of the normals at P 
and Q. Prove that the envelope of RS is a parabola touching the 
axes. 


17. Two fixed points P and @ are taken on a given conic, and 
Ris any point on a fixed straight line; the lines PR and QR meet 
the conic again in 7’ and @’; prove that the envelope of P’Q’ isa 
conic. 


18. If two conics have double contact, then every conic con- 
focal with the first has double contact with some one confocal to 
the second, and the four common tangents to any confocal to the 
first and any confocal to the second touch a conic. 


19. The envelope of a chord of a conic subtending a constant 
angle at a focus of the conic is another conic with the same focus 
and axis. 
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20. A straight line passes through a given point. Prove that 
the envelope of the line joining its poles with respect to two given 
coaxial conics is a parabola. 


21. From points on a given straight line lines are drawn 
parallel to the polars of the points with respect to a conic; prove 
that these lines envelope a parabola. 


22. A system of conics have a common focus and directrix. 
Shew that the normals at the points where a line through the focus 
in a given direction meets the conics envelope a parabola having its 
vertex at the focus and touching the given line. 


23. Interpret the equations in generalised homogeneous co- 
ordinates : 


(i) A (le+ my+nz) + B(Vae+m'y +n'z)? = C(ax + By + yz), 
(ii) (le+my+nz)yP=k(Vat m'y +n'z) (ax + By + y2), 
(iii) (la+ my + nz) (Va+m'y+n'2z) =k (ax + By + yz), 

in the cases (a) where J, m, n, I’, m’, m’ are connected by the 


relation 


G0) 20. a0 
U—+m' — +n —=0, 
al om on 


(6) where they are not so connected. 


24. A parabola circumscribes a triangle, shew that its axis 
touches a curve of the third class given by 
dQ 0Q dQ. 
eae ry Hecate a a shad ah g\ 
La ae RAE 
and the tangent at the vertex always touches the curve of the sixth 
class defined by the rationalised form of 
LAr Sandee Pate 
”N at nbn ay 0, 
where the line at infinity in point coordinates is «+ y +2=0, and 
the rational tangential equation of the circular points at infinity 
is O=0. 
[Use Ex. 23. ] 


25. Consider what modification is needed in Ex. 24 if the 
equation of the line at infinity be ax + By + yz=0. 
Lie, 
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26. The point coordinates being areal, prove that the asymp- 
totes of all conics circumscribing the fundamental triangle and 
passing through the point (x, 7, %) touch a curve of the third class 
whose tangential equation is 

(ea vy A Nhe Ae 
Hy n my 


27. If four normals be drawn to the conic whose tangential 
equation is }=0 from (2, ¥, %), then the tangential equation of 
the parabola touching the tangents to the conic at the four feet is 


Pan LE IER.) 
ee: (H, v) ae (v, A) aoe (A, #) Bi 

where 0 =0 is the rational tangential equation of the circular points 

at infinity. 


28. A conic confocal with the conic S exists which touches the 
sides of the triangle ABC. Shew that of the conics which touch 
the four tangents to S from the points B and C, one has a focus at 
A and the companion focus on BC. 


29. Find the envelope of a line on which two circles intercept 
chords whose lengths bear a constant ratio to each other. 


2 2 
30. A chord PQ of + ao 1 is drawn through the fixed point 


(4, 9). Prove that if the circle through P, Q and C, the centre of 
the ellipse, cut the curve again in the points # and S, then will RS 
touch the parabola whose focus is C, and the equation of the tangent 
at the vertex 

(a? — b) (gy — fa) + ab? = 0. 


31. If a parabola passes through fixed points A, B, C, the 
envelope of the tangent to it at the extremity of the diameter 


through a fixed point D is a conic inscribed in the triangle ABC. 
[Use Ex. 23.] 


32. IfQ=0 be the tangential equation of the circular points 
at infinity, then the line Ax + wy + vz=0 is a normal to the conic 
(a, b, ef, 9, h x y;, 2) =0: 
provided that lla 
0(3,Q) 4a(3,Q) 4(3, Q))? 
A, B, C, ¥, G, H){ ee Bal 4 Wace 
ST? eet a GD Gh)? aca) n° 
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33. The point coordinates being areal, shew that the equation 
of the director circle of the conic (inscribed in the triangle of 
reference) whose tangential equation is 


JSmn+ gnl +him =0 
is {(b?+0?— a?) fao+(e+a?—b*) gy + (P+0-—C)h2l(at+y + 2) 
=2(f+g +h) (yz + Pzx + Camy). 


34, Find the equation of the ellipse whose real foci referred to 


rectangular axes are (2,, 4), (%, y,) and whose minor axis has 
length 24, in the form 


[(@ — a1) (y— ya) — (@— 2) (y— 1) P 
+ 4h? [(a — a) (@— a) + (y—%) (y — Y2)] — 444 = 0. 


CHAPTER XIX. 
COVARIANTS. 


390. Covariants defined. 
In the last chapter (§ 381) we saw that if 
S= aa? + by + cz? + 2fyz + 2gza + Zhay =0...++ (1), 
S’ saa + Vy t 22 + Uf ys + 2g'cu + 2h'ay =0...(2), 
be the equations of two conics in any system of homogeneous 
coordinates, then 
Fe — 4AA’SS’=0 
is the equation of their four common tangents. 
Now suppose that we transform our equations to any other 
system of homogeneous coordinates by the substitutions 
=X + mV+y,Z 
Of Ng pg Y FD) ss0dds sosuvateegen (A). 
Z=),A +pgV + 7,24 
So that 
S= S,= (a,; 6,6) (4,%, 2h = 0 ese (3), 
S’= Sie (a; G) (A, Y, ZY 0 wacsceens (4). 
Then the equation of the four common tangents to S,=0, 
S/ =0 will be 
7 FY? — 4A,A/8,S/ = 0, 
where A,, Ay’, F,, S,, S;’ are exactly the same functions of the 
new coefficients and of the new variables that A, A’, F, S, S’ 
were of the old coefficients and variables. 
But we could find the equation of the four common tangents 
to (3) and (4), by taking the equation 
F? — 4AA’SS’ = 0, 


> 
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which represents the tangents to the same two conics in the 
forms (1) and (2), and then changing the variables by the 
relations (A), afterwards expressing the coefficients a, b, ... a’, U’, 
ete. in terms of the new coefficients. 
The result must be the same in the two cases. 
This however does not entitle us to say that 
F,— 4A,A,'S8,S)' = F? — 4AA’SS". 
What we can infer is that the ratio 
F? — 4A,A,'S,S/ : F? — 4A A’SS’ 
is independent of the variables. And as S,=S and S/=S’ 
while A,=eA and A,’ = A’, where 
e€=| mr, fh, 1 |; 
Ae, Me, Vo 
As, Ms, Vs 
(for this has been proved in § 355) it is clear that F, = e'F. 
This could indeed be proved by actual substitution but the 
work would be very laborious. 


The expression F and likewise the expression 
F? — 4AA’SS’ 
are called covariants for the two conics. 


Definition. A covariant then may be defined as a function | 
of the variables and coefficients in the equations of two conics, 
such that the same function of the new variables and the new 
coefficients of the same two conics, when their equations are 

transformed by linear substitutions, bears to the original function 
a constant ratio. This constant ratio is always as a matter of 
fact a power of the determinant e. 


391. Geometrical interpretation of covariants. 

Tt seems clear then that any covariant of two conics equated 
to zero gives a locus connected geometrically with the two 
conics. For example, as we have seen, F* — 4AA’SS’ = 0 is the 
equation of the four common tangents. We naturally ask then 
how the locus F =0, which is a conic, is connected with the 
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two conics. Salmon has proved that this is the locus of points, 
the two pairs of tangents from which to the two conics 
are harmonically conjugate to each other. 

This we shall now proceed to prove, nor shall we in so doing 
assume the covariant character of F. 


392. The F conic. 


To find the locus of points the pairs of tangents from which 
to two given conics 


S = aa? + by? + c2? + 2fyz + 2gzu + 2hay =0...... (1s 
SB sa’ + Vy + 2 + Of’ yet 29/2u + 2h'ay =0 (2), 
are harmonically conjugate to each other. 
The equation of the pair of tangents from (a, %, %) to (1) is 
(aa? + by? + oz? + 2fyz + 2gza + Zhey) 
x (av? + by? + 6a? + 2fyia + 2gza, + Zhay,) 
— {(aay + hy, + ga) @ + (ha, + by, + far) y 
+ (gai + fyi + c%) 2 = 0. 
Now the coefficient of a on the left side is 
a (aa? + by? + 622 + Wye + 2gza1 + Zhay,) — (aay + hy, + gay, 
which =(ab—h?)y2+(ca—g*)2°—2(gh—af) yr 
= Cy? + Bz? —2F yz. 
Similarly the coefficient of 7 is 
Az? + Ca? — 2Gz,2,, 
and the coefficient of 2? is 
Ba? + Ay? — 2Hay,. 
Also the coefficient of 2yz is 
Sf (aa? + by? + 02,2 + Bye, + 2gea, + Zhayyr) 


— (ha, + by, 5 : B : 
et ich (ha, + by, + f2:) (ga, + fy + 621), 


=— (gh — af) 032 — (be — f*) yaa + (fg — ch) a 


+ (hf —bg) « 
=— Fa? — Aya + Ham, + Gay. uf — bg) ary 
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Similarly the coefficient of 22% will be 
— Gy? — Baa, + Fay, + Ay, 
and the coefficient of 2ay will be 
— Hz? — Cny, + Gyia + Faa,. 

Thus the equation of the pair of tangents is 

(Cy? + Ba? — 2Fy,2,) v + two similar terms 

+2 (Gay,+ Hae, — AA — Fa?) yz+two similar terms =0. 

Putting z = 0 in this we obtain 
(Cy? + Bz? — 2Fy,%) # + (Az? + Cn? — 2G2,a) ¥? 
+2 (Fea, + Gye — Cay, — Hz?) ry = 0 eereeeeeeee (3), 

which is the equation of a pair of lines joining the C-vertex of 
the triangle of reference to the points where the pair of 
tangents meet the opposite side of the triangle of reference. 

Similarly 

(C’y2 + Bla? — 2F'y%) 2 + (A’z,? + O'a? —2G’a%) ¥° 
4+ 2 (F’2,0, + Gye — ny, — A Zee Oe vcicolg on (4) 
will be the equation of the pair of lines joining C to the points 
where the pair of tangents to (2) meet the opposite sides of the 
triangle of reference. 

The condition that the two pairs of tangents should be 
harmonically conjugate is plainly the same as that (3) and (4) 
should be so, and this is 

(Cy? + Ba? + 2 Fy,z,) (A’2) + O'a,2 — 2G’2,2,) 
+ (0’y? + B’2? — 2F’yz,) (Az? + On? — 2G2,0,) 
= 2 (Fan, + Gy — Carr — Hz?) 
x (Fae + Gtr — CMY — Hizey. 

Multiplying this out and dividing by 2? we see that the 
locus of (a, Y1, %) is the conic 
(BC’ + BC — 2FF’) x + two similar terms 

42(GH'+ GH — AF’ — A’F) yz + two similar terms = 0, 
that is F.=.0; 
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393. The work of the preceding paragraph could be made 
easier if we were to assume the covariant character of ’, for 
then we could reduce the equations of the two conics to standard 
forms and write 

S=aX4%24+0,Y?+ ¢2?, 
S’=a/X?+b/Y24+¢/27. 

The algebra would then be simpler, and we should find that 
the locus of the points, the pairs of tangents from which to the 
two conics are mutually harmonically conjugate, is 


F, = 0: 
And as F, = &F, we see that the locus when we revert to 
the old coordinates is = 0. 


The student can gain practice in the algebra by going 
through the work in this simpler case. 


394. Properties of the F conic. 

The conic F = 0 passes through the eight points of contact of 
the common tangents to S=0, S’=0. 

For let P be a point of contact with S of a common tangent 
to the two conics. Ifthe equation of this common tangent be 
le+ my +nz=0, then the pair of tangents from P to S will be 


(le + my + nzP=0.......0..c0es rs &9) 
and the pair of tangents from P to 8’ will be (say) 
(la+ my + nz)(Ve+m'y+n'z)=0 ........ (2), 


and the lines (1) satisfy the test for being harmonically conju- 
gate with (2). 

Hence P lies on the locus F = 0. 

Cor. 1. If S=0, S’=0 touch, then F =0 will touch them 
both at their point, or points, of contact. 

Cor. 2. If S and S’ have three point contact at P, F will 
also have three point contact with them at P. 


Cor. 3. If S and 8’ have four point contact at P, F will 
also have four point contact with them at P. 
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Examples. 1. S=cz?+2hxy=0 and S'=by?+cz?+2hry=0 are two 
conics with four point contact. Prove that their F conic is 


by? + 202? + 4hay =0, 

and so verify that F has four point contact with S and S’ at their common 
_ point y¥=0, <=0. 

2. S=c2+4+2hay=0 and S'=cz*+2fyz+2haxy=0 are two conics with 
three point contact at y=0,z=0. Express their F conic in the form 

— $f 7y? + ¢ (02? + Ufyz + Bhay) =O, 

and shew that it has three point contact with them. 

395. F in the standard form. 


The covariant F assumes a simple form when the equations 
of the two conics are given in the form 


S= aa + by? + c2?=0, 
S=axe+y7+27=0, 
forthen A=be, B=ca, C=ab, F=G=H=0, 
A’=1, B=1, C’=1, fF’ =@’=H'=0. 
So that F=a(b+c)a@+b(c+a)y+e(at b)2. 
We see then that the conic F =0 has for a self-conjugate 
triangle any triangle self-conjugate to the original conics. 


396. Conditions for double contact. 
To find the conditions that the conics 
S= aa? + by? + cz? + 2fyz + Agee + 2hay = 0, 
SV saat byt oe + Uf'yz+ 29'2u + 2h'ay = 9, 
should have double contact. 


We have seen (§ 324) that if two conics have double contact 
their equations can be reduced to the forms 


S=S=a(@+y’)+c2=0, 
V=Vae4+y74+27=0, 
whence 
FHa(at+c)@ta(ctayyt (2a) 2= aS + acd’, 


Thus F is a linear function of S and 9’. 
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Therefore since S=8 and S’=8’, and F =&F, we see that 
F must be a linear function of S and S’; so then we write 
F=kS+18’. 
Now let us write (a, b, c, f, g, h&a, y, 2) for F, so that 
a= BO’ + BC — 2FF’, 
and so on. 
We thus get 
a=ka+la, b=kb+lb'", c=ke+le, 
f=kf+lf’, g=kgt+lq’, h=kh+ln. 
Hence we have as the conditions for double contact of the 
conics S and 8’, 
a, DyrrseG,-agld, et geagrh lies 05 
Oh, ty Diy Crlmuafe cae ieee 
Oi; < bbe on pier nglatnslih 
by which is meant that all the determinants formed by taking 
any three of these columns are zero. 
The student will see also that these conditions are sufficient 
to ensure double contact. 
397. Polar reciprocal. 
We may use the covariant F and the invariants to find 
the equation of a conic geometrically related to two given conics. 
Thus let us find the equation of the polar reciprocal of 
S = aa? + by® + cz + 2fyz + 2gzw + 2hay = 0, 
with respect to 
S’ = a'a? + by? + c'2? + Of "yz + 2g'2u + Qh'ay = 0. 
Transform the conics to 
S=S=aX?+ BY?4+yZ2=0, 
S’= 8’ = X?4+V24+77=0, 
We then have 
A=afy, A’=1, @ = By +ya+ a8, @ =a+B+y 
and = F=a(8+y)X?+B(y+a) V2 +y(a+ B)Z 
Then (§ 320) the polar reciprocal of § with respect to S’ is 
ByX?+ yaY? + aBZ?=0, 


Ill 
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that is 
(By + ya+aB)(X?+ Y?+ 2°) 
—{a(B+y) X?+B(yt+a) Y*+y(at+ 8) Z4}=0 


that is OS’ —F=0. 
Hence the polar reciprocal of S with respect to S’ is 
OS’ -F=0. 


Examples. 1. S and S’ are two conics; from P a point on S' tangents 
are drawn to S to meet S' again in Q and R; it is required to find the 
envelope of the line QR. 


Q 


The first solution we will give is somewhat lengthy but it is instructive 
from an analytical point of view. 


We will transform the equations of our conics so that 
WS Se a oa uachienenvaccosyenccsvevectes (1), 
ISOM NOY lo CLA woos se scssonany cscs sense (2). 
We may represent a point on (2) by means of the relations 


NVax=2n —¢ cos 6, 
Vby=2/ —csin 8, 


and then the equation of the chord through the points given by 6=a and 
6=B, will be 


Vac cos **P + /by sin at B _ 5 ./=e008*3F=0 eee (3). 


Let Q and & be the points a and 8, and let P be given by 6=y. Then 
the chords 


Jaw cos "7 4 s/by sin “5 —29/—ecos"5%=0 


and Jax cos > 4 /by sin BtY _ex/—ecos>57= 0 


are both tangents to (1). 
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aco? 1? 45 sin? U2 Lie gs? Se (4), 
5) 2 2 
acostP4¥ 45 sin? FY _¢ cot P=Y 0 Lakes seraane (5). 


We want to find the envelope of the line (3). Let us then write this 
line Zw+my+nz=0, where 


1=/a cos ae m=Nbsin © a n= —=eeos 28 
Now from (4) and (5) we see that a and 8 are roots of the equation in 


6, Viz. 


6+y 6-y 


a cos? aaes 6 sin? —¢ cos? or =0, 


that is a(1+cos 6+) +b (1 —cos 6+ y)—¢(1+c0s 6—y)=0, 
thatis a+b—c+(a—b—c) cos 6 cos y—(a—b+¢) sin 6 sin y=0, 
which, if we write 
b+c-—a=A, c+a-b=B, a+b-c=C, 

becomes A cos 6cos y+B sin 6 sin y=C. 
Thus we have 

A cosa cos y+ B sin asin y=O, 

A cos 8 cos y+ B sin B sin y=C. 

And from these we have at once 


Acosy  SBsiny C 
—_—_—_—————" oe — > 
cos <F B sin at B cos Se . 
that is ay _siny a 1 
l Die Beary 
Ava Bvb On/ —¢ 
iE: m2  n 


ad? = DB +: aca 0: 
Thus the envelope of the line is 
aA?x? + b By? + c0222=0, 
that is a(b+e—a)* a*+b (ct+a—b)y%+¢(a+b—c)2=0. 
Now we have 
A=1, O=a+b+e, ©O'=be+cat+ab, A’=abe. 
Thus the envelope is 


: a (© - 2a)? a? +b (6 — 2b)? y2+¢(@—2c)? 2=0, 
that is 


8? (ax? + by? + cz*) — 40 (aa? + b%y? + 0222) +4 (aba? + b3y2+4 322) =0, 
that is 6S’ — 4 {a (by? + 0222) +b (cs? + ax) +6 (a2x®@ + b2y?)t =0, 
or 07S’ — 4 {be (by? + 02?) + ca (cz? +ax®) +ab (ax? + by?)} =0, 


‘4 
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that is 628’ — 4 {be (S’ — av?) +ca (S' — by”) + ab (S' — c2”)} =0, 
that is 628’ — 40'S’ + 4abeS’ =0, 

which we write (62 — 40'A) S’+4AA’S=0, 

so that it is homogeneous in A, A’, © and ©’. 


This then is the equation of the envelope for all homogeneous trans- 
formations of S and 8’. 


We observe that if 6?— 4e’A=0, this reduces to the conic S=0. (Com- 
pare § 360.) 


The following short and elegant solution of the problem is given by 
Salmon. 
If we take PQR for triangle of reference we can write 
S=22+y? + 2 —Qyz — 2x — Bary, 
and S! =2fyz+2geu + Bhay. 
Let A=1+-A4, then 
Saar +y2+224 2yz— Qe —Qxy — ANhkaxy, 
S+thS' =02 +y2? +242 (fk —1) yet 2 (gk —1) ex —2ay. 
Hence S+48’=0 is a conic touching 7=0, that is QR. 
It can now be shewn that this conic is a fiwed conic. 
For we have 
A=1-2(1+Ak)-—1-1- (1+hky? 
= —4-—4hk-—WP = — (2+hk)*, 
O=2f(1+hk+1)4+29 (1+hk+1)+2h (141 +hk) 


=2(ftg +h) (2+hk), 
o'= - (f+g th? —2fghk, 
A’ =2fgh. 
Thus 19 e2— 4A0e! =4AA'h. 


Hence the conic S+4&S'=0 is 
(e?— 4A0') S+4Aa’S=0. 
This being homogeneous in A, 4’, 9, 6’ must be a fixed conic. 


2. The sides of a triangle touch a conic S and two of tts vertices lie on 
another conic 8’, to find the locus of the third vertex. 


We can so transform our equations as that 
S=sax? + by? + cz’, 
See+y2 +2. 
So that A=abe, O=3be, O'=3a, A’=1. 
Now reciprocate with respect to S’; we have two conics 
S, = bex® + cay?+abz, the reciprocal of S, 
and Sea +y? +2, 
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such that tangents from P (the reciprocal of p) to S' meet S, in Q and &, 
the reciprocals of g andr. And by the previous example the envelope of 
QR is 

(0,2 —40,Ay) S,+4d,A;'S’=0, 


where A, =@2b?e? = A% Ay’ =1=A%, 
Q,=abe (a+b+c)=A0’, ©, =be+ca+ab=0=A'e. 


P Ss, 


Thus the envelope of QR is 
(A262 — 440! A”) (bea? + cay? + abz2") + 407A? (a? +4? +2) =0, 
4A? 
6? — 4A0"" 
The locus of (gr) is the polar reciprocal of this with respect to S’, 
which is 
(be-+X) (ca+r) 42+ (ca +X) (ab+A) y? + (ab +2) (be +A) 2=0, 
that is abeS+rF' +28" =0, 
which is AS+)AF'+22A'S'=0. 
We now substitute for A, and get 
AS (6?2— 4A0')? + 4A2F (6? — 440’) + 16A1A’S’ =0. 
On dividing by A we have 
(e?— 440’)? S+4A (6?— 440’) F'+ 16A°A'S’=0. 


398. The ® conic. 

As the locus of points the pairs of tangents from which to 
two conics form a harmonic pencil is a conic, it follows by 
reciprocation that the envelope of lines cutting two conics in 
two pairs of points forming a harmonic range is a conic also, 


Let us now find the equation of this conic for the two 
conics 


that is bea? +cay?+ab2+n(a?+y?+2)=0, where A= 


9: (GD 5: Cpa. Gy, RAG. Ysc8 PD oseens es scenes (1), 
S’=(0',.0 56, f 9 hk ey Oe eee (2). 
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If we reciprocate these two conics with respect to 
e+y+2=0, 
we get Sy CAB, Oni Gs) (a Y, Zh = Oo cease ese: (3), 
eet OO. Ma Gath. a, oi 2ye= 0 not (4). 

Now clearly if le+my+nz=0 be a line which cuts (1) 
in two points harmonically conjugate with the two points 
in which it cuts (2), then (J, m, ) will be a point on the F 
conic of (3) and (4). 

But as the minors of A, B, C etc, in the determinant 


Aili aG 
A, ieB> oi 
G ph iee 


are proportional to a, b, c etc., being in fact 
aA, DA, cA ete....(§ 372), 
and similarly the minors of A’, B’, C’ etc. in their determinant 
are a’ A’, b’A’ etc., therefore the F conic of (8) and (4) is 
(bc’ + b’c — 2ff’) x + two similar terms 
+ 2(gh'+qh—af’ —a‘f) yz + two similar terms = 0. 

As then (J, m, ) lies on this we have 

(be’ + U'c — 2ff’) 2 + ete. + 2 (gh' + gh —af'— af) mn + ete. =0. 
“that is ® =0, where ® is as defined in § 379. 

This then is the tangential equation of the conic which is 

the envelope of lines cutting (1) and (2) in pairs of points 


harmonically conjugate. 
It is convenient to speak of this conic as the ® conic of 


(1) and (2). 


399. Point equation of ® conic. “ 
To find the point equation for the ® conic of 
S= (a, b,6,f,9, 2) (@,Y, 2) =O veseereeeeerees (1), 
SHG Vio fg, W) (4, YZ HO ccverercrees (2). 
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We transform these conics into 
S HjaX2t BV2 + yD? cccccccsceecercccoes (3), 
Bs XI AVA OTe Gewese parse cecvess (4). 
For (3) and (4) 
A=aBy, @=—By+y4+a8, 
@’=a+68+y, aa ai be is 
and = F=a(8+y)X?+B(y+a) Y?+y(at+8)2. 
Now the ® conic of (3) and (4) is 
(B+ 7) 12+ (y +4) m + (a+ B)n=0, 
and the corresponding point equation is 
(yta)(a+P)X®*+(a+P)(B+y)V+(B+yyta)2=0. 
The coefficient of X? is 
a(a+8+y)+By 
=a(a+B+y)+(By+ya+t 48) —4(8 +4) 
=a0’+ @-—a(B+y). 
Thus the point ® equation of (3) and (4) is 
@ (aX?2+ BY? +yZ*)+0(X?+ Y?+ 4?) 
—{a(B+y)X*+B(y+@) Y?+y(at+ 8) 4} =0, 
that is OS + OS’ -F=0. 
As this is homogeneous in ©, 9’, F, it follows that it is the 
point equation of (1) and (2) when @, ©’, F refer to those two. 


400. Contravariants. 
The expression ® which stands for 
(bc + Uc — 2ff’) P + ete, + 2 (gh’ + o/h — af’ — af) mn + ete. 
is called a ‘contravariant’ for the conics 
S=(a,b,¢,f,g,h) (a, y, 2" =09, 
S’=(a',0'7,c,f', 9, h’) (a, y, 2? =90. 

A contravariant differs from a covariant in that it is a 
function of J, m,n and the coefficients, not of 2, y, z and the 
coefficients. A contravariant equated to zero will give the 
tangential equation of some locus geometrically related to the 
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two conics; while a covariant equated to zero gives the point 
equation of some locus geometrically related to them. 
The analytical distinction between a covariant and a con- 
travariant can be seen in the following way. 
If the equations of the conics be transformed by substitutions 
of the form 
G=UX+mV+y,Z 
Y =X + po V +d fo cvseeeereeeseeeees (A), 
Z=AX +p; V+ 0,4 
the line Ja + my +nz=0 will be transformed into 
VX+mYV+n'Z=0, 


where 
L’ =r, + Aym + Agn 
MA! = pil tb pg + fig) vecrrcreeseseeaees (B). 
n=vl+wm + vn 
Now if f(a, b,¢ 5.0/0.6 chp m,n) 


be a contravariant, 
FAG OisGuerdiehss Gy <b m,n’) 
will be 
e f(a, 6,6... dh, by, G... bm, n), 
where a, by, ¢, etc. are the new coefficients of X?, Y° ete. in the 
transformed equation and ¢ is the determinant 


My ? ba b) Vy 
Ae, ba, Ve 
As, Ms, Vs 


We observe then that the J, m,n are transformed into 
I’, m’,n’ by the substitutions (B), whereas a, y, 2 are transformed 
into X, Y, Z by the substitutions (A). 

We can then define a contravariant in this way: 

A homogeneous function of 1, m, n and of the coefficients of 
two conics 8 and S’ is called contravariant when, on the equation 
of the conic being transformed by the linear substitutions 

a=ry4AXQ +mV+HnZ 
y =X + pV + A ’ 
Z=rgA + wsV+F 
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and the J, m,n being transformed to 1’, m’, n’ by the substitu- 
tions 

U’ =n, + rAgm + Asn 

mm’ = yl + pont pogn }> 

n’ =v,l +v.m + vn 
the function which is related to the new coefficients of S and 
S’ and to l’, m’, n’ exactly as ‘was the original function to the 
old coefficients of S and 8’ and to J, m, n bears a constant ratio 
to it, viz. e* where e* denotes some power of the determinant of 
transformation. 


401. The Jacobian of three conics. 
If we have three conics 
S = ax + by? + cz + 2fyz+2gzxa+2hay =0, 
Ssa'e +0 y+ ce 4+ 2f’yz + 29'2a + 2h'cy =0, 
8’ =a’ +b"y +... 10, 
and we write down the equations of the polars of these with 
respect to the point (2, y,, 2), we obtain 
(aa, + hy, + gz) a+ (ha, + by, + far) y+ (gai + fy + 6%) =9, 
(Wa +hy,+9a4)e+... =; 
(a’ay+ hy, + 9’ a)art... =0. 
The condition that these three lines should be concurrent is 
ax, +hy +9%, ha, +by, +fz, ga +f +c% |=0. 
Wm thyt+g'24, Wan +byt+f'a, gatfy+¢% 
aa +h'y, +9", hb’ +b 4+ f"%, g'atfyto'n 
Hence the locus of points whose polars with respect to the 
three conics are concurrent is the cubic curve 
az +hy +gz, hy +by +/fz, gx +fy +cz |=0. 
wa+hy+g'z, ha+vyt+f'z, gat+f'yt+ez 
aath’y+g’2, h’a+b y+ fz, gatf’yt+eo'z 
The expression on the left-hand side is known as the 


Jacobian of the three conics. In the notation of the differential 
calculus the equation can be written 
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Sve ) fo ltr ) S z 
es ees fo Aas 
oS 
where S=—7 
Ox 


402. Special cases of the Jacobian. 

In the special case where the three conics have a common 
self-conjugate triangle we can refer them to this triangle and 
write 

S = aa + by? + c2’, 
S=de4+ y+ ce, 
S”= ay? + Wy + 2. 
The Jacobian curve, or locus of points whose polars with respect 
to the conics are concurrent, is then 


az, by, cz |=0, 


that is xyz = 0, 
which represents the three lines on which lie the sides of the 
triangle of reference. 


403. Should it happen that the three conics all pass 
through the same two points, A and B say, then it is clear that 
the line AB is a part of the locus. For if P be any point on 
AB and we take Q in the same line so that 
(AB, PQ)=1, 

the polars of P with respect to all three conics will be concurrent 
in'Q. Thus all points in the line AB belong to the locus. 

In this case then the Jacobian curve will be a line and 


a conic. 
This will always happen when the three conics are all 
circles; for all circles have the two circular points at infinity 
28—3 
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common. Thus the Jacobian for three circles will be the line 
at infinity and a conic. 

We can now shew that the conic in this case is the circle 
which cuts the three circles orthogonally. 

For the circle which cuts the three circles orthogonally is the 
conic through the six limiting points of the circles taken in 
pairs, and these limiting points belong to the locus of points 
the polars of which for the three circles are concurrent. This 
indeed follows from the fact that the polars of a limiting point 
with respect to two circles are the same line. 


404. The Jacobian will still reduce to a line and a conic if 
the three conics all touch at a common point, for the common 
tangent there is obviously a part of the locus. 

Should the three conics all pass through the same two 
points A and B, and touch at another point C, the Jacobian 
reduces to three lines, namely, the line of AB, the common 
tangent at C and the line containing the poles of AB with 
respect to the three conics. This follows by projection of the 
conics into circles by projecting A and B into the circular 
points; we then have three circles touching at a common 
point ; and the locus of points whose polars are concurrent is in 
this case the line at infinity, the common tangent and the line 
of centres of the circles. 

If the three conics have double contact at the same two 
points, then their Jacobian must vanish identically, for they 
have an infinite number of common self-conjugate triangles 
and all points on the sides of these satisfy the geometrical 
property that determines the Jacobian (§ 401). 


Examples. 1. If three conics have four-point contact at the same 
point, shew that their Jacobian is identically zero. 


2. If three conics have three-point contact at the same point, shew 
that their Jacobian reduces to the cube of their common tangent at that 
point. 


3. If three conics have three-point contact at the same point, and a 
second point common to all three, their Jacobian is identically zero. 
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405. The cubic covariant of two conics. 

If we form the Jacobian of two conics S and S’ and their 
F conic, it is clear that this will give a covariant for the two 
conics, which is in the third degree in the variables. 

That the Jacobian is a covariant is clear from the fact that 
when equated to zero it gives a geometrical locus connected 
with the two conics, viz. the locus of points the polar of which 
with respect to S and S’ and F, should be concurrent. 

From what has been already said about the Jacobian of 
three conics we have the following properties of the cubic 
covariant in special cases : 

(1) If Sand 8’ do not touch, in which case 8, 8’ and F 
have a common self-conjugate triangle, the Jacobian (denoted 
by the letter J) is the three sides of this common self-polar 
triangle. 

(2) If S and S’ have simple contact, J will be the 
product of their common tangent and a quadratic function of 
2, Y, 2. 

(3) IfS and S’ have double contact, in which case F has 
~ double contact with them, J will vanish identically. 

(4) If Sand S’ have three-point contact, in which case 
F has also three-point contact with them, J will reduce to the 
cube of their common tangent. 

(5) If S and S’ have four-point contact, J will again 
vanish identically. 


406. Jacobian of S, S’ and their ® conic. 


The Jacobian of two conics S and S’ and their ® conic will 
be the same locus as the Jacobian of S, S’ and F, for as we have 
seen (§ 399) the ® conic is 


@’S+ 0S’ -F=0, 


and the left side is a linear function of S, S’ and F. 
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407. The cubic contravariant. 


It is clear from the principles of reciprocation that there 
must be a cubic contravariant of two conics S and S’ to 
correspond with the cubic covariant J. This (which is denoted 
by I’) equated to zero will give the tangential equation of the 
envelope of lines whose poles with regard to S, S’ and their ® 
conic are collinear. 

T will be the Jacobian with respect to J, m, n of Dv Gane 
©, >=0, >’=0 being the tangential equations of the two 
conics. 

That this is so is seen from the fact that > = 0, &’ = 0 when 
x, y, 2 are written, for J, m,n are the equations of the polar 
reciprocals of S=0, S’=0 with respect to the conic 

Y+y7+2=0, 
and @=0 when «, y, 2 are written, for 1, m,n is the locus of 
‘points the tangents from which to these two conics, which are 
the reciprocals of S and S’, are harmonically conjugate. 

Thus > =0, }’=0, ®=0 when in them g, y, 2 are written 
for 1, m, n correspond to the conics S = 0, S’=0, F = 0. gies 

Thus the Jacobian of =, >’, ® regarded as functions off 
x, y, 2 will be the locus of points the polars of which with 
regard to these conics are concurrent. 

Now when we replace «, y, z by 1, m, n again, we have 
a tangential equation which represents a curve possessing the 
property with regard to S, S’ and F which is the reciprocal of 
that possessed by Zaye, 2’ayz, Payz- 

Hence the Jacobian of 2, =’ and ® with respect to 1, m, n 
equated to zero will be the tangential equation of the envelope 
of lines whose poles with respect to the three conics whose 
tangential equations are = = 0, >’ =0, ® = 0 are collinear. 

Note. In the examples which follow F is written for F, 


there being no fear that this F' will be confused with the minor 
of f in the determinant A. 
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EXAMPLES. 


1. If for two conics S=0, S’=0, the invariant @ = 0, their ® 
conic is the polar reciprocal of S with respect to S’, 


2. The equation of the four tangents to any conic S=0 at the 
points where it is cut by S’ = 0 is . 
(OS — AS’)? = 44S (O'S — F). 


3. Prove that the ® conic for two circles which cut ortho- 
gonally degenerates into their two centres. 


4, The envelope of the lines cutting two conics S and S’ in 
pairs of points harmonically conjugate degenerates into two points if 


@@’ = AA’. 
Shew too that this is the condition that the /# conic should 
degenerate into two lines. 


& 


5. Two equal rectangular hyperbolas are so placed that the 
transverse axis of the one is in the same straight line with the 
conjugate axis of the other. Prove that the straight line which is 
cut by them harmonically envelopes a hyperbola of eccentricity ,/3. 


6. If /=0 be the locus of points from which tangents to the 
conics S and S’ are harmonically conjugate, and if 7’=0 be the 
envelope of lines divided harmonically by the two conics, then 
if F=0, F’=0 be such that triangles can be inscribed in F self- 
conjugate with respect to 7”, 

@@' + 3AA’=0. 


7. The locus of points from which pairs of tangents to the 
two conics S=0, S’=0 are harmonically conjugate is denoted by 
F=0, and the envelope of lines divided harmonically by the conics 
is F’=0. If #=0, F”=0 have double contact then S and S’ have 
double contact or A®* = A’@’. 

8. The ® conic of S=0, S”=0 is S’=0, and the polar 
reciprocal of S= 0 with respect to S” =0 is 4S +S’ =0, shew that 

k=} (0? —4A’0)/AA’, 
where A, @ etc. refer to S and S’. 
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9, Shew that the locus of points, the tangents from which to 
two orthogonal circles form a harmonic pencil, is composed of the 
chords of contact of their common tangents. 


10. Shew that the point equation of k}+®=0, where & and ® 
have their usual meaning in relation to two conics Sand S’, is 
PAS +k (OS + AS’) + (S@’ + S’O- F) =0, 
and interpret the equation 
(@S + AS’)? — 4AS (SO + S'O— F) = 0. 


11. Shew that if the director circle of the conic which passes 
through the points of contact of the common tangents of two circles 
is coaxial with these circles, then one of the limiting points is mid- 
way between the centres of the two circles. 


12. Two conics S=0, S’=0 are such that triangles ABC can 
be inscribed in S’ so that their sides touch S at A’, B’, C’. Prove 
that, as the triangle changes its position, the point of concurrence 
of the lines 44’, BB’, CC’ traces out the locus 


20S = 3A8". 
13. If 7P and TQ be tangents to a conic S, and TP’, 


TQ’ tangents from the same point 7 to another conic S’ and 
T (PP’QQ’) =k a constant, prove that the locus of 7’is 


ff? 1. [ae (Ne 
4AAQ'SS' 4) 


and interpret the cases where k=0, k=1, k=-1. 


14. Ifa conic S and a rectangular hyperbola S’ are so related 
that the centre of S’ lies on the director circle of S, then the conic 
F is a rectangular hyperbola. 


15. An ellipse of eccentricity e and a coaxial hyperbola of 
eccentricity ¢’ are such that the eight points of contact of common 
tangents lie on two straight lines. Prove that either a pair of 
collinear axes are equal or 


e?+@=2 or (1—-e)(e?-1)=1. 
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16. Prove that the Ff conic of two parabolas is in general a 
hyperbola but that in special cases it may be a parabola. 


The / conic of the two parabolas 
(G05 Cf, 9, h) (x,y, 2) = 9, 
(0 Cy 4.9, k) (a, ¥, 2) = 0, 
will be a parabola if 
(gh — af) (hf — big’) = (g'h' — aif’) (hf — bg). 
17. Prove that 
J*= F?— (0'S + @S’) F? + (A’OS? + A'S”) H+ (OO! — 384A’) FSS’ 
— (@ — 2A@') A’ S25’ — ( — 2A'@) ASS’ - AA2S* — A2A‘S"s 
[Take S = aa? + by? + c2?, S'’ = a? + y? +27, 
so that F=a(b+c)a#+b(ct+a)y+e (a+b) 2%, 
and J = (b—c) (c —a) (a— 6b) xyz. | 
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